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Chapter 1
Introduction
Scattering of charge carriers on lattice imperfections and random impurities is the
main reason why metals have a finite electric conductivity at low temperatures,
where the effect of phonons is negligible. Understanding the mobility of particles
in random media has been challenging problem for a long time as the presence of
random scatterers can lead to significant and unexpected changes in the behavior
of the system. Most notably, excessive scattering on impurities can lead to a
metal-insulator transition (MIT).
There are two different scenarios how a metal can turn into an insulator. In
the first case the scattering on impurities leads to expelling the charge carriers
from the Fermi surface. This is usually called the split-band (or Mott-Hubbard)
transition. This scenario is theoretically well understood. The second case is
much more complicated. Charge carriers can become localized in a small volume
of the crystal, losing their ability to propagate to large distances. This scenario
is called the Anderson localization transition and it is not yet completely theoretically understood.
The objective of this thesis is to develop approximation schemes to calculate
transport properties, particularly electric conductivity, of systems of electrons in
a random lattice. These approximations should provide reliable and consistent
results for all values of the input parameters like concentration of impurities,
disorder strength or Coulomb interaction. They should be free of non-physical
features and should be able to reproduce, at least qualitatively, the experimentally
observed effects of both weak and Anderson localization.
For the sake of simplicity of the involved numerical calculations we resort to
the case of elastic scatterings on the random potential described by either the
disordered Anderson model or the Falicov-Kimball model. The spectral properties of these models are well described by the coherent potential approximation
(CPA), the dynamical mean-field approximation for systems of elastically scattered electrons. As a mean-field, this approximation represents the solution in
the limit of infinite spatial dimensions and provides us with a reliable starting
point. Unfortunately, due to its local character it cannot account for quantum
coherence between spatially distinct scatterers and therefore is unable to describe
transport beyond the semi-classical description.
Our methods go beyond the limit of infinite dimensions by the asymptotic
1
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expansion around the CPA solution. They are based on a previous work of
J. Kolorenč summarized in his Ph.D. thesis Charge transport in strongly disordered solids, Ref. [1]. This thesis was aimed mostly at the Anderson localization
transition in non-interacting electron systems. We extend the methods developed
there and concentrate more on the methods of consistent numerical calculations
of electrical conductivity in the weak localization regime.

1.1

Outline of the thesis

The thesis is organized as follows. In this chapter we introduce the basic notions
needed to study disordered and interacting electrons in a lattice. We review
the basics of the diagrammatic expansion in powers of the random potential
for the one- and two-particle Green’s functions and we discuss the problem of
averaging over disorder configurations to restore translational invariance. Then
we introduce the basic models of disordered electrons, the disordered FalicovKimball and the disordered Anderson models. Later on, we review the relevant
parts of the linear response theory in order to derive formulas for the electrical
conductivity and the diffusion coefficient. Finally, we discuss the possibility of
vanishing of diffusion known as Anderson localization and review the basic results
of two simple theories of localization. These will serve as references for comparison
with our own results from Chapter 5.
In Chapter 2 we review and summarize the relevant results of the coherent
potential approximation, since these serve as input to our transport calculation
schemes. We review the basic properties of this approximation, write the basic equations for the models introduced in Chapter 1 and present a gallery of
numerical results for various sets of input parameters.
In Chapter 3 we develop a scheme to calculate conductivity of elastically
scattered electrons beyond the semi-classical Drude term already provided by
the coherent potential approximation. We introduce vertex corrections to the
conductivity which arise as a result of quantum coherence of electron scatterings.
We use the limit to high, but finite, spatial dimensions to simplify the involved
momentum convolutions and present analytic and numerical results for selected
sets of parameters. Finally, we discuss a possible unphysical behavior of this
approximation, namely negative electric conductivity and trace this flaw back to
separation of conductivity into Drude part and quantum vertex corrections.
In Chapter 4 we fix this flaw using a more sophisticated approximation scheme
that involves symmetrization of Bethe-Salpeter equations. We use the dominance
of a pole in the electron-hole irreducible vertex to simplify the involved convolutions and obtain a formula for conductivity which is non-negative in the whole
range of the input parameters. We also derive formulas for the diffusion coefficient
and compare the results with the preceding chapter.
In Chapter 5 we utilize self-consistency of two-particle vertices using parquet
equations in order to study the transition into a non-diffusive phase. Using a
simple approximation we calculate the critical disorder strength of the Anderson
localization transition for various physical situations and compare our results
2
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with theories referred to in Chapter 1. This approximation allows us also to
study conductivity in the vicinity of the transition point.
Finally, we conclude this thesis with the list of most important results and set
problems still to be solved in the future.

1.2

Notations and conventions

The Planck constant ~ and the Boltzmann constant kB are set to unity throughout
the thesis. The elementary charge e is written explicitly in the formulas, but set
to unity in numerical calculations. The electrical conductivity σ is then plotted
in units e2 /~. Integrals over momenta always run over the first Brillouin zone,
XF always denotes the value of function X at the Fermi energy.
To avoid future inconsistencies, we present here the notation for the coordinatemomentum Fourier transform. This notation is used throughout the whole thesis
(with a small exception in Chap. 4).
The Fourier transform of one-particle function Xij (z) is defined as
X(z, k) =

1 X
Xij (z)eik·(Ri −Rj ) ,
N ij

(1.1)

where Ri is the position vector of the i-th lattice site, z is the (complex) energy
and k is the particle quasi-momentum from the first Brillouin zone. The transform
is normalized by the number of lattice sites N .
The Fourier transform of two-particle functions is not uniquely defined, since
due to momentum conservation we have only three independent momenta. Therefore we fix it now by choosing the following notation for the general two-particle
function Xkk0 (z1 , z2 , q) (see Fig. 1.1):
Xkk0 (z1 , z2 , q) =

1 X
0
0
Xij,kl (z1 , z2 )eik·Ri e−ik ·Rj ei(k +q)·Rk e−i(k+q)·Rl . (1.2)
2
N ijkl

In this notation the independent dynamical variables are incoming (outgoing)
particle momentum k (k0 ) and the transfer momentum q between incoming hole
and particle.
i, z1

j, z1

k, z1

X
l, z2

k’, z1
X

k, z2

k + q, z2

k’ + q, z2

Figure 1.1: Diagrammatic representation of a general two-particle quantity Xij,kl (z1 , z2 )
and Xkk0 (z1 , z2 , q).
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1.3

Quantum particle in random potential

In this chapter we introduce the basic functions and equations we need to describe
a disordered quantum many-body system. We introduce the one- and two-particle
Green’s functions, the process of configurational averaging, we introduce simple
models to describe electrons in random potential and we review the basics of
the linear response theory. An exhausting review of all necessary notions can be
found in Ref. [2].
The wave function of a single electron in a static (time-independent) random
potential V (x) obeys the stationary Schrödinger equation


~2 2
∇ + V (x) − E ψ(x) = 0.
(1.3)
−
2m
An electron from the vicinity of the Fermi energy EF propagating in the random
potential will be scattered on average after time τ . The charge current is then
proportional to this time.
In real systems the electrons are not independent, they interact via Coulomb
interaction with each other. This gives rise to important many-body effects that
go far beyond the single particle model. One of the most interesting effects are
the metal-insulator phase transitions, where scattering on the random potential
can lead to complete vanishing of macroscopic charge flow. This can be caused
by either vanishing of the electron density of states (DoS) at the Fermi energy or
by localizing the electrons, preventing them from propagating to large distances.
There are two major classes of methods for solving many-body problems like
this. First class are numerical methods that rely on computer power. They work
with finite systems and the results are obtained by averaging the results of finite
number of calculations with different, randomly selected disorder configurations.
Second class are analytic methods. In contrast to the numerical methods they
usually work in the thermodynamic limit of infinite number of particles and with
functions averaged over configurations of disorder. Since only very few systems
allow for the exact analytic solution, these methods involve various approximations to simplify the problem to a level where an analytic solution is possible.
The mean-field theories and the diagrammatic perturbation techniques used in
this thesis are typical examples of the analytic methods.
These methods should enable us to access the information about the lowenergy physics of a quantum system contained in the one- and two-particle
Green’s functions, particularly in their behavior close to the Fermi energy. A reliable approximative method to calculate the Green’s functions is the systematic
renormalized perturbation expansion based on the Feynman diagram technique.
Knowledge of these functions allows us to calculate the equilibrium properties as
well as response to external perturbation, assuming the external field is weak.
Therefore we now introduce the Green’s functions, review their basic properties
and look at the basics of the perturbation expansion in the case of a system of
disordered electrons.

4
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1.3.1

One-particle Green’s function and configurational
averaging

The fundamental object for the microscopic description of a quantum system
is the one-particle Green’s function. This function enables us to calculate oneparticle properties like excitation spectra (density of states) without the knowledge of the many-body wave function.
Consider a system of independent electrons scattered on the random (static or
dynamic) potential. The one-particle Green’s function can be defined as a matrix
element of the resolvent operator [z − Ĥ]−1 ,
Gij (z) = [z − t̂ − V̂ ]−1
ij ,

(1.4)

where z is the complex energy, t̂ is the operator of kinetic energy and V̂ is the
operator of potential energy. Kinetic energy term can be diagonalized in the
momentum space of Bloch functions while the potential term in the direct space
of Wannier orbitals. Since these operators do not commute, quantum fluctuations
are important and the Green’s function cannot be easily calculated. Moreover,
since V is a random potential, this Green’s function is also a random quantity
and depends on the actual disorder configuration. Such function is therefore not
translationally invariant.
Averaging over the different disorder configurations with the same macroscopic properties (like concentration of impurities) restores translational invariance. Ergodic theorem dictates us that an electron propagating through disordered lattice, scattering on the random potential, encounters eventually all
possible local disorder configurations. Therefore averaging over all lattice sites
equals to the configurational averaging.
Ergodic theorem is invalidated in cases when electron is confined in a small
region of the lattice as in the case of Anderson localization. Then it interacts
with only one specific disorder pattern and the configurational averaging must
be used with caution. The typical medium theory that we mention at the end of
this chapter offers one partial solution to this problem.
We denote the one-particle Green’s function averaged over the disorder configurations as
D
E
Gij (z) = hGij (z)iav ≡ [z − t̂ − V̂ ]−1
.
(1.5)
ij
av

Configurational averaging restores translational symmetry and allows us to define
its Fourier transform as in Eq. (1.1), as the Green’s function no longer depends
on two positions, Ri and Rj , but rather on their difference Ri − Rj .
There is another important result of the averaging: it turns the system of
uncorrelated electrons scattered independently on random potential into a correlated one. This effect is incorporated into the calculations via self-energy Σij (z)
(one-particle irreducible vertex) which is a measure of correlations on the oneparticle level. Its perturbation expansion consists of the one-particle irreducible
diagrams. These diagrams cannot be disconnected into two (non-trivial) parts by
5
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i

i

i

i

j

i

i

i

i

Figure 1.2: Examples of one-particle irreducible diagrams that contribute to the selfenergy. Dashed line stands for the random potential V , star indicates the concentration
of impurities at the specific lattice site. Fermion line stands for the full propagator G(z).

cutting a fermion propagator. Typical examples of such diagrams are drawn in
Fig. 1.2.
Knowing the self-energy, the Green’s function can be calculated from the
Dyson equation
X (0)
(0)
Gij (z) = Gij (z) +
Gii0 (z)Σi0 j 0 (z)Gj 0 j (z),
(1.6)
i0 j 0
(0)

where Gij (z) stands for the Green’s function of the unperturbed problem (the
Fermi lattice gas in our case).
An important step in the calculation of the self-energy is the correct calculation of weights of contributing diagrams, where the so-called multiple occupancy
corrections must be taken into account. A detailed description of the process can
be found in Ref. [3].
The resulting Green’s function and self-energy are analytic functions in upper
complex half-plane and therefore obey the Kramers-Kronig relations. These relations reflect the causality and guarantee that the eigenvalues of the Hamiltonian
are real numbers. For the self-energy in the momentum representation they read
Z ∞
dω 0 Im Σk (ω 0 + i0)
Re Σk (ω + i0) = Σ∞ − P
,
ω − ω0
−∞ π
Z ∞
dω 0 Re Σk (ω + i0) − Σ∞
,
Im Σk (ω + i0) = P
ω − ω0
−∞ π

(1.7a)
(1.7b)

where Σ∞ is the constant part of the self-energy representing its high-energy
limit. This kind of integral (convolution with the 1/πω distribution) is known as
the Hilbert transform and can be calculated numerically with high accuracy.
The same relations hold for the Green’s function and all other functions for
which the requirement of analyticity in the upper half-plane is fulfilled.

1.3.2

Two-particle Green’s function and two-particle vertex

One-particle Green’s function does not fully describe the system of interacting
particles. For example, it does not contain information about correlation and
6
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coherence effects needed to calculate the electrical conductivity beyond the singleelectron (Drude) theory. We need to introduce the two-particle Green’s function.
It describes the propagation of two electrons (or an electron and a hole) and is
defined in direct space as an averaged product of two one-particle propagators,
D
E
(2)
−1
Gij,kl (z1 , z2 ) = [z1 − t̂ − V̂ ]−1
·
[z
−
t̂
−
V̂
]
.
(1.8)
2
ij
kl
av

Its Fourier transform is defined by Eq. (1.2).
The two-particle Green’s function contains a contribution from uncorrelated
motion of two particles, G(z1 )G(z2 ) as well as a contribution from the correlated
propagation. Separating the uncorrelated contribution from the rest we obtain
(2)

Gkk0 (z1 , z2 , q) = Gq (z1 )Gk+q (z2 )[δ(k − k0 )
+ Γkk0 (z1 , z2 , q)Gq (z1 )Gk0 +q (z2 )],

(1.9)

where we introduced a new two-particle quantity Γ, the two-particle vertex. This
function is the actual measure of correlations between two distinct particles. The
vertex can formally be represented as
(2)

−1
Γkk0 (z1 , z2 , q) = G−1
k (z1 )Gk+q (z2 )[Gkk0 (z1 , z2 , q)
−1
− Gk (z1 )Gk+q (z2 )]G−1
k0 (z1 )Gk0 +q (z2 ).

(1.10)

Energy is conserved in elastic scattering and therefore from now on we suppress
the energy variables in most equations, leaving just the sign of the imaginary part
as the upper index to distinguish the retarded (R, Im z > 0) and advanced (A,
Im z < 0) functions.
We see that the calculation of the two-particle Green’s function can be reduced
to the calculation of the two-particle vertex. There are methods how to further
simplify the calculation by using the concept of two-particle irreducibility.

1.3.3

Bethe-Salpeter equations

Bethe-Salpeter equations (BSE) were introduced in 1951 by H. A. Bethe and
E. E. Salpeter in Ref. [4] to describe bound-state problems of two interacting
fermions in quantum field theories. They introduced BSE as a two-particle analogy of the Dyson equation, as they are based on the same idea: all diagrams contributing to the two-particle vertex can be divided into reducible and irreducible
ones. Once we know all irreducible contributions (analogy of the one-particle
self-energy), we can use BSE to calculate the rest.
Closer investigation shows that BSE are much more complex than the Dyson
equation. One of the reasons is that the two-particle reducibility is a more complicated concept than the one-particle reducibility.
We illustrate this property on two third-order diagrams drawn in Fig. 1.3. In
these diagrams the fermion line running from left to right represents a particle
while the line running from right to left a hole. Note that particles and holes are
distinguishable only if the propagator is non-local (connects two distinct lattice
sites). We cannot distinguish local particle propagator from local hole propagator.
7
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A two-particle diagram is called reducible, if we can disconnect it into two
(non-trivial) parts by cutting two fermion propagators. However, this can happen
in more non-equivalent ways and so the two-particle reducibility is not uniquely
defined. There are in general three types of reducibility and each of them defines
a separate scattering channel.
The first case is the electron-hole reducibility. A diagram is called electronhole (eh) reducible, if we can disconnect it into two sub-diagrams by cutting one
particle and one hole propagator. An example of such a diagram is drawn in
Fig. 1.3(a). We denote the sum of all these reducible diagrams Keh and call it
the electron-hole reducible vertex. All other diagrams are called electron-hole
irreducible and they form the electron-hole irreducible vertex we denote Λeh . An
example of eh irreducible diagram is drawn in Fig. 1.3(b).

(a)

(b)

Figure 1.3: Third order ladder diagram (a) reducible in the eh channel and a third
order maximally crossed diagram (b) reducible in the ee channel. The star indicates
the concentration of impurities at the lattice site.

Once we know the irreducible vertex Λeh , we can use the Bethe-Salpeter equation to calculate the full vertex Γ = Λeh + Keh using convolutions in momentum
space,
Γkk0 (q) = Λeh
kk0 (q) +

1 X eh
Λ 00 (q)Gk00 Gk00 +q Γk00 k0 (q),
N k00 kk

(1.11)

where G is the full averaged one-particle propagator. We used the notation from
Fig. 1.1 and suppressed the energy variables.
The second possibility is the electron-electron reducibility. Analogously to the
former one, a diagram is called electron-electron reducible, if we can disconnect
it into two sub-diagrams by cutting two particle (or two hole) propagators. The
sum of the electron-electron irreducible diagrams (irreducible vertex) is denoted
Λee and the sum of all reducible ones Kee . The full vertex is once again the sum
of all diagrams, Γ = Λee + Kee . The Bethe-Salpeter equation in this channel reads
Γkk0 (q) = Λee
kk0 (q)
1 X ee
(1.12)
+
Λkk00 (k0 − k00 + q)Gk00 Gk+k0 −k00 +q Γk00 k0 (k − k00 + q).
N k00
Fig. 1.4 shows the diagrammatic representation of BSE in both electron-hole
and electron-electron channels. Dashed lines indicate pairs of corners internally
connected by a propagator.
8

1.3. QUANTUM PARTICLE IN RANDOM POTENTIAL
Finally, the third channel is called vertical. Diagrams reducible in this channel
can be split into two parts by cutting an electron-hole bubble. These diagrams
do not contribute to transport properties in the class of models we consider and
so we do not use this channel in our calculations. Details about this type of
reducibility can be found e.g. in Ref. [5].

Γ

Γ

=

=

+

Λeh

Λee

+

Λeh

Γ

Λee

Γ

Figure 1.4: General diagrammatical representation of the Bethe-Salpeter equations in
electron-hole (upper) and electron-electron (lower) channels.

In next chapter we will introduce mean-field theories that lead to the local
(momentum-independent) irreducible vertices. Then, the momentum dependence
of the full vertex calculated from the BSE is carried only by the Green’s functions.
For this purpose it is convenient to introduce a convolution of two one-particle
Green’s functions called the two-particle bubble
1 X
Gk (z1 )Gk+q (z2 ).
(1.13)
χ(z1 , z2 , q) =
N k

1.3.4

Conservation laws and Ward identities

In the preceding section we showed how the two-particle Green’s function can be
determined from an irreducible two-particle vertex and the corresponding BetheSalpeter equation. The problem is that the vertex is usually known only approximately, except for special limits. There is, however, another approach to evaluate
some specific elements of G(2) directly from the one-particle Green’s functions.
This is allowed by Ward identities.
Ward identities are quantum versions of Noether’s theorem from classical
mechanics, saying that any global symmetry of the system leads to a conservation
law. First of these identities was derived in 1950 by Ward in Ref. [6] within the
framework of quantum electrodynamics.
We will use two forms of Ward identities. The first one was derived by Velický
in Ref. [7] within the coherent potential approximation and reads
Gk (z1 ) − Gk (z2 )
1 X (2)
Gkk0 (z1 , z2 , 0) = −
.
N k0
z1 − z2
9
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It is a consequence of an operator identity
[z1 − Ĥ]−1 · [z2 − Ĥ]−1 = −



1
[z1 − Ĥ]−1 − [z2 − Ĥ]−1 ,
(z1 − z2 )

(1.15)

which reflects the completeness of eigenstates of the one-electron Hamiltonian
Ĥ (Bloch functions). Ward identity Eq. (1.14) thus represents conservation of
probability and holds only for zero transfer momentum q.
This formula connects one- and two-particle Green’s functions. But usually,
we work with their irreducible parts, self-energy Σ and irreducible vertex Λ. A
Ward identity connecting these irreducible parts was proven diagrammatically in
1980 by Vollhardt and Wölfle in Ref. [8] and reads
Σk+q (z1 ) − Σk (z2 )
1 X eh
Λ 0 (z1 , z2 , q)[Gk0 +q (z1 ) − Gk0 (z2 )].
=
N k0 kk

(1.16)

Originally it was proved only for real frequencies with different imaginary parts,
but it holds for arbitrary complex frequencies as shown in Ref. [9]. Using BSE
one can prove that for q = 0 this identity matches Eq. (1.14).
A more detailed discussion of Ward identities in metals and superconductors
can be found in Ref. [10].

1.3.5

Electron-hole symmetry

An important feature of the system of electrons on a bipartite lattice1 in the absence of external magnetic field, magnetic impurities or spin-orbit coupling is the
electron-hole symmetry. It describes invariance of the system w.r.t. simultaneous
time inversion and charge conjugation, when electrons and holes exchange their
roles. In the thermodynamic limit it is equivalent to reversing the direction of
the particle propagation, k → −k. For one-particle functions it is reflected in a
symmetry relation
Gk (z) = G−k (z).

(1.17)

For two-particle functions it leads to a set of less trivial relations. Using the
previous formula and the fact, that the full two-particle vertex Γ contains all
diagrams, we obtain, as derived in Ref. [11],
Γkk0 (z1 , z2 , q) = Γkk0 (z1 , z2 , −k − k0 − q)
= Γ−k−k0 (z1 , z2 , k + k0 + q).

(1.18)

We illustrate in Fig. 1.5 this relation on a subset of second-order diagrams contributing to Γ. First, we rewrite them in a slightly different manner by twisting
1

A lattice is called bipartite if it can be separated into two equivalent sublattices, A and B,
in a way, that every nearest neighbor of a site from A sublattice belongs to B sublattice and
vice versa.
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the lower parts of diagrams, changing the direction of the fermion line. Next
we use Eq. (1.17) to change the direction of the line once again. We see that
the incoming and outgoing particle momenta remain unchanged, but the transfer momentum, the difference between momenta of incoming hole and incoming
particle, changes to −k − k0 − q. This illustrates the first equality in Eq. (1.18).
Similarly, twisting the upper line in the diagrams illustrates the second equality.
We also see that the first diagram, which was eh reducible, became ee reducible
and analogously for the second one.
k′

k

k′

k
+

k+q

k′ + q

k′

k
=

k+q
k

k′ + q

k′

k′ + q

k+q

+
k′ + q

′

k

k+q

′

k

k

−k′ − q

−k − q

+

=
−k′ − q

k

−k − q

Figure 1.5: Illustration of the eh symmetry described by Eq. (1.18) on a subset of
second-order two-particle diagrams.

The symmetry relations that hold for vertex Γ must hold also for the twoparticle Green’s function, Eq. (1.9). For the irreducible vertices we obtain
ee
0
Λeh
kk0 (z1 , z2 , q) = Λ−k−k0 (z1 , z2 , k + k + q)
0
= Λee
kk0 (z1 , z2 , −k − k − q),

(1.19a)

eh
0
Λee
kk0 (z1 , z2 , q) = Λ−k−k0 (z1 , z2 , k + k + q)
0
= Λeh
kk0 (z1 , z2 , −k − k − q).

(1.19b)

How the electron-hole symmetry maps diagrams from the eh channel to diagrams
from the ee channel and vice versa was illustrated in Fig. 1.5. This symmetry also
maps the Bethe-Salpeter Eq. (1.11) to Eq. (1.12), showing equivalence of these
equations for the calculation of the full vertex Γ in the electron-hole symmetric
system.

1.4

Models of disorder

As mentioned in the introduction, we will study spectral and transport properties of systems where energy is conserved during the scattering processes. This
simplifies involved calculations to the point, where many results can be obtained
analytically. The most important simplification over the models with inelastic
scatterings is that we have an analytic solution for this class of models in the
limit of infinite spatial dimensions (a dynamical mean-field theory). This theory is called the coherent potential approximation and we will review its basic
11
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properties in Chap. 2. It allows us to calculate spectral properties in the d = ∞
limit without the need of excessive numerical calculations like quantum Monte
Carlo or numerical renormalization group technique. Furthermore, absence of frequency convolutions in the involved calculations allows us to construct a simple
and controllable expansion around the d = ∞ limit.
The simplest model of disordered, elastically scattered electrons is the disordered Anderson model (DAM) described by a tight-binding Hamiltonian
X †
X
ĤDA = t
ci cj +
Vi c†i ci ,
(1.20)
hiji

i

where c†i (ci ) represents a creation (annihilation) operator of a spinless itinerant
electron (or c-electron) on site i, t is the nearest-neighbor hopping amplitude
and V is the random on-site atomic potential described by a static probability
distribution P(V ). Since P(V ) is a static distribution, this model describes the
effect of quenched randomness.
This Hamiltonian was introduced by P. W. Anderson in 1958 in Ref. [12]
to describe vanishing of diffusion in random lattices today known as Anderson
localization. After developing the coherent potential approximation it was successfully used to describe the electronic structure of semiconductors like SiGe,
disordered alloys like CuNi, CrW and liquid metals. For more details on the
early applications of this model, see Ref. [3].
Another model of elastically scattered electrons is the spinless Falicov-Kimball
model (FKM)
X †
X † †
X †
ci ci f i f i ,
(1.21)
ĤF K = t
ci cj + Ef
fi fi + U
hiji

i

i

where fi† (fi ) represents a creation (annihilation) operator for an electron localized on site i, Ef is the on-site binding energy for f -electrons and U is the
on-site Coulomb repulsion between the itinerant and localized electrons. Since
f -electrons in this model act as thermally equilibrated localized impurities, this
model describes the effect of dynamic (annealed) randomness.
This model was first introduced in 1963 in Ref. [13] as an approximation to the
Hubbard model known as Hubbard-III, where only spin-up electrons are allowed
to hop. This model was later reintroduced in 1969 by L. M. Falicov and J. C. Kimball in Ref. [14] and treated in a static mean-field approximation. Since then
it has been successfully applied to describe correlation-induced metal-insulator
and valence-change transitions in rare-earth and transition-metal compounds like
SmB6 , FeSi or YbInCu4 , pressure-induced metal-insulator transition in NiI2 [15],
crystallization, atoms in optical lattices, charge transport through multilayered
devices [16], Josephson junctions, excitonic insulators [17] and ferroelectricity [18].
For a more complete list of applications, see Ref. [19] and references therein.
Combining the above introduced models together we obtain the disordered
Falicov-Kimball model (DFKM)
X †
X †
X
ĤDF K = t
ci cj + Ef
fi fi +
[Vi + U fi† fi ]c†i ci ,
(1.22)
hiji

i

i
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which is a general model of elastically scattered spinless electrons in random media. It was used in first attempts to describe Anderson localization in disordered
interacting systems.
This Hamiltonian can be further extended with terms including spin, magnetic
field, crystal field, c − f hybridization2 , correlated hopping and other terms,
sometimes even without losing the mean-field solvability. Nevertheless, these
effects are beyond the scope of this thesis. For further details on the extended
Falicov-Kimball Hamiltonian and its symmetries, see Ref. [19].
Before we move on, an important note is in place. Models introduced in this
section cannot be described within the framework of the Fermi liquid theory. The
presence of random scatterers (both quenched and annealed) always produce a
finite lifetime of states at the Fermi level, so rigorously speaking quasiparticles
do not exist in these systems. This gives rise to a finite value of the self-energy
at the Fermi level, as we will show in next chapter3 . Only for small values of
interaction U and weak disorder strength the system can be described as a ”dirty
Fermi liquid”. More discussion on this matter can be found in Refs. [21] and [22].
In order to fully describe the system we will study, we must specify the disorder
distribution for the static scatterers. In our calculations, two types of static
disorder distributions P(V ) are used. The first is the binary alloy distribution




∆
∆
+ (1 − c)δ V +
,
(1.23)
P(V ) = cδ V −
2
2
which describes a probability distribution of atoms in the two-component alloy
like CuZn, where c is the concentration of the first component and ∆ is the
difference between the on-site energy levels called the disorder strength. The
other is the box distribution
" 
# (
2
1
for |V | ≤ ∆2
∆
1
2
∆
−V =
,
(1.24)
P(V ) = Θ
∆
2
0 elsewhere
where Θ is the Heaviside step function. It can be considered as the random
distribution of atomic energies of an infinite-component alloy. Disorder strength
∆ is then defined as the width of the distribution.

1.5

Linear response in disordered systems

A general method how to study physical systems is to slightly drive them out
of equilibrium by a small external perturbation and observe their response. The
description of such a reaction can be rather complicated. But when the external perturbation is weak enough, the response of the system can be considered
Since fi† fi is a number (zero or one), it commutes with the Hamiltonian. As a result,
this model possesses a U (1) symmetry that forbids spontaneous hybridization between c and f
electrons (except possibly at T = 0), see Ref. [20].
3
However, the quadratic behavior of the imaginary part of the self-energy in the vicinity of
the Fermi energy is preserved.
2
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Figure 1.6: Binary alloy and box distributions.

linearly proportional to the magnitude of the perturbation. Then, the properties
of the system can be calculated within the framework of the equilibrium statistical mechanics. This approach is generally known as the linear response theory.
It allows us to calculate electrical conductivity, spin and charge susceptibilities
or even response to mechanical forces and vibrations. The response of the system to any weak perturbation is always calculated using the same mathematical
representation: the Kubo formula.
Now we review two approaches how to calculate electrical conductivity from
the two-particle Green’s function, using either the density response function or the
current response function. Since these two response functions are calculated from
different Kubo formulas, they do not need to give the same value of conductivity
if approximated separately.

1.5.1

Electrical conductivity

From now we on we concentrate on the response of the system of electrons to
the external electric field. A reliable formulas for calculating such response in
disordered systems were derived in Ref. [9]. Since we will use them throughout
the thesis, we review here the basic ideas that stay beyond their derivation.
The electric field E(ω, q) induces a charge current. The current density is
then given by Ohm’s law
j(ω, q) = σ(ω, q) · E(ω, q),

(1.25)

where σ is the linear response coefficient called tensor of electrical conductivity.
Note that the current is, as usual, defined as a flow of positive charge.
Let us first discuss the effect of the external field on the particle density.
Non-zero charge current causes changes in the density of charge carriers. We
denote the change of the charge density δn(ω, q) = n(ω, q) − n0 , where n0 is the
equilibrium density. In case of the homogeneous system, the density of charge
carriers and the current density are connected via the continuity equation
−iωδn(ω, q) + iq · j(ω, q) = 0.

(1.26)

This equation is a result of the charge-conservation law. We use a gauge in which
the electric field is generated by the scalar potential, E(ω, q) = −iqφ(ω, q). Now
14
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both the current density and the charge density can be related to the scalar
potential. From Eq. (1.25) we obtain
j(ω, q) = −iσ(ω, q) · qφ(ω, q)

(1.27)

and the change of the charge density is related to the scalar potential via another
linear response coefficient, the density response function ζ(ω, q),4
δn(ω, q) = −eζ(ω, q)φ(ω, q).

(1.28)

Using this definition to eliminate the scalar potential from the continuity equation
we obtain a well-known relation between the isotropic electrical conductivity and
the density response,
ie2 ω
σ(ω, q) = − 2 ζ(ω, q).
q

(1.29)

The density response function can be calculated from the two-particle Green’s
function using the Kubo formula
ζ(iνm , q) = −

1 X 1 X (2)
G 0 (iωn , iωn + iνm , q),
N 2 kk0 β n kk

(1.30)

where νm = 2mπ/β is the m-th bosonic Matsubara frequency and the sum runs
over all fermionic Matsubara frequencies ωn = (2n + 1)π/β,
∞
1 X iωn 0+
1X
X(ωn ) ≡
e
X(ωn ).
β n
β n=−∞

(1.31)

Using contour integration we can analytically continue this function to real frequencies.5 We obtain
Z ∞
h
1 X 1
ζ(ω + i0, q) = 2
dE [f (E + ω) − f (E)]GRA
kk0 (E, E + ω, q)
N kk0 2πi −∞
(1.32)
i
RR
AA
+ f (E)Gkk0 (E, E + ω, q) − f (E + ω)Gkk0 (E, E + ω, q) ,
where superscripts RA, RR and AA indicate, the signs of the imaginary parts of
the energy variables,
(2)

GRA
kk0 (E, E + ω, q) = Gkk0 (E + i0, E + ω − i0, q),
(2)

GRR
kk0 (E, E + ω, q) = Gkk0 (E + i0, E + ω + i0, q),

(1.33)

(2)

GAA
kk0 (E, E + ω, q) = Gkk0 (E − i0, E + ω − i0, q)
and f (x) = [exp(βx) + 1]−1 is the Fermi-Dirac distribution. We see that the
density response function does not depend on the whole two-particle Green’s
4

It is usual in literature to denote the density response function as χ, but we will use this
letter for the two-particle bubble.
5
for details see e.g. Ref. [23] Sec. 3.5
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function, but rather on its special element summed over fermionic momenta.
Therefore it is convenient to introduce the particle-particle correlation functions
1 X (2)
G 0 (z1 , z2 , q).
(1.34)
Φ(z1 , z2 , q) = 2
N kk0 kk
The Ward identity Eq. (1.14) allows us to find some specific limits of the
density response function. First, we find that the response to a homogeneous
(momentum-independent) perturbation vanishes, ζ(ω+i0, 0) = 0. This Ris a result
of the charge conservation law saying that the total density variation drδn(r)
must be zero. Another simple situation is the static case,
Z
1 X ∞ dE
ζ(0, q) = 2
f (E) Im GRR
(1.35)
kk0 (E, E, q),
N kk0 −∞ π
which for q = 0 leads to ζ(0, 0) = ρF , where ρF is the density of electron states at
the Fermi energy EF . We see that the limits ω → 0 and q → 0 do not commute.
Knowledge of these limits allows us to calculate the low-energy asymptotics of
the density response function which reads
ζ(ω, q) =

ρF Dq 2
.
−iω + Dq 2

(1.36)

Inserting it into (1.29) we obtain
σ = e2 ρF D,

(1.37)

where D is the diffusion constant. This formula is known as the Einstein relation,
as it was first derived by A. Einstein in 1905, Ref. [24]. Among other things it
reflects the fact that a metallic system can turn into insulator either by expelling
the charge carriers from the Fermi energy (ρF = 0) or by losing their ability to
propagate on macroscopic distances (D = 0).
The derivation of formula (1.29) sketched here suffers from a number of flaws,
as discussed in Ref. [9], like the continuity equation cannot be used in disordered
systems out of equilibrium without appropriate corrections. Also it holds in
general only for quadratic dispersion relations. These flaws restrict usability of
formulas (1.29) and (1.37) to calculate conductivity in disordered systems and
they must be used with caution. However, there is another, more straightforward
and so more reliable way how to calculate conductivity, using the current-current
correlation function.
The current-current correlation function Παβ (z, q) determines the linear response in the system perturbed by an external vector potential A(ω, q), which
generates electric field E(ω, q) = iωA(ω, q),
j(ω, q) = Π(ω, q) · A(ω, q).

(1.38)

It can be calculated from the two-particle Green’s function using the Kubo formula
e2 X
(2)
[vα (k) + vα (k + q)]Gkk0 (iωn , iωn + iνm , q)
Παβ (iνm , q) =
2
4N kk0
(1.39)
× [vβ (k0 ) + vβ (k0 + q)],
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where v(k) is the particle group velocity. The conductivity then reads
1
[Παβ (E, E + ω, q) − Παβ (E, E + ω, 0)],
(1.40)
iω
where Παβ (E, E + ω, 0) is a term that guarantees finiteness of conductivity and
originates from the gauge invariance of the electromagnetic field (see Ref. [23] Sec.
3.8). Taking the analytic continuation of Eq. (1.39) to the real axis we obtain for
the static, homogeneous conductivity
σαβ (ω, q) =

e2 1 X
vα (k)vα (k0 )
2π N 2 kk0


Z ∞
 1

df (ω)  RA
∂  RR
AA
AA
dω
×
Gkk0 (ω)−Gkk0 (ω) + f (ω)
G 0 (ω)−Gkk0 (ω) ,
dω
2
∂ω kk
−∞
(1.41)

σαα = −

ab
where Gab
kk0 (ω) = Gkk0 (E, E +ω, 0). Since all calculations in this thesis are carried
out at zero temperature, we can further simplify this expression. Performing the
integral over frequencies at T = 0 we obtain
 RA

e2 1 X
RR
0
v
(k)
G
−Re
G
(1.42)
σαα =
0
0
α
kk
kk vα (k ),
2π N 2 kk0
ab
where Gab
kk0 = Gkk0 (E, E, 0). This is the general formula providing us with a reliable value of the electric conductivity in systems of elastically scattered electrons
like the disordered Anderson model and the disordered Falicov-Kimball model
described in Sec. 1.4. The value of the conductivity still depends on the approximation we use to calculate the two-particle vertex function, which represents the
non-trivial part of the two-particle Green’s function, as emphasized in Eq. (1.9).

1.5.2

Diffusion coefficient, diffusion pole and Einstein relation

Another quantity describing the charge transport in system of electrons, besides
the conductivity, is the diffusion constant already mentioned in preceding section.
Diffusion, the motion of particles caused by inhomogenities in the chemical potential, relates the charge current with the gradient of charge density,
jdif f (t, x) ∝ −∇δn(t, x), and is well understood in classical systems. Its study in
quantum systems began in 1958 with the work of Anderson, Ref. [12] and become
a standard part of transport studies (for review see Ref. [25]).
Formula (1.29) allows us to formally define a quantum analog of the diffusion
constant Dαβ (ω, q) (which is no longer a constant, so we will call it a diffusion
coefficient),
σαβ (ω, q) = −e2 Dαβ (ω, q)[ζ(ω, q) − ζ(0, q)].

(1.43)

Using the Ward identity Eq. (1.14) in the q = 0 limit we can simplify it similarly
to the preceding section, obtaining
σ(ω) = e2 ρF D(ω).

(1.44)
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The presence of diffusion leads to the existence of a diffusion pole in the lowenergy asymptotics of the eh correlation function ΦRA (EF , EF + ω, q), Eq.(1.34).
It has the form of a propagator of the diffusion equation
−iωf (ω, q) + D0 q 2 f (ω, q) = 0,
and reads
ΦRA (ω, q) ≈

(1.45)

2πρF
+ O(ω 0 , q 0 ).
−iω + D0 q 2

(1.46)

The presence of this pole is a direct consequence of the charge conservation law
reflected by the Ward identity (1.16). But as discussed in detail in Ref. [26],
if the eh correlation function contains a diffusion pole, this identity for ω 6= 0
can be in conflict with causality of the one-particle self-energy, represented by
Kramers-Kronig relations, Eq. (1.7). The incompatibility of these two fundamental conditions arises in all situations when the eh irreducible vertex Λeh entering
Eq. (1.16) is not local (momentum-independent).
Since causality of the self-energy guarantees that the eigenvalues of the Hamiltonian are real numbers, this law cannot be broken. Therefore we have to give up
the Ward identity for non-zero frequency difference ω. The asymptotic behavior
of the correlation function ΦRA then changes. If we assume only weak momentum
dependence of the self-energy, we obtain
2πρF
+ O(ω 0 , q 0 ),
(1.47)
ΦRA (ω, q) ≈
−iAω + Dq 2
where the weight of the pole A−1 was introduced.
Giving up the Ward identity means, that we give up the condition of completeness of the Hilbert space of Bloch states and therefore we cannot construct a
single Hilbert space for all configurations of the random potential. This suggests
that there are new, disorder-induced localized states that are orthogonal (in the
thermodynamic limit) to the Bloch states. The number of particles in the Bloch
states is therefore not conserved and the Ward identity is violated. Weight of the
localized states 1 − A−1 increases with increasing disorder strength to the point
where A−1 = 0 and there are no longer any available extended states. Electrons
then lose their ability to propagate and become localized.
This simultaneous presence of extended and localized states contradicts the
results of numerical calculations (see e.g. Ref. [27]), which suggest that states
are either completely extended or completely localized. This discrepancy can be
the results of different treatment of the thermodynamic limit in analytical w.r.t.
numerical approaches, as discussed in Ref. [28]. The discussion on this topic is
still ongoing.

1.6

Vanishing of diffusion and Anderson localization

Localization of quantum particles in static random potential as well as localization
of classical waves by random fluctuations of the medium are one of the most
18
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interesting phenomena in condensed matter physics.
The concept of localization was introduced in 1958 by P. W. Anderson in
Ref. [12]. Anderson considered a simple tight-binding model with random on-site
energy levels, which now bears his name, described by Eq. (1.20). He showed that
for strong enough disorder, the system behaves much differently then predicted
by the standard Boltzmann theory: the system turns into an insulator even if
there are charge carriers present at the Fermi level.
Anderson suggested that for strong disorder the envelope of the electron
wave function may decay exponentially from some point x0 in space, |ψ(x)| ∼
exp(|x − x0 |/ξ), where ξ is the localization length. These electrons become localized in a small volume of the sample and the system loses its conductivity not via
vanishing of the number of charge carriers at the Fermi level, but by vanishing of
their ability to propagate (mobility).
The localized orbitals form at lattice sites where the random potential has
deep minima. All the nearby orbitals have sufficiently different energies, so their
admixture due to hopping is small. The orbitals with similar energies are spatially
far apart, so the overlap is exponentially small.
The critical value of disorder that localizes the particles depends strongly on
spatial dimension. In one- and two-dimensional systems, all states are localized,
no matter how weak the disorder is. The analytic proof for d = 1 and d =
2 can be found in Ref. [29] and Ref. [30], respectively. In three-dimensional
systems particles are usually delocalized for weak disorder. For increasing disorder
strength there is a sharp transition to a localized state.
The localization transition can be controlled not only by the disorder strength,
but also by the particle energy. In usual situations for weak disorder the states
near the band edges are localized and the states near the band center metallic.
The critical energy separating them is called the mobility edge.
Anderson localization was experimentally observed in some real samples. Notable examples are two-dimensional thin films of quench condensed metals as
Pb and three-dimensional disordered systems like crystalline silicon doped with
phosphorus Si1−x Px , amorphous glass Nb1−x Six or amorphous Gd1−x Six . One can
drive the system through the MIT by changing the doping or in some cases (Gd
alloys) by applying magnetic field. All these systems show a second-order phase
transition to a phase with zero electric conductance, ruling out the previously
proposed idea of minimum metallic conductivity. See Ref. [31] for details.
From the point of view of the modern theory of phase transitions, Anderson
localization transition is a quantum phase transition (i.e. taking place at zero
temperature), the control parameters being disorder strength ∆ and particle energy E. Unlike other transitions, there is no obvious order parameter. The length
scale associated with this transition is localization length ξ, which approaches infinity at the transition point. There are two static critical exponents describing
the transition: critical exponent of the localization length, ξ ∼ |∆−∆m |−ν and the
critical exponent of the static conductivity, σ ∼ (∆m −∆)s . A simple dimensional
analysis leads to a scaling relation s = ν(d − 2). Apart from the static exponents,
a dynamic exponent z can be defined as σ ∼ ω 1/z for ∆ = ∆m . Values of the
critical exponents were obtained only numerically in dimension d = 3. Reliable
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calculations for various disorder distribution functions give ν = s = 1.58 ± 0.02,
Ref. [32], and z ≈ 3, while experimental results vary from one sample to other.
There are analytic as well as numerical methods how to study Anderson localization. Here we discuss the basics of two theories that provide results that
can be directly compared with our results. The complete review of the early approaches was presented in Ref. [33]. For an extensive review of the newest results,
including the concept of multifractal wave functions, see Ref. [34].

1.6.1

Self-consistent theory of Anderson localization

The first self-consistent theory of Anderson localization was developed by D. Vollhardt and P. Wölfle in 1980 in Ref. [8]. The authors presented a diagrammatic
theory for the density response function Eq. (1.30) in order to calculate the diffusion coefficient.
The diffusion coefficient D(ω) vanishes at the transition point, therefore the
calculation would require to sum up all orders of the perturbation series. Instead
of this the authors derived a self-consistent equation for its inverse 1/D(ω). This
quantity diverges at the transition point and so only the largest contributions
are relevant. The calculation leads to a self-consistent equation for the diffusion
coefficient in a form
1 1 X
1
D0
=1+
,
D(ω)
πρF N q −iω + D(ω)q 2

(1.48)

where D0 is the static diffusion coefficient and ρF is the density of states at the
Fermi energy. In low dimensions (d ≤ 2) the diffusion coefficient D(ω) must be
zero otherwise the pole is not integrable, telling us that in low dimensions the
system is always localized. In d = 3 there is a critical value of disorder strength
where this pole becomes non-integrable. This value then marks the transition to
the localized phase. The full discussion about this behavior and numerical results
for various systems can be found in Refs. [35] and [36].

1.6.2

Typical medium theory

A simple mean-field-like theory of metal-insulator transitions was introduced in
Ref. [37] and applied to the disordered Hubbard model treated within the dynamical mean-field theory. This approach is based on the assumption that in
disordered systems the typical values of the random quantities, rather than their
averaged values, should be associated with physical observables. The typical value
of a variable X is here represented by its geometric mean hXig = exp[hln X(V )iav ],
where X(V ) is a function of the random on-site potential V . The typical density
of states reads
ρg (E) = exp [hln ρ(E, V )iav ] .

(1.49)

This function serves as the order parameter for the Anderson localization transition. The typical value of the local Green’s function is obtained as a Hilbert
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transform
Gg (z) =

Z

∞

−∞

ρg (E)
z−E

(1.50)

and it serves as the input for the new self-energy calculation.
This approach was later applied in Ref. [38] to the disordered Anderson model
on a simple cubic lattice, where the localization transition, described by vanishing
of the typical DoS, was found. In Ref. [39] the disordered Falicov-Kimball model
with box disorder was treated within this theory. The author described a larger
variety of phases: extended (metallic), insulating, localized gapless and localized
gapped. Simple formulas for the phase boundaries were also obtained using linearized DMFT equations. The resulting phase diagram for the semi-elliptic DoS
is plotted in Fig. 1.7. Further generalization to cases with charge density wave
ordering and away from half-filling was introduced in Refs. [40] and [41]. An
interesting insight into the statistics of the local DoS can be found in Ref. [42].
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∆
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Figure 1.7: Ground-state phase diagram of the disordered Falicov - Kimball model with
box disorder at half filling from Ref. [39]. Red line: split-band transition (vanishing
of the arithmetically averaged DoS). Blue line: Anderson transition (vanishing of the
geometrically averaged DoS).

1.7

Unresolved issues

The spectral properties of disordered systems of elastically scattered electrons
are well described by the coherent potential approximation. Unfortunately, due
to the local character this theory it cannot account for quantum coherence between spatially distinct scatterers and therefore is unable to describe transport
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beyond the semi-classical description. The vertex corrections to the one-electron
conductivity vanish due to the symmetry of the CPA two-particle vertex (unless
we introduce odd dispersion relations).
There is currently no reliable method of calculating conductivity beyond its
CPA value in the whole range of the input parameters. Most notably, current
theories can lead to unphysical results like negative conductivity when dealing
with strongly disordered systems. Systematic calculation of vertex corrections
is essential if we are dealing with systems that exhibit localization transition,
as they should exactly compensate the one-particle conductivity in the localized
phase. The main purpose of this thesis is to derive such reliable formulas to
calculate conductivity in strongly disordered systems.
Another open problem is the conflict between the Ward identity and the
causality of the one-particle self-energy discussed in Sec. 1.5. This incompatibility
of the fundamental laws of physics arises if we calculate two-particle functions
beyond the local mean-field approximation. It leads to conclusion that there are
localized states present even in metallic regime, orthogonal to extended states,
which is in conflict with results of numerical calculations. This behavior can
be observed by calculating the weight of the diffusion pole in the electron-hole
correlation function, which we briefly discuss in Chap. 4.
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Chapter summary
In this chapter we gave introduction to the problem of disordered electron
systems. We discussed basic methods used to study elastically scattered electrons in random lattices. We reviewed fundamentals of the diagrammatic
expansion in the random potential and the concept of Green’s functions, configurational averaging and introduced the self-energy and the two-particle
vertex. We also discussed the concept of one- and two-particle irreducibility.
The concept of irreducible two-particle diagrams led us to the Bethe-Salpeter
equations connecting the full and irreducible vertices. They form a complicated system of equations which can be simplified considering conservation
laws represented by Ward identities. The basic models of elastically scattered
electrons, disordered Anderson model and the Falicov-Kimball model were
introduced. We reviewed basics of the linear response theory in disordered
media and introduced two important measurable transport coefficients: the
electrical conductivity and the diffusion coefficient. Finally, we discussed one
of the most interesting properties of disordered systems: vanishing of diffusion
known as Anderson localization.
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Chapter 2
Mean-field theory: Coherent
potential approximation
In this chapter we focus on the calculation of the spectral properties. We introduce the coherent potential approximation as a mean-field theory for the randomalloy model. This approximation is known for over 45 years and it proved to
be very reliable for calculations of one-particle properties of disordered systems,
hence providing us with the best possible starting point for the calculation of
transport properties. Here we re-derive the CPA equations for one- and twoparticle functions for the case of disordered Falicov-Kimball model, Eq. (1.22) as
well as for the disordered Anderson model, Eq. (1.20). We restrict our calculations to the homogeneous case, meaning we neglect any possible charge ordering,
typical for the Falicov-Kimball model. We illustrate the basic spectral properties
of these models and review the numerical results. Finally, we compare these results with the exact diagonalization to illustrate the advantages and drawbacks of
the CPA. We postpone the discussion about the electrical conductivity calculated
from CPA to the next chapter.

2.1

Mean-field theories and the limit to high
spatial dimensions

Mean-field theories play an important role in the statistical physics for many
decades. These theories can be derived by different approaches. For lattice models
we can consider the mean-field theory as an exact solution in the limit of infinite
spatial dimensions d.
In order to construct such theory for the Hubbard model, Metzner and Vollhardt introduced in Ref. [43] an important scaling of the hopping parameter,
t
t→ √ .
2d

(2.1)

The hopping parameter then vanishes in the d → ∞ limit with a right rate
to guarantee finite kinetic energy and we obtain a non-trivial density of states.
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All involved functions become local (momentum-independent) and the problem
is mapped to an effective single-site problem that can be solved numerically.
This approach is known as the dynamical mean-field theory (DMFT), since the
resulting mean field, the self-energy Σ, remains frequency-dependent in this limit.
In principle, it is possible to calculate systematic corrections to the meanfield d = ∞ solution in powers of 1/d, which serves as a small parameter. In the
d → ∞ limit we obtain the leading asymptotics for the particle propagator and
the self-energy in a form
Gk (z) = G(z)[d 0 ] + Ḡk (z)[d−1/2 ],
Σk (z) = Σ(z)[d 0 ] + Σ̄k (z)[d−3/2 ],

(2.2)

where first part is the local (DMFT) contribution that survives to infinite spatial
dimensions and the second part is the non-local leading correction that dies out
with increasing spatial dimension.
The DMFT solution for models introduced in Sec. 1.4 is known as the coherent
potential approximation and we are now ready to review its basic properties.

2.2

Coherent potential approximation

Coherent potential approximation is a successful mean-field theory for the calculation of spectral properties of random alloys. It is self-consistent, analytic
and rather well interpolates between weak and strong disorder regimes as well as
between high and low concentrations of impurities. Since its introduction it has
been applied to a variety of problems that can be mapped to a model of a random
alloy, like diluted quantum magnets and liquid metals. In its generalized form
introduced in Ref. [44] it can serve as a solver to an even wider set of one-particle
problems.
This approximation dates back to 1967 when Soven in Ref [45] and Taylor in
Ref. [46] introduced a self-consistent approach to calculate properties of random
electron and phonon system, respectively. CPA in its current form was introduced
in 1968 by Velický, Kirkpatrick and Ehrenreich, Ref. [47]. The proof of analyticity
of this approximation together with the uniqueness of its solution was presented
by Müller-Hartmann in 1973, Ref. [48].
The ability of CPA to interpolate between various limiting situations was
well beyond expectations. A new insight into this feature was obtained with
introduction of the DFMT. Vlaming and Vollhardt in 1992 proved in Ref. [49],
using perturbation expansion in either random potential (propagator expansion)
or hopping integral (locator expansion), that CPA is indeed the exact solution of
the binary alloy problem in infinite spatial dimensions (or infinite coordination
number z). These authors also showed that 1/z is a good small parameter for the
asymptotic expansion, making CPA a controlled approximation, meaning that a
systematic improvement to this theory can be made.
Knowing that CPA is the exact solution in infinite spatial dimensions, we
start our approach from the grand-canonical potential derived in that limit and
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show that the equilibrium state is characterized by the CPA equations extended
to incorporate both (quenched as well as annealed) types of disorder.

2.2.1

One-particle functions

The homogeneous thermodynamic properties of quantum statistical models are
derivable from the grand-canonical potential Ω(β, µ), which can be derived by
a standard procedure from the partition function Z(β, µ) in the limit of infinite
spatial dimensions (see Ref. [50] for details).
The averaged grand-canonical potential of the DFKM in d = ∞ can be represented as
Z ∞

1X
dερ0 (ε) ln(iωn + µ − Σn − ε) + hln[1 + Gn (Σn − V )]iav
hΩ(µ)iav = −
β n
−∞
E
1D 
−
ln 1 + exp{−β[Ef + Ef (V ) − µ]}
,
(2.3)
β
av
where we denoted Gn = G(iωn ), Σn = Σ(iωn ) and


1X
U Gn
Ef (V ) = −
ln 1 −
β n
Gn (Σn − V )

(2.4)

is the random f -electron energy shift, ρ0 (ε) is the bare c-electron density of states,
β = 1/kB T is the inverse temperature, µ is the c-electron chemical potential and
Z
hX(V )iav = dV P(V )X(V )
(2.5)
denotes averaging over the static disorder configurations. The sums run over all
fermionic Matsubara frequencies, Eq. (1.31).
Grand-canonical potential, Eq. (2.3), describes the homogeneous phase. It
is known from free-energy calculations that the ground state of FKM on any
bipartite lattice is a charge-ordered phase. At half-filling it is a simple chessboard
order of f -electrons, but away from half-filling it can be a very complex charge
structure (for review see e.g. Ref. [51]). Nevertheless, we neglect any charge order
and restrict ourselves to the homogeneous phase only, since our aim is to study
transport properties and the charge-ordered phases usually describe insulators.
In equilibrium the grand-canonical potential is stationary w.r.t. variations of
functions Σn and Gn ,
δΩ
= 0,
δGn

δΩ
= 0.
δΣn

(2.6)

After a simple manipulation we obtain
Z ∞
ρ0 (ε)
Gn =
dε
,
iωn + µ − Σn − ε
−∞


1 − nf
nf
Gn =
+ −1
,
G−1
Gn + Σn − V − U av
n + Σn − V
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where we denoted
nf = f [Ef + Ef (V ) − µ]

(2.8)

the f -electron density and f (x) = [exp(βx)+1]−1 is the Fermi-Dirac distribution.
The first equation is the Dyson equation connecting bare Green’s function
G0 (iωn ), self-energy Σn and full averaged Green’s function Gn . The second equation resembles the standard Soven’s equation for the coherent potential due to
scatterings on random impurities now represented by thermalized f electrons as
well as a static configuration of atomic energies V .
The simple structure of Eqs. (2.7) allows us to perform analytic continuation
to the real axis. We obtain
Z ∞
dερ0 (ε)
R
,
(2.9a)
G (ω) =
+
R
−∞ ω + i0 + µ − Σ (ω) − ε


1 − nf
nf
1=
+
,
(2.9b)
1 + GR (ω)[ΣR (ω) − V ] 1 + GR (ω)[ΣR (ω) − V − U ] av
where we introduced the retarded Green’s function GR (ω) = G(ω + i0+ ) and
similarly the self-energy ΣR (ω). Formula for the f -electron energy shifts Eq. (2.4)
can be summed over Matsubara frequencies resulting in


Z
1 ∞
U
Ef (V ) =
dωf (ω) Im ln 1 − R −1
.
(2.10)
π −∞
G (ω) + ΣR (ω) − V
We need the last formula to determine the thermodynamic equilibrium for the
chemical potential satisfying the condition of conserving the total number of
electrons in the system:
Z
1 ∞
dωf (ω) Im GR (ω),
(2.11)
n = nf −
π −∞
P
where the second term is the density of c-electrons nc = β −1 n Gn .
Equations (2.9-2.11) form a closed system to determine the equilibrium state
of the DFKM from the set of input parameters β, ρ0 (ε), U , P(V ) and n (or µ).

2.2.2

Two-particle functions

Only one-particle equilibrium functions can directly be calculated from the grand
potential, Eq. (2.3). One-particle functions, however, do not contain the complete
information about the statistical ensemble. For example, they do not contain
sufficient information to study response to a weak external electromagnetic field
beyond the semi-classical description as we discussed in Sec. 1.5. To calculate this
response, we need to extend our description to include two-particle propagators.
As discussed in Ref. [52], the only consistent way how to calculate two-particle
functions is to keep the external perturbation local.
To guarantee consistency between one- and two-particle functions, we use an
approach developed in Ref. [5]. It is based on the the Baym-Kadanoff concept of
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external sources introduced in Refs. [53] and [54]. First, we replicate our system
so that for each energy (chemical potential) we have a separate replica of our system. Then we introduce an auxiliary external field W to couple different replicas
together and to break their independence. The generalized grand-canonical potential Ω(2) (µ1 , µ2 , W ) is then used to derive the two-particle response functions
by perturbing slightly the equilibrium by local field W . The external field is set
to zero at the end and the resulting two-particle functions are local and only
energy (frequency) dependent.
In general, the equilibrium two-particle functions are functions of three independent energies. However, since we are dealing with elastic scatterings only,
the energies of incoming particles are conserved in the scattering processes and
two-particle functions have only two independent energy variables. In the diagrammatic representation of the general two-particle quantity, the energy variables can be placed in two different ways, as plotted in Fig. 2.1. The dashed
lines indicate which pairs of the corners are internally connected by a particle
propagator: electron line entering at the upper left corner can go out either via
the upper right (X h ) or the lower left (X v ) corner. Since it is impossible for the
diagram to belong into both classes simultaneously, these two parts never mix
up in the solution. Considering X a two-particle vertex, the horizontal part X h
resembles the CPA vertex as defined in Ref. [7] and is important in calculations of
transport properties. The vertical part X v resembles the vertex from the HartreeFock approximation of the Hubbard model and it is important in calculations of
thermodynamic properties.
j

i

i
= δij δkl

X
l

k

i
+ δil δjk

Xh
k

i

k

k
Xv

i

k

Figure 2.1: The two different ways of labeling the vertices of a two-particle diagram.
The delta-functions guarantee energy conservation, dashed lines indicate which pairs
of corners are internally connected by a propagator.

The generalized grand-canonical potential for the DFKM reads
Ω(2) (µ1 , µ2 , W ) =
*
!+
2 h
i
X
1
(kl)
−
ln Tr exp −β
(H(k) − µk N (k) )δkl + HW
,
β
k,l=1

(2.12)

av

where the sum runs over different replicas of the system and
(kl)

HW =

X

(kl) †(k) (l)
ci ci

Wi

(2.13)

i
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is the Baym-Kadanoff term coupling the replicas together via local field W . Since
Ω(2) is a function of two energies, the local Green’s function and the self-energy
are now also functions of two energies and of the external field W . As a result,
Eqs. (2.7) are now matrix equations in the replica indices. The irreducible vertex
function is then defined via a functional derivative
λmn =

δΣmn (W )
δGmn (W )

,

(2.14)

W =0

where Σmn (W ) = Σ(iωm , iωn , W ) and similarly for G and λ. Using Eqs. (2.7) we
obtain
1
λmn =
[1 − a−1
(2.15)
mn ],
Gm Gn
where we denoted

1 − nf
amn =
[1 + Gm (Σm − V )][1 + Gn (Σn − V )]

nf
+
.
[1 + Gm (Σm − U − V )][1 + Gn (Σn − U − V )] av

(2.16)

Furthermore, using Eq. (2.7b) and Eq. (2.15) we arrive at a simple identity
(Σm − Σn ) = λmn (Gm − Gn ),

(2.17)

which is nothing else as the Vollhardt-Wölfle-Ward identity, Eq. (1.16), for the
momentum-independent (local) functions.
Now we can use Bethe-Salpeter equations (1.11) and Eq. (1.12) to calculate
the full local vertex that we denote γ. Inserting the local propagators Gn and the
local vertex λmn we obtain a couple of algebraic equations. Since all functions
are local and we lost all momentum dependence, we can no longer distinguish
vertices from eh and ee channels. The full vertex in both cases reads
λmn
.
(2.18)
γmn =
1 − λmn Gm Gn
Analytic continuation of these formulas to the real axis is straightforward.
The incapability of CPA to distinguish the eh from the ee scattering channel
comes from its local character. The multiple single-site scatterings, the only ones
relevant in the d = ∞ limit, cannot distinguish electrons from holes, as illustrated
in Fig. 2.2. We need to go beyond this theory and introduce non-local corrections
in order to restore this ability, since it is essential for developing more complex
theories.
CPA also allows us to calculate the local element of the two-particle bubble,
Eq. (1.13). For the zero transfer momentum we have
Z ∞
1 X R
dερ0 (ε)
RA
A
χ (0, ω, ω) =
G (k, ω)G (k, ω) ≡
, (2.19a)
R
2
N k
−∞ |ω − Σ (ω) − ε|
Z ∞
1 X R
dερ0 (ε)
RR
R
χ (0, ω, ω) =
G (k, ω)G (k, ω) ≡
. (2.19b)
R
2
N k
−∞ (ω − Σ (ω) − ε)
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Figure 2.2: Topological nonequivalence of the scattering channels disappears when
dealing with local contributions.

We denote these functions χRA (0) = h|G|2 i and χRR (0) = hG2 i. For the sake
of simplicity, we dropped the superscript R in these notations. The VollhardtWölfle-Ward identity connects the two-particle bubbles with the local irreducible
vertices. From Eq. (2.17) for ωm → ωn we obtain
λRR (ω, ω) =

∂ω ΣR (ω)
∂ω GR (ω)

and λRA (ω, ω) =

Im ΣR (ω)
.
Im GR (ω)

(2.20)

Since
∂ω G(ω) =

Z

∞

−∞

ρ(ε)dε

∂ω Σ(ω) − 1
= [∂ω Σ(ω) − 1]hG2 (ω)i,
(ω − Σ(ω) − ε)2

(2.21)

we obtain for the irreducible vertices rather simple formulas
λRR (ω, ω) =

Z(ω)
hG2 (ω)i

and λRA (ω, ω) =

1
,
h|G(ω)|2 i

(2.22)

where we denoted Z = ∂ω Σ/(∂ω Σ − 1). These formulas will prove later useful for
calculating the diffusion coefficient and the weight of the diffusion pole.

2.3

Numerical examples

Since the CPA equations (2.9), except the simplest cases, must be solved numerically, we present in this section a set of numerical examples to illustrate the
spectral properties of the models discussed in Section 1.4. We start with the
analytic solution for the FKM with the Lorentz DoS to illustrate the basic characteristics of the density of states. Then we concentrate on a more interesting
case of the semi-elliptic band for both FKM and DFKM with binary as well as
box distribution of the static disorder. Later we present spectral properties of
DAM on a simple cubic lattice, as these results will play important role in the
calculation of transport properties in Chapters 4 and 5. Finally, we compare the
CPA results with the results of the exact diagonalization technique to illustrate
reliability of CPA to describe one-particle properties.
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2.3.1

Falicov-Kimball model

First we consider the case without static disorder, ∆ = 0. Then, our model
reduces to the Falicov-Kimball model, Eq. (1.21), and Eq. (2.9b) becomes a
quadratic equation for the self-energy


s
2
1
4nf U 
1
1
±
+ R
.
(2.23)
U− R
ΣR (ω) = U − R
2
G (ω)
G (ω)
G (ω)
There are two solutions of this equation and we have to select the one with the
correct analytic properties, which can be very demanding. A numerically more
suitable approach is to rewrite Eq. (2.9b) in an iterative form as
ΣR (ω)new = ΣR (ω) + GR (ω)−1

−1
1 − nf
nf
−
+
.
GR (ω)−1 + ΣR (ω) GR (ω)−1 + ΣR (ω) − U

(2.24)

Choosing a good initial condition this equation automatically guarantees the
Herglotz property1 of the self-energy, as proved in Ref. [48],
Im Σ(z) ≤ 0 for

Im z > 0.

(2.25)

The calculation usually converges very fast except for frequencies close to the band
edges and points where self-energy develops a δ-singularity (usually within the
band gap, where it does not converge at all). The convergence can be stabilized
by averaging over last few iterations.
After obtaining ΣR (ω) and GR (ω) for all frequencies, we calculate the energy
shift Eq. (2.10), f -electron density nf = f (Ef + Ef ) and the chemical potential
from Eq. (2.11) and we use them as input for the new self-energy calculation
until converged. The local DoS is then calculated from the imaginary part of the
Green’s function as
1
ρ(ω) = − Im GR (ω).
π

(2.26)

Explicit formulas for all the local Green’s functions we will use are summarized
in Appendix A.
Lorentz band
In order to demonstrate basic characteristics of the model, we use one of the most
trivial DoS, the Cauchy-Lorentz distribution
ρ0 (ε) =

1 1
.
π ε2 + 1

(2.27)

Let C± = {z ∈ C : Im z ≷ 0}. Any analytic function F : C+ → C+ extended to C− by
F (z ∗ ) = [F (z)]∗ for any z ∈ C+ is called a Herglotz function.
1
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Using Eq. (A.4) and Eq. (2.23) we obtain explicit formulas for ΣR (ω), GR (ω) and
ρ(ω) (see Ref. [21]):
nf U (ω + µ + i)
,
(1 − nf )U + ω + µ + i
nf
1 − nf
+
,
GR (ω) =
ω+µ+i ω+µ+i−U
1
1 − nf
1
nf
ρ(ω) =
+
.
2
π (ω + µ) + 1 π (ω + µ − U )2 + 1
ΣR (ω) =

(2.28a)
(2.28b)
(2.28c)

From the electron-hole symmetry condition for nf = 1/2 we immediately see that
Fermi energy is µ = −U/2 and DoS at the Fermi energy reads ρF = 4/[π(U 2 +4)].
This value also does not depend on filling. Density of states ρ(ω) is a weighted
sum of two Cauchy-Lorentz distributions centered at ±U/2. This illustrates the
tendency to split the band into an upper and a lower part with increasing interaction strength by transferring the spectral weight away from the Fermi energy.
Nevertheless ρF is positive for any finite U , so the system is metallic for all input
parameters.
Semi-elliptic band
Since we want to study metal-insulator transitions, we have to choose a different
trial DoS. The simplest option is a semi-elliptic DoS, which describes a Bethe
lattice with infinite connectivity. It is defined as
ρ0 (ε) =

2√
1 − ε2
π

(2.29)

for |ε| ≤ 1 and zero elsewhere. This DoS exhibits square-root singularities at the
band edges similarly to the DoS for three-dimensional lattices. Inserting the local
bare Green’s function, Eq. (A.8), into Eq. (2.23) we obtain a cubic equation for
the interacting Green’s function GR (ω), Ref. [55].
This equation simplifies significantly in the electron-hole symmetric case n = 1
at the Fermi energy ω = 0. Eq. (2.23) simplifies in this limit to
Im ΣF =



p
1
1 + 1 − (U Im GF )2
2 Im GF

(2.30)

and we obtain explicit formulas for the Green’s function and the self-energy,
√
Im GF = −2 1 − U 2

and

U2
Im ΣF = − √
,
2 1 − U2

(2.31)

where GF = GR (ω = 0) and ΣF = ΣR (ω = 0).
In all other cases, due to a complicated analytic structure of the equation
for GR (ω), the spectra are usually calculated numerically from Eq. (2.24), since
this approach guarantees we are always on the right branch of the complex
square/cubic root.
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Results for the electron-hole symmetric case (half-filling n = 1) and an asymmetric case n = 0.8 are plotted in Fig. 2.3 and 2.4. We see that there is a critical
value of interaction Uc , at which a gap opens in the density of states. For n = 1
we see from Eq. (2.31) that this gap opens at the Fermi energy at Uc = 1 and
the system undergoes the so-called split-band metal-insulator transition. Imaginary part of the self-energy diverges at this point. This divergence is preserved
beyond the critical interaction as a δ-peak at the Fermi energy, screening the two
sub-bands from each other (see Ref. [7]).
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Figure 2.3: Left panel: Density of states as a function of energy for selected values of
interaction U for n = 1. Band gap opens at U = 1. Right panel: Imaginary part of
the self-energy. Note the δ-peak at the Fermi energy for U = 1.5.
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Figure 2.4: Left panel: Density of states as a function of energy for selected values of
interaction U for n = 0.8. Gap is opening at ω ≈ 0.486 for U ≈ 0.91. Right panel:
Imaginary part of the self-energy. Correlation effects are stronger in the satellite band.

For n 6= 1 the shape of the density of states is governed by a ratio between
electron concentrations nf and nc , Ref. [21]. For either n < 1/2 or n > 3/2 we find
that the f -band is either always empty or always fully occupied and the system
behaves as a non-interacting Fermi gas.2 For 1/2 < n < 1 the f -band filling
decreases with increasing interaction U until it vanishes at a certain critical value
Un and the system again turns into non-interacting Fermi gas. The position of the
2

for fully occupied f -band the interaction term acts just as a constant energy shift
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Figure 2.5: Left panel: Dependence of the position of the band edges on the interaction
strength for n = 0.8 Falicov-Kimball model. The satellite band vanishes at U ≈ 1.68.
Right panel: Phase diagram of the Falicov-Kimball model in n − U plane. Red line:
value of interaction Un where the system turns into a non-interacting Fermi gas. Blue
line: Critical value of interaction Uc for which a gap opens. Black line: insulating states
(Fermi energy lies within the band gap).

band edges w.r.t. interaction for n = 0.8 is plotted in left panel of Fig. 2.5. We see
that the gap opens away from the Fermi energy and the system never undergoes
MIT. The satellite band vanishes at U ≈ 1.68 where the f -band empties and
the main band restores the semi-elliptic shape, shifted to lower energies to fulfill
Eq. (2.11).
The situation for 1 < n < 3/2 is similar due to electron-hole symmetry, only
the f -band filling grows towards one. The phase diagram in n−U plane is plotted
in the right panel of Fig. 2.5. The red lines mark the critical interaction Un , above
which the system turns to a Fermi gas, the blue line indicates the opening of the
band gap. Only for n = 1 this gap opens at the Fermi energy and there is no
transition to Fermi gas.

2.3.2

Disordered Falicov-Kimball model

Including static disorder into the Falicov-Kimball model introduces some new
features to spectral properties. In this thesis, we use two forms of static disorder
distributions described in Section 1.4. Both of them introduce a new parameter,
the disorder strength ∆, to control the width of the distribution.
The binary disorder distribution Eq. (1.23) leaves us with a rather trivial
system. In this case, we have two equations for the f -level shifts Eq. (2.10) Ef A
and Ef B , and two equations for the f -band occupancy, nf A = f (Ef + Ef A ) and
nf B = f (Ef +Ef B ). The system turns to a Fermi gas for either µ < Ef A < Ef B and
Ef A < Ef B < µ, leaving us with a narrow window of non-trivial fillings around n =
1, for which the chemical potential falls between Ef A and Ef B . For n = 1 we obtain
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linear scaling of the critical interaction strength w.r.t. disorder strength Uc =
1 − ∆. Furthermore, for large values of interaction and/or disorder strength the
system is insulating and therefore uninteresting for studying transport properties.
More interesting case is the box-disordered FKM. The disorder distribution,
Eq. (1.24), is continuous and in contrast to the binary distribution it suppresses
the split-band transition, leaving us with the opportunity to study effects of really
strong disorder. Spectral properties of this model were studied in Ref. [39], where,
using a linearization of the CPA equations, the exact relation
√ between the critical
interaction and the disorder strength was found, Uc = ∆2 + 1. Densities of
states for ∆ = 1.0 and U = 1.5 are plotted in Fig. 2.6. For the sake of simplicity,
we use the semi-elliptic band. For ∆ = 1.0 we start
√ from a metallic solution at
U = 0. The split-band transition occurs at U = 2. For U = 1.5 we start from
a gapped
√ phase at ∆ = 0 and the gap is closed by increasing disorder strength
at ∆ = 1.15 ≈ 1.118.
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Figure 2.6: Density of states for the box-disordered FKM. Left panel: selected values
of interaction U for ∆ = 1 Right panel: selected values of disorder strength ∆ for
U = 1.5

2.3.3

Disordered Anderson model

Now we turn to the U = 0 limit of the DFKM, the disordered Anderson model
of non-interacting electrons with static disorder, Eq. (1.20). In the case of binary
disorder, Eq. (2.9b) reduces to
s
"
#


1
1
1
4∆
1
ΣR (ω) = −
+
(2.32)
±
c−
+ ∆2 .
2 GR (ω)
[GR (ω)]2 GR (ω)
2
This self-energy approaches a non-zero value in the large-frequency limit,


1
R
lim Σ (ω) = ± c −
∆.
(2.33)
ω→±∞
2
This limit is important if we want to use Kramers-Kronig relations, Eqs. (1.7).
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This model for c = 1/2 (symmetric disorder distribution) behaves on the oneparticle level exactly as the half-filled Falicov-Kimball model discussed above,
with disorder strength ∆ playing the role of interaction U . This is because in
FKM the f -electron density nf does not depend on the interaction strength at
half-filling, as we see from Eq. (2.11). It is fixed at nf = 1/2 and therefore
these electrons play the role of static scatterers, exactly as the impurities in the
symmetric binary alloy.
For c 6= 1/2 these two models differ. In DAM the satellite band survives to
arbitrary disorder strength, in contrast to FKM (see Fig. 2.5), since the concentration c does not depend on disorder strength.
In Chapter 4 we will study transport properties of DAM on a simple cubic
(sc) lattice, therefore we now present some results using the density of states of
this lattice. The bare Green’s function, Eq. (A.20) is plotted in Fig. A.1. Due
to the complex structure of this Green’s function, very few analytic results can
be obtained. The density of states of this model for binary disorder and for
two selected values of concentration c are plotted in Fig. 2.7. The van Hove
singularities in the DoS are in both cases quickly smeared out by increasing
disorder strength and there is a critical value ∆c at which a gap opens. Similarly
to FKM, the gap opens on the Fermi energy only in the symmetric case c = 1/2.
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Figure 2.7: Density of states for the binary-disordered Anderson model on a simple
cubic lattice for selected values
√ of disorder strength ∆. Left panel: Symmetric case
c = 0.5. Gap opens at ∆c = 6. Right panel: Non-symmetric case c = 0.2.

Although we do not know the analytic formula for the DoS even for µ = 0,
we can analyze the behavior close to MIT. The vicinity of the pole in the selfenergy allows us to calculate asymptotic behavior of Eq. (A.20) for large | Im Σ|.
For µ = 0 both the self-energy and the Green’s function are purely imaginary
functions and we obtain the leading-order behavior
1
3
−
for
Im ΣF
2(Im ΣF )3
1
∆2
Im ΣF ≈
−
Im GF for
Im GF
4

Im GF ≈
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Im ΣF → −∞,

(2.34a)

Im GF → 0,

(2.34b)
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where we denoted GF = GR (µ = 0) and similarly ΣF . These equations have one
solution for negative real Im GF :
r
q
√
3∆
2
1
p√
.
(2.35)
Im GF = − √
6 − ∆,
Im ΣF = −
3
2
∆
6−∆
√
The square root in Im GF is a real number only for ∆ ≤ 6 which gives us
the value of the critical disorder strength. All other results must be obtained
numerically.
We finish our discussion with the spectra for the box-disordered Anderson
model on sc lattice, which are plotted in Fig. 2.8. There is no split-band transition
in this case and the system is metallic to arbitrary disorder strength. Positions
of the band edges can be determined
using similar approach as in Ref. [39]. In
√
this case we obtain µedge = ± 4∆2 + 9.
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Figure 2.8: Density of states for the box-disordered Anderson model on a simple cubic
lattice for selected values of disorder strength ∆.

Apart from the Loretzian, semi-elliptic, and sc-lattice bands, other types of
trial DoS can be used as input of the CPA equations. Technical details of implementing the Gaussian DoS are discussed in Appendix
√ A. In this case there are
no outer band edges√and the MIT occurs at U = 2 for half-filled FKM (and
analogously at ∆ = 2 for DAM with symmetric binary disorder). However, this
is usually not considered as a true MIT, but rather a transition to a phase with
exponentially small DoS within the gap region (see Ref. [19]).

2.3.4

Reliability of the CPA spectra: comparison with
exact diagonalization

Calculation of the CPA spectra using the DoS of the sc lattice gives us the
opportunity to compare the results with exact diagonalization.
In our calculation we diagonalized DAM Hamiltonian, Eq. (1.20), with a symmetric binary disorder for a cluster of 203 lattice sites with open boundary conditions and averaged the spectrum over disorder configurations until the conver38
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gence was reached. The density of states was obtained as a normalized histogram
of eigenvalues. More details on the procedure can be found in Refs. [56] and [57].
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Figure 2.9: Comparision of CPA (blue line) with exact diagonalization of a 203 cluster
with open boundary conditions (red line) for DAM with symmetric binary disorder
(c = 0.5).

Results for four different values of disorder strength are plotted in Fig. 2.9. We
see that CPA is a reliable approximation in the whole range of disorder strength,
it gives the correct outer band edges and in general underestimates DoS at the
band center. This
√ suggests that the true transition to the insulating phase takes
place for ∆ > 6, but since we calculate the spectra of a finite cluster, we never
obtain a sharp phase transition to the insulator phase.
The biggest difference are the peaks in the DoS at µ ≈ ±∆/2, the on-site energy levels of the binary alloy. They become higher and narrower with increasing
disorder strength resembling a single atomic level in the strong disorder limit.
Since they are not present in the CPA spectra, it is believed that they are of
nonlocal nature. These peaks also emerge in the cluster CPA calculations, where
nonlocal short-range effects are introduced to the calculation via exact diagonalization of a small cluster of atoms, leading to a k-dependent self-energy. See
Ref. [58] for further details, where authors suggest possible explanation of these
peaks. Nevertheless, the problem of their origin are still open.

39

CHAPTER 2. COHERENT POTENTIAL APPROXIMATION

Chapter summary
In this chapter we reviewed the coherent potential approximation representing the dynamical mean-field approximation for models introduced in Sec. 1.4.
It will serve us as a starting point for our conductivity calculations, since it
provides us with reliable spectral functions we need as the input. We rederived the CPA equations from the limit of infinite spatial dimensions for
the disordered Falicov-Kimball model and discussed its ability to calculate
local parts of the one- and two-particle functions. Then we presented an extensive gallery of numerical results for the Falicov-Kimball model, disordered
Falicov-Kimball model with box disorder and the binary-disordered Anderson
model. Finally, we illustrated reliability of this approximation by comparing
the spectra with the results of exact diagonalization.
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Chapter 3
Conductivity from high lattice
dimensions: Vertex corrections
In this chapter we calculate charge transport in systems of elastically scattered
electrons. The input to the calculation are the CPA propagators G(z) and the
local vertex γ(z1 , z2 ) introduced in preceding chapter. We utilize the limit of high
(but finite) spatial dimensions to construct an asymptotic expansion around the
CPA, using the off-diagonal part of the propagator as a small parameter. We
illustrate how the d → ∞ limit simplifies momentum convolutions and allows
us to easily calculate the leading-order vertex corrections to the Drude (semiclassical) conductivity. We also present a gallery of numerical results to illustrate
the basic properties of this calculation scheme and set limits to its applicability.

3.1

Drude conductivity and vertex corrections

Now we return to the general formula for the conductivity of a system of elastically
scattered electrons at zero temperature, Eq. (1.42). For now, we limit ourselves to
the homogeneous, static case q = 0, ω = 0. As we already mentioned in Sec. 1.3,
we can split the two-particle Green’s function into two parts, as expressed by
Eq. (1.9). Inserting this formula into Eq. (1.42) we can separate the contribution
of uncorrelated propagation of two electrons,
(0)
=
σαα

e2 X
2
|vα (k)|2 | Im GR
k|
πN k

(3.1)

from the rest. This semi-classical one-electron term is usually called the Drude
conductivity, since it was first derived by P. Drude in 1900 in Ref. [59] within the
classical concept of the Boltzmann equation.
The other part coming from vertex Γ is a quantum correction to Drude conductivity due to correlated propagation of two electrons. This part is usually
called the vertex correction and it reads
h
 R 2 RR R 2 i
e2 X
R 2 RA
R 2
∆σαα =
vα (k) |Gk | Γkk0 |Gk0 | −Re (Gk ) Γkk0 (Gk0 ) vα (k0 ). (3.2)
2
2πN kk0
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The two-particle vertex Γ is calculated from Bethe-Salpeter Eqs. (1.11) and
(1.12), therefore the resulting vertex correction depends on the approximation we
use to calculate the irreducible two-particle vertex Λ.

3.2

Electrical conductivity from CPA

A theory of linear response of disordered alloys in the coherent potential approximation was developed in Ref. [7]. The author developed a method to calculate
the CPA value of the two-particle Green’s function and derived the Ward identity, Eq. (1.14), that connects it to the one-particle propagators. Using the Kubo
formalism author derived also a formula for the electrical conductivity. Due to
even symmetry of the CPA two-particle vertex, the vertex corrections, Eq. (3.2),
vanish in this theory (unless we introduce odd dispersion relations). It only leads
to reduction of the lifetime of the current-carrying states, which leads to the
formula for Drude conductivity, Eq. (3.1).
This results from the local character of CPA. It neglects coherence between
spatially distinct scatterings. Furthermore, it cannot distinguish scatterings of
electrons from holes, as they are distinguishable only in non-local processes. One
has to go beyond the local theory to incorporate contributions to the vertex
function that lead to vertex corrections.

3.3

Expansion around mean-field

An asymptotic expansion around the mean-field (CPA) solution for DAM was
developed in Ref. [11]. This approach can be utilized for any model of elastically scattered electrons, so it holds in our generalized case of disordered FalicovKimball model.
The small parameter for the expansion around the CPA solution is the offdiagonal part of Green’s function,
Z ∞
dερ0 (ε)
1
Ḡk (z) =
−
,
(3.3)
z − Σ(z) − ε(k)
−∞ z − Σ(z) − ε
where Σ(z) is the CPA value of the self-energy. As we already know, Ḡ behaves as
d−1/2 in the d → ∞ limit, vanishing for d = ∞. If we replace the full propagators
G(k, z) in the Bethe-Salpeter equations (1.11) and (1.12) by these off-diagonal
parts Ḡ(k, z), we define a new pair of irreducible vertices Λ̄eh and Λ̄ee . BSEs now
read
1 X eh
(3.4)
Γkk0 (q) = Λ̄eh
(q)
+
Λ̄ 00 (q)Ḡk00 Ḡk00 +q Γk00 k0 (q)
0
kk
N k00 kk
and
Γkk0 (q) = Λ̄ee
kk0 (q)
1 X ee
(3.5)
+
Λ̄kk00 (k0 − k00 + q)Ḡk00 Ḡk+k0 −k00 +q Γk00 k0 (k − k00 + q).
N k00
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The full vertex Γ on l.h.s. must remain unchanged, since it is uniquely defined as a
sum of all two-particle diagrams, so it cannot depend on the way how we calculate
it. The new irreducible vertices are the basic building blocks for the controlled
approximation of the full vertex Γ in the limit of high spatial dimensions.1
In the strict d = ∞ limit (CPA), Ḡ = 0 and the vertices must coincide with
the CPA value of the full vertex:
ee
Γkk0 (z1 , z2 , q) = Λ̄eh
kk0 (z1 , z2 , q) = Λ̄kk0 (z1 , z2 , q) = γ(z1 , z2 ).

(3.6)

Replacing the irreducible vertex Λ̄ with the CPA vertex γ in BSE (3.4) and (3.5),
we obtain the leading asymptotic correction to the d = ∞ value of the full vertex.
From the electron-hole BSE we obtain
Γkk0 (z1 , z2 , q) =

γ(z1 , z2 )
,
1 − γ(z1 , z2 )χ̄(z1 , z2 , q)

(3.7)

where
χ̄(z1 , z2 , q) =

1 X
Ḡk (z1 )Ḡk+q (z2 )
N k

(3.8)

is the off-diagonal part of the two-particle bubble, Eq. (1.13). The off-diagonal
bubble bears the full momentum dependence of vertex Γ. This vertex was first
derived in Ref. [7]. As we discussed in preceding section, due to its even symmetry
it does not generate any vertex corrections to the mean-field conductivity.
The full vertex can be also calculated from the ee channel BSE. In this case
it reads
Γkk0 (z1 , z2 , q) =

γ(z1 , z2 )
.
1 − γ(z1 , z2 )χ̄(z1 , z2 , k + k0 + q)

(3.9)

In this way we obtain a different approximation for the full vertex, which gives
different transport properties. The importance of these so called called maximally
crossed diagrams for conductivity calculations was first emphasized in Ref. [60].
There is no reason to neglect either of these two contributions to the full vertex. They have the same asymptotic behavior on the d−1 expansion but they
differ by their momentum dependence, each generating a different class of diagrams. Their diagrammatic representation up to third order is plotted in Fig. 3.1.
Since the full vertex is a sum of all diagrams, we can write
Γkk0 (q) =

γ
γ
+
− γ.
1 − γ χ̄(q) 1 − γ χ̄(k + k0 + q)

(3.10)

The subtraction of the γ vertex takes care of the double-counting, since this
contribution is present in both vertices, as we see in Fig. 3.1. In fact, there are
more diagrams simultaneously irreducible in both scattering channels, but they
1

To avoid confusion, it is in place to note that vertices Λ̄, despite their notation, are not
the non-local parts of Λ. The bar just indicates the are built using the off-diagonal part of the
Green’s function as the basic building block.
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Γkk′ (q) =

+

+

+ ...

Γkk′ (q) =

+

+

+ ...

Figure 3.1: Diagrammatic representation of the first three contributions to the full
vertex Γ generated by the Bethe-Salpeter equation in the eh channel (top) and ee
channel (bottom). Double-dashed lines stand for the vertex γ, fermion lines stand for
the off-diagonal propagators Ḡ. Momentum labeling follows Fig. 1.1.

do not survive to the high spatial dimensions. We postpone the full discussion
to Chap. 5, where we use the concept of two-particle irreducibility to construct
the parquet equations, giving a more solid argumentation how to derive equation
like (3.10).
It is usually useful to separate the CPA value of this vertex from the finite-d
correction. We obtain


χ̄(q)
χ̄(k + k0 + q)
2
Γkk0 (q) = γ + γ
+
.
(3.11)
1 − γ χ̄(q) 1 − γ χ̄(k + k0 + q)
One note is now in order. Vertices defined by Eqs. (3.7) and (3.9) can be also
rewritten using the irreducible CPA vertex λ, e.g.
Γkk0 (q) =

λ
,
1 − λχ(q)

(3.12)

where χ is the full bubble, Eq. (1.13). The problem with this representation
is that vertex λRR in some cases (e.g. DAM with symmetric binary disorder)
contains a pole at the band center, as discussed in detail in Appendix B. This
pole is fully compensated in the full CPA vertex γ calculated from Eq. (2.18), but
may not be compensated in Eq. (3.12). Therefore this representation can lead
to unphysical results like unexpected peaks in the conductivity, as discussed in
Ref. [61]. Therefore we always use representations with the full CPA vertex.
Now we can use vertex Eq. (3.11) to calculate the vertex correction to the zerotemperature conductivity, Eq. (1.42). The first two terms on r.h.s. of Eq. (3.11)
do not depend on fermionic momenta k and k0 , therefore giving no vertex correction for any even dispersion relation (and therefore odd velocity). Only the
last part is important for this calculation and it also couples the two momentum
summations together. We denote
∆Γkk0 (q) =

γ 2 χ̄(k + k0 + q)
1 − γ χ̄(k + k0 + q)

(3.13)
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the odd part of the full vertex. Inserting it into Eq. (3.2) we obtain for zero
transfer momentum
"
χ̄RA (k + k0 )
e2 X
RA 2
R 2
2
0
(γ
)
v(k)|G
|
|GR
∆σ =
k
k0 | v(k )
2
RA
RA
0
2πN kk0
1 − γ χ̄ (k + k )
(3.14)

#
RR
0
χ̄ (k + k )
RR 2
R 2
R 2
0
− Re (γ ) v(k)(Gk )
(G 0 ) v(k ) .
1 − γ RR χ̄RR (k + k0 ) k
This is a general formula for the vertex correction to the Drude conductivity and
we will use it throughout the rest of this thesis. Now we turn to the problem of
an efficient calculation of the involved Brillouin-zone summations.

3.4

Vertex corrections from high spatial dimensions

There are many ways how to calculate the double Brillouin-zone sum in Eq. (3.14).
The simplest but most time demanding option is to calculate it directly as a sum
over a finite grid of k-points from the first Brillouin zone. We postpone the
results of this method to Chapter 4. Another option is to resort to high spatial
dimensions and hypercubic lattices, where the momentum convolutions can be
transformed into Gaussian integrals, as shown in Ref. [62].
The dispersion relation for a d-dimensional hypercubic lattice reads
d

t X
cos(kν ),
ε(k) = − √
d ν=1

(3.15)

where the scaling factor d−1/2 is introduced to keep kinetic energy finite in the
d = ∞ limit. There are no products among cosines of momentum components,
which allows us to separate the contributions from different spatial directions.
The formula for the electron velocity reads
vα (k) =

t
∂ε(k)
= √ sin(kα ).
∂kα
d

(3.16)

Using identity
Im GR
k

2

=

i
1h R 2
2
Gk − Re(GR
)
k
2

(3.17)

we obtain a simple formula for the Drude conductivity,
σ

(0)


e2 t2
=
h|G|2 i − RehG2 i ,
4πd

(3.18)

where hG2 i ≡ χRR (0) and h|G|2 i ≡ χRA (0) as defined in Sec. 2.2.2. The velocities
bring t2 /2d prefactor, as the kν = kα term can be treated separately.
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In order to calculate the vertex correction, we need the high-dimensional representation of the one-particle propagator and the two-particle bubble. This can
be done using an integral representation of the one-particle propagator as it is described in detail in Appendix C. We calculate only the leading 1/d contribution to
the vertex correction, so we can use the local CPA self-energy in this calculations,
since its off-diagonal part scales with increasing dimension as Σ̄(k) ∼ d−3/2 .
The denominators in Eq. (3.14) do not contribute to this leading-order term,
so we are left with the task of calculating the simplified current-current correlation
ab
ab
function Jαα
= Jαα
(ω = 0, q = 0),
ab
Jαα
=

e2 X a b
G G vα (k)χ̄ab (k + k0 )vα (k0 )Gak0 Gbk0 .
2πN 2 kk0 k k

(3.19)

Using formulas from Appendix C we arrive at an expression for the leading-order
vertex correction
 2 4 RR 2 i
e2 t4 h
2 2
2 2
RA 2
.
(3.20)
(γ
)
−
Re
hG i (γ )
h|G|
i
hG
i
∆σ∞ = −
16πd2
Since the modulus of a complex number is always greater-or-equal to its real
part, we see that the vertex correction in this form is always negative and lowers
the classical Drude conductivity. This is one of the most important results and
as we will see, it has a series of consequences that we will discuss in the following
chapters.
Ward identity (2.22) enables us to rewrite the above formula to a form
"

#
2
Z 2 hG2 i4
h|G|2 i2 |hG2 i|
e2 t4
∆σ∞ = −
− Re
,
(3.21)
16πd2 (h|G|2 i − |GR |2 )2
[hG2 i − (ZGR )2 ]2
where Z = ∂ω Σ/(∂ω Σ − 1)|ω=0 . This alternative formula is more suitable for
calculations in some specific areas of the parameter space, where we want to
avoid the numerical calculation of the CPA vertex γ.

3.5

Results

Now we are ready to apply our formulas to the models described in the preceding
chapter. We start from the simple case of the Falicov-Kimball model without
static disorder in order to better understand the behavior of the vertex corrections. Later we try a more interesting case introducing the static box disorder.

3.5.1

Falicov-Kimball model

We start from the electron-hole symmetric case n = 1, for which we know the
analytic formulas for the self-energy and Green’s function at the Fermi energy,
Eqs. (2.31),
U2
Im ΣF = − √
2 1 − U2

and

√
Im GF = −2 1 − U 2 .
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The formulas for the local parts of the two-particle functions can then be determined from the Ward identity, Eq. (2.20), and the local Bethe-Salpeter equation,
Eq. (2.18). We obtain
U2
Im ΣF
=
,
Im GF
4(1 − U 2 )
1
4(1 − U 2 )
h|G|2 iF = RA =
,
U2
λF
U2
γFRA = γFRR =
.
4(1 − U 2 )2

U2
,
4(2U 4 − 3U 2 + 1)
4(1 − U 2 )
∂U GF
=−
hG2 iF =
,
∂U ΣF
2 − U2
λRR
F =

λRA
F =

(3.23)

√
Note that local irreducible vertex λRR
F is diverging at U = 1/ 2, as discussed in
Appendix B (see Fig. B.1). Nevertheless, this pole cancels out in the full vertex
γFRR and therefore, at least for now, causes no problems to our conductivity
calculation. From these expressions we obtain analytic formulas for the Drude
conductivity and the vertex correction:
σ (0) (U ) =

2e2 1 − U 2
,
πd U 2 (2 − U 2 )

∆σ∞ (U ) = −

4e2 1 − U 2
.
πd2 (U 2 − 2)4

(3.24)

These functions along with DoS at the Fermi energy are plotted in Fig. 3.2. The
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Figure 3.2: Results for the electron-hole symmetric (n = 1) Falicov-Kimball model with
semi-elliptic DoS and d = 3. Left panel Drude conductivity σ (0) and density of states
at the Fermi energy ρF , Right panel: vertex correction ∆σ∞ .

Drude conductivity diverges at U = 0 as it should do for the Fermi gas, behaves
as σ (0) ∼ 1/U 2 in the weak interaction limit and vanishes linearly at the critical
interaction strength Uc = 1, where DoS goes to zero. Vertex correction ∆σ∞ ,
however, is not monotonic. It is always negative and finite in the non-interacting
2 −1
limit, ∆σ∞ (U = 0) = (4πd
p ) ≈ 0.0088 for d = 3. The vertex correction has
also a minimum at U = 2/3 ≈ 0.8165. Then it increases steeply and vanishes
linearly for a critical interaction together with the Drude part.
47

CHAPTER 3. CONDUCTIVITY IN HIGH DIMENSIONS
This is a good place to ask the question whether the total conductivity
σ + ∆σ∞ stays non-negative in the whole range of the input parameters. From
Eq. (3.24) we see that in this specific case the total conductivity at the Fermi
energy is non-negative for dimensions d ≥ 2, since the ratio
(0)

r=

U2
2
|∆σ∞ |
=
σ (0)
d (2 − U 2 )3

(3.25)

is less then one for any U ≤ 1 and approaches 2/d for U → 1. As we will see on
next pages, this does not need to be true for more complex cases. But let us first
turn to the case of FKM away from half-filling.
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Figure 3.3: Results for the filling n = 0.7. Left panel: Drude conductivity σ (0) and
density of states at the Fermi energy ρF . Right panel: vertex correction ∆σ∞ .

The situation is very different for fillings n 6= 1. In these cases there is no
metal-insulator transition, since the pole in the self-energy is shifted away from
the Fermi energy. The system turns rather to a non-interacting Fermi gas by
either emptying or filling up the f -band at some critical value of interaction Un ,
as discussed in Sec. 2.3 (see Fig. 2.5). Drude conductivity therefore diverges at
both U = 0 and U = Un (the asymptotic is, however, different, σ (0) ∼ 1/U 2 for
U → 0 and σ (0) ∼ 1/U for U → Un ). As a consequence of large values of σ (0) ,
the vertex correction is almost completely negligible.
Drude conductivity, vertex correction and DoS at the Fermi energy for n = 0.7
are plotted in Fig. 3.3. The critical value of interaction in this case is Uc ≈ 0.81.
We see that DoS is nearly constant (see the right scale on the left panel) and the
ratio r = |∆σ∞ |/σ (0) has a maximum value of 0.0051 at U ≈ 0.48 (minimum of
the Drude conductivity).

3.5.2

Box-disordered Falicov-Kimball model

The box-disordered FKM gives us the opportunity to study effects of strong
disorder. As discussed in the preceding chapter, this model is metallic for strong
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disorder. As we will see, this will allow us to find the limits of applicability of
our approximation.
Spectral properties of this model were studied in Section 2.3. Since we already
have two parameters to play with, namely disorder strength ∆ and interaction
strength U , we fix the filling at n = 1. For ∆ = 0 this model reduces to the
preceding case of FKM at half filling. The band gap that opens for U
√ > 1 becomes
narrower with increasing disorder strength and vanishes at ∆ = U 2 − 1. The
system is then metallic again.
Density of states at the Fermi energy, conductivity, vertex correction and ratio
r = |∆σ∞ |/σ (0) for different interaction strengths U as a function of disorder
strength ∆ are plotted in Fig. 3.4. As usual we chose d = 3. The U = 0 limit of
this model represents the box-disordered Anderson model, widely studied in the
context of Anderson localization, the ∆ = 0 is the FKM studied in the preceding
subsection.
In all cases both DoS and Drude conductivity decrease with increasing ∆,
but remain finite for arbitrary strong disorder. On the other hand the vertex
correction grows stronger. As a result, there is always a value of disorder strength
where the negative vertex corrections outweigh the positive Drude term and the
total conductivity σ (0) + ∆σ∞ becomes negative. This happens in the vicinity of
the MIT line as well as for sufficiently large disorder strengths, both areas where
the quantum coherence among electrons is strongest.
This unphysical behavior is indeed a sign of breakdown of our calculation
scheme. The flaw can be traced back to the separation of the total conductivity
to a classical Drude part and a quantum vertex correction. These two quantities
are approximated separately, Drude term is calculated exactly within the limit
of high spatial dimensions, but the vertex correction is calculated to the leading
1/d order only. As a result we cannot guarantee non-negativity of their sum.
This calls for a calculation scheme that allows for a consistent summation of
vertex corrections up to infinite order in parameter 1/d without the necessity of
separating them from the Drude conductivity.
Nevertheless, this breakdown indicates an instability of the system under investigation for large disorder strengths. We know that this system should undergo
the Anderson localization transition, but our method in its current simple form
is unable to describe the transition to the localized phase, since we neglected
the diffusion pole in Eq. (3.19). Although it seems that the points where the
total conductivity turns negative give a fairly good estimate of the mobility edge
compared to the results of the typical medium theory from Ref. [39].
In Fig. 3.5 we plotted the boundary between areas with positive and negative
total conductivity (blue solid line) together with the mobility edge from Ref. [39]
(black dashed line, see also Fig. 1.7). We see that in the vicinity of the splitband transition (red solid line) as well as for large interaction strengths our zero
of total conductivity nearly coincides with the mobility edge from the typical
medium theory.
Note that this breakdown of 1/d expansion, leading to negative conductivity,
does not happen in FKM without additional quenched (static) disorder. Changes
in the filling modify the shape of the density of states via Eq. (2.10) and (2.11),
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Figure 3.4: Density of states at the Fermi energy ρF , vertex correction ∆σ∞ from
Eq. (3.20), Drude conductivity σ (0) from Eq. (3.18), total conductivity σ, and ratio |∆σ∞ |/σ (0) for the box-disordered Falicov-Kimball model as functions of disorder
strength ∆ for selected values of interaction strength U .

causing that we are always in the regime with non-negative conductivity at the
Fermi energy.
An approach to calculate conductivity in high spatial dimensions without the
need of splitting it into Drude part and vertex correction was already described
in Ref. [5]. This approach uses the irreducible vertex λ as the building block
of the asymptotic expansion, which can lead to unphysical behavior, as already
discussed. We postpone the comparison of our results with this approach to the
next chapter (see Eq. (4.41) and Fig. 4.7).
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Figure 3.5: Phase diagram for the box-disordered
Falicov-Kimball model at half-filling.
√
Red line: metal-insulator transition, ∆ = U 2 − 1. Blue line: boundary between areas
with positive and negative total conductivity calculated from Eqs. (3.18) and (3.20).
Black dashed line: mobility edge calculated from the typical medium theory, Ref. [39].

3.5.3

Concentration dependence in disordered Anderson
model

Finally, we pay attention to dependence of the conductivity on the concentration
c in the disordered Anderson model. Concentration, compared to the disorder
strength or Coulomb interaction, is directly experimentally accessible and an
easily tunable parameter. Similarly to the previous cases, we use the semi-elliptic
DoS and we fix the chemical potential (Fermi energy) at ω = 0 (center of the
unperturbed band). The filling is then given by Eq. (2.11).2
Density of states, Drude conductivity, vertex correction and full conductivity
as functions of concentration for selected values of disorder strength are plotted
in Fig. 3.6. For ∆ < 1 the system is metallic for all concentrations. For ∆ = 1 a
gap opens at c = 0.5 and this gap gets wider with increasing disorder strength.
Finally, for ∆ = 2 the system becomes insulating even for zero concentration,
because the fixed Fermi energy moves out of the band. The band then becomes
either empty or completely filled. For ∆ > 2 the system is therefore insulating
for all concentrations.
Vertex corrections are strongest near the band edges. Similarly to the previous
case, they can outweigh the Drude term and the total conductivity may become
2

One can argue that it would be more suitable to fix the filling instead of the chemical
potential. However then we would not obtain split-band transition for c 6= 1/2 and we could
not illustrate the behavior in the vicinity of this transition.
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Figure 3.6: Density of states, vertex correction ∆σ∞ from Eq. (3.20), Drude conductivity σ (0) from Eq. (3.18) and total conductivity σ for the box-disordered Anderson
model as functions of concentration c for selected values of disorder strength ∆. Last
plot shows the phase diagram in the (c − ∆) plane. Red line: CPA band edges, blue
line: vanishing of total conductivity.

negative. This happens in a narrow region close to the band edges.
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Chapter summary
In this chapter we used the limit to high spatial dimensions to simplify momentum convolutions in the Kubo formula for the electrical conductivity to
calculate the classical, one-particle Drude conductivity and the quantum vertex corrections for a system of elastically scattered electrons described in
general by a disordered Falicov-Kimball model. The vertex corrections are
calculated in the leading 1/d order. We proved that these vertex corrections
are always negative and hence lower the total conductivity. Furthermore, we
presented numerical results for the conductivity. Adding quenched scatterers governed by the box-disorder distribution to the Falicov-Kimball model
allowed us to study the case of strong disorder and we showed that the total conductivity can become negative within our approximation. The same
scenario takes place in the disordered Anderson model with non-symmetric
binary disorder. This behavior is a result of breakdown of our calculation
scheme based on separation of the total conductivity into the Drude part
and vertex correction. Our next task is to propose an approximation scheme
to circumvent this problem and to provide an approximation reliable in all
disorder regimes.
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Chapter 4
Strongly disordered crystals:
Non-negative conductivity
In Chapter 3 we saw that our approximation for the conductivity can lead to
an unphysical situation of negative total conductivity in cases when the negative vertex correction outweigh the Drude conductivity. This can happen either
for strongly disordered systems or for systems close to the split-band transition
(both situations where | Im Σ| is large), as we can see in Fig. 3.5. This problem is even more severe when we try to calculate the conductivity directly from
Eq. (3.14) by performing the double Brillouin-zone summation numerically. The
separate calculation of vertex correction then leads to negative conductivity even
for the Falicov-Kimball model, where the high-dimensional formulas from preceding chapter work well (see Figs. 3.2 and 3.3).
As we already discussed in Chapter 3, the problem originates in splitting the
conductivity into Drude part and vertex corrections and approximating them
separately. We need a formula for the total conductivity, not just the vertex
correction. Note that calculating it directly from Eq. (1.42) does not solve our
problem, since the two-particle vertex Γ is still approximated separately from the
uncorrelated part of the two-particle Green’s function.
One possible solution was presented recently in Ref. [63]. It starts with the
Bethe-Salpeter equations rewritten in a slightly different form, as explained in
next section.

4.1

Symmetric Bethe-Salpeter equations

We start from the Bethe-Salpeter equation in the eh channel, Eq. (3.4), which is
a
b
an integral equation with kernel Λ̄ab
kk0 (q)Gk0 Gk0 +q , where a, b = R, A denotes the
sign of the imaginary parts of the energy variables. This kernel is asymmetric
w.r.t. active integration (convolution) variables k and k0 , which causes difficulties
in solution (diagonalization in momentum space). To circumvent this problem,
we introduce symmetrized two-particle functions
a ab
b
bab
Γ
kk0 (q) = Gk Γkk0 (q)Gk0 +q ,

b̄ ab 0 (q) = Ga Λ̄ab 0 (q)Gb 0 .
Λ
kk
k kk
k +q
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As usual, we suppressed the energy variables. These vertices obey a symmetric
Bethe-Salpeter equation in the eh channel
X eh
b̄ 00 (q)Γ
b̄ eh 0 (q) + 1
bkk0 (q) = Λ
bk00 k0 (q).
Γ
Λ
kk
N k00 kk

(4.2)

b as
The full two-particle Green’s function can then be represented via vertex Γ
b
0
a
b
Gab
kk0 (q) = Gk+q [δ(k − k ) + Γkk0 (q)]Gk0 .

(4.3)

Equation (4.2) has a form of matrix multiplication in k-space and we can write a
symbolic solution as
h
i−1
b̄
b̄ 0 (q),
bkk0 (q) = 1 − Λ(q)⊗
Γ
Λ
(4.4)
kk
kk0

where ⊗ represents the appropriate, channel-dependent convolution of two particle functions.
As we see now the main objective of this approach is to find the inverse of the
matrix in Eq. (4.4). Once it is found, we obtain all functions we need. For the
two-particle Green’s function we have a symbolic representation

−1
ab
ab
b
b̄
Gkk0 (q) = Gk+q 1 − Λ (q)⊗
Gak0 .
(4.5)
kk0

Knowledge of the two-particle Green’s function allows us to calculate the conductivity as well as the electron-hole correlation function. For the conductivity
we obtain

−1

RA
e2 X
A
b̄
vα (k + q) Gk+q 1 − Λ (q)⊗
GR
σαβ (ω, q) =
k0
2πN 2 kk0
0
kk
(4.6)

−1
n
o
RR
R
R
0
b̄
− Re Gk+q 1 − Λ (q)⊗
Gk0 vβ (k ).
kk0

This formula allows us to calculate the total conductivity without separating
b̄ −1 is
the vertex corrections from the Drude part and, assuming operator [1 − Λ]
correctly calculated or approximated, it guarantees non-negativity of the total
conductivity.
The eh correlation function can be written as

−1
RA
1 X A
RA
b̄
G
1 − Λ (q)⊗
GR
(4.7)
Φ (q) = 2
k0 .
N kk0 k+q
0
kk
This function can be used to calculate the diffusion coefficient, if we are able to
preserve (or restore) the diffusion pole in its low-energy behavior in our approximation. The diffusion coefficient and the total conductivity are then connected
via Einstein relation Eq. (1.44).
In the preceding chapter we obtained the leading-order corrections to the
CPA value of the full vertex, Eq. (3.11), and we discussed that only the part
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which is an odd function of fermionic momenta is important for the conductivity
calculations. Now we once again start our calculation from this high-dimensional
approximation.
In order to simplify the formulas further, we introduce a new function
S ab (q) =

γ ab χ̄ab (q)
,
1 − γ ab χ̄ab (q)

(4.8)

which allows us to write the irreducible two-particle vertex Eq. (3.13) in a form


ab
Λ̄ab
1 + S ab (k + k0 + q) .
(4.9)
kk0 (q) = γ
This function plays the role of a correction for the vertex Λ̄ to its mean-field value
γ. We further denote the kernel in the ab channel as
b
ab
a
(K ab )−1
kk0 = δkk0 − Ḡk+q Λ̄kk0 (q)Ḡk0

= δkk0 − γ ab Ḡbk+q Ḡak0 − γ ab Ḡbk+q Ḡak0 S ab (k + k0 + q).

(4.10)

It is not the full matrix K −1 we need to invert, rather just its part reading
ab b
a ab
0
(Lab )−1
kk0 = δkk0 − γ Ḡk+q Ḡk0 S (k + k + q).

(4.11)

This matrix then allows us to calculate all transport functions we need.

4.2

Approximate solution and conductivity

The rest of this chapter will be focused on techniques how to invert, at least
approximately, the matrix, Eq. (4.11). One option is to diagonalize the matrix
directly on a grid of k-points from the first Brillouin zone. This is, however,
very demanding in three dimensions. Even for a moderate density of k-points the
matrix is too large to be calculated in a reasonable time, since we have to integrate
two-particle bubbles χ̄RA (q) and χ̄RR (q) for every k-point from the grid. There
is, however, a way how to simplify the matrix to the level where the inversion
can be performed analytically, assuming that the Drude conductivity dominates
the vertex corrections in most cases, except regions close to band edges, where it
vanishes.
Function S RA inherits the pole at k0 = −k − q from Λ̄RA . To illustrate the
dominance of this pole, we plotted function S RA (k + k0 + q) in Fig. 4.1 for a
binary-disordered Anderson model on sc lattice and for ∆ = 2 and c = 1/2.
The pole at Γ-point (center of the Brillouin zone) brings the largest contribution
to S RA . Using this fact we can neglect the k-dependence of the prefactor in
Eq. (4.11), replacing it by its average over the Brillouin zone,
k0 +q ≈ −k

A
ḠR
−−−−−→
k Ḡk0 +q −

1 X R A
Ḡ Ḡ = χ̄RA (0).
N k k −k

(4.12)

Since there is no such pole in Λ̄RR vertex, this simplification is not fully
justified for the (LRR )−1 matrix. But since the biggest contribution to S RR still
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Figure 4.1: Plot of the function S RA (q) for binary-disordered Anderson model on sc
lattice for ∆ = 2.0 and c = 0.5. Note the dominance of the pole for q = 0. For the
notation on special points, see Appendix D.

comes from the vicinity of the q = 0 point, we use this approximation also for
RR functions to maintain consistency. Later we will illustrate the quantitative
effect of this simplification on a numerical example of the full vertex correction
Eq. (3.14). The reason for this simplification is that we are able to find the inverse
of the reduced matrix
−1
(Lab
= δkk0 − γ ab χ̄ab (0)S ab (k + k0 + q)
kk0 )

(4.13)

analytically using Fourier transform. For the purpose of this chapter we define
the Fourier transform as follows
Z
Z
1
ik·x
˜
f (x) = dke f (k),
f (k) =
dxe−ik·x f˜(x),
(4.14)
(2π)3
where k is a momentum vector from the first Brillouin zone and x is a coordinate
vector of a lattice site in direct space. This definition serves us better for the
present purpose than definition (1.1). It is now straightforward to express the
inverted matrix
Lab
kk0 (q)

=

Z

0

0

dx e−i(k−k )·x + e−i(k+k +q)·x γ ab χ̄ab (0)S̃ ab (−x)
.
(2π)3
1 − [γ ab χ̄ab (0)]2 S̃ ab (x)S̃ ab (−x)

(4.15)

To simplify the following formulas we define a new function
1 X b
a
Ḡk+q Lab
kk0 (q)Ḡk0
2
N kk0
Z
dx ˜ b eiq·x + γ ab χ̄ab (0)S̃ ab (x) ˜ a
=
Ḡ (x)
Ḡ (x).
(2π)3
1 − [γ ab χ̄ab (0)S̃ ab (x)]2

hḠb Lab Ḡa i(q) =
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The full kernel, Eq. (4.10), can be expressed by a rather complicated formula,
γ ab
1 − γ ab hḠb Lab Ḡa i(q)
Z
dx ˜ a e−ik·x + γ ab χ̄ab (0)S̃ ab (x)e−i(k+q)·x
Ḡ (x)
×
(2π)3
1 − [γ ab χ̄ab (0)S̃ ab (x)]2
Z
0
0
dy ˜ b
e−i(k +q)·y + γ ab χ̄ab (0)S̃ ab (y)e−ik ·y
.
Ḡ (y)
×
(2π)3
1 − [γ ab χ̄ab (0)S̃ ab (y)]2

ab
ab
Kkk
0 (q) = Lkk0 (q) +

(4.17)

Knowledge of matrix Lab enables us to calculate full conductivity from Eq. (4.6).
The formula for the static conductivity reads
σA (ω = 0, q = 0) =


e2 
hv ḠA LRA v ḠR i(0) − Rehv ḠR LRR v ḠR i(0) , (4.18)
2π

where
b

ab

a

hv Ḡ L v Ḡ i(0) =

Z

vf
Ḡb (x)vf
Ḡa (−x)
dx
(2π)3 1 + γ ab χ̄ab (0)S̃ ab (x)

(4.19)

and
vf
Ḡa (x) =

Z

dk vk Ḡak eikx .

(4.20)

This approximation scheme is consistent if hḠA LRA ḠR i(q) remains positive
for q = 0. This leads to a condition
dq

Z
1−

γ RA χ̄RA (q)

≤ 2.

(4.21)

As we will see, this restriction is fulfilled for all considered sets of input parameters
and therefore poses no limits on applicability.
Although we have no separate formula for the vertex correction, we can still
define it by subtracting the Drude term from the total conductivity,
∆σA = σA − σ (0) .

(4.22)

The Drude term Eq. (3.1) in our current notation reads
σ

(0)

e2
=
2π

Z

dx f A
v Ḡ (x)vf
ḠR (−x).
(2π)3

(4.23)

We will use this formula only to compare our results with other approximate
schemes, where the vertex corrections are calculated separately.
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4.3

Static vertex renormalization

Apart from the conductivity, our approximation allows us to calculate also the
diffusion coefficient. But for this purpose we need to introduce a small correction
to guarantee the necessary conservation laws.
The diffusion coefficient is calculated from the eh correlation function, Eq. (4.7).
Let us redefine this function as

−1
RA
1 X A
RA
b̄
Φ̄ (q) = 2
Ḡ
1 − Λ (q)⊗
ḠR
(4.24)
k0 .
N kk0 k+q
kk0
Replacing the full propagators with the off-diagonal ones keeps the low-energy
singular structure intact. This function can be represented as
Φ̄RA (q) =

hḠA LRA ḠR i(q)
.
1 − γ RA hḠA LRA ḠR i(q)

(4.25)

As already discussed in Chap. 1, if the Ward identity between the self-energy and
the irreducible vertex, Eq. (1.14), is obeyed for all frequencies, the low-energy
asymptotics of the correlation function reads
Φ̄RA (ω, q) ≈

Φ̄RA
0
.
−iω + D0 (ω)q 2

(4.26)

But once we go beyond the mean-field limit and introduce non-local corrections
to the irreducible vertex, this Ward identity is in conflict with the analyticity of
the self-energy. The Ward identity can be obeyed only in the static limit and the
diffusion pole in the Φ̄RA function reads
Φ̄RA (ω, q) ≈

1
Φ̄RA
0
,
A −iω + D(ω)q 2

(4.27)

where D = D0 /A is the renormalized diffusion coefficient and A−1 is the weight of
the diffusion pole that decreases proportionally with increasing disorder strength,
vanishing in the localized phase.
Any conserving approximation must be able to reproduce this behavior, namely
to preserve the 1/ω-type diffusion pole at q = 0, as it is a consequence of the
charge conservation law.
In our case preserving this pole means to introduce corrections to the local
(CPA) self-energy to achieve consistency among one- and two-particle functions.
This correction is calculated from the static (zero-frequency) Ward identity,1
Eq. (1.16),
Im ΣR
k (E) =
1

1 X RA
Λ 0 (E, E) Im GR
k0 (E).
N k0 kk

Note that the vertex entering this identity is the unrestricted vertex Λ, not Λ̄.
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4.3. STATIC VERTEX RENORMALIZATION
In order to keep this correction local, we recall the local form of this identity,
Eq. (2.20),
Im ΣR (E) = λRA (E, E) Im GR (E)
=

Im GR (E)
.
hGA LRA GR i(E, E, 0)

(4.29)

The real part of the self-energy is then determined from the Kramers-Kronig
relation, Eq. (1.7)
Z ∞
dE 0 Im ΣR (E 0 )
R
Re Σ (E) = Σ∞ − P
.
(4.30)
E − E0
−∞ π
This way of making an approximation consistent is rather demanding, since we
have to calculate the function hGA LRA GR i for a high number of different energies
in order to perform the Hilbert transform in Eq. (4.30). Then we have to calculate
new local Green’s function from the Dyson equation (2.9a) and use it as an input
to the new calculation of the vertex function, which requires recalculation of
bubbles χ̄RA and χ̄RR for each transfer momentum q and each energy E. This is
not impossible considering the currently available computer power, but we have
to ask ourselves if it is necessary in order to solve the actual problem.
There is a simpler way to ensure the correct low-energy asymptotics of the
eh correlation function. Instead of correcting the self-energy, we introduce a real
number 0 ≤ ϕ ≤ 1 to rescale the CPA vertex γ RA in the denominator in Eq. (4.25)
as
γ RA (ω) → ϕγ RA (ω).

(4.31)

This number is not a function of frequency, therefore we call it static renormalization factor. It is determined from a condition of vanishing of the denominator
in Eq. (4.25) for ω = 0:
R
ϕγ RA (0)hḠA LRA
ϕ Ḡ i = 1,

(4.32)

where
A

hḠ

R
LRA
ϕ Ḡ i

=

Z

ē A (x)G
ē R (x)
G
dx
.
(2π)3 1 − ϕγ RA χ̄RA (0)S̃ RA (x)

(4.33)

This is a self-consistent equation for ϕ which can be solved numerically.
Note that γ RA vertex in the denominator of S RA function Eq. (4.8) is not
rescaled, since S RA already contains the pole for q = 0 consistent within the
mean-field approximation. This scaling factor effectively decreases the disorder
strength by decreasing the CPA two-particle vertex in Eq. (4.25) and prevents
the system from undergoing the Anderson localization transition. Since we are
now interested only in weak localization effects, this simple approach is sufficient
to calculate the conductivity σA and the diffusion coefficient D in the whole range
of the input parameters without any unphysical surprises.
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4.4

Diffusion coefficient and Einstein relation

From now on we always use the renormalized CPA vertex ϕγ RA in matrix LRA ,
so we drop the index ϕ.
As discussed in Chap. 1, static conductivity and diffusion coefficient are not
independent quantities. In the mean-field solution, where the Ward identity is
obeyed for all frequencies, they are connected via Einstein relation
σ = e 2 ρ F D0 .

(4.34)

Since our approximation goes beyond the mean-field, conductivity and diffusion
coefficient no longer obey this relation. If the Ward identity is obeyed around ω =
0, the renormalized diffusion coefficient D = D0 /A couples with the conductivity
via
σ = e2 ρF D.

(4.35)

The validity of this relation will be studied in the next section.
Both the bare diffusion coefficient D0 and the weight of the diffusion pole A−1
can be calculated from Eq. (4.27), where we replace the CPA vertex γ with its
renormalized value ϕγ. The formulas read
D0 = −ϕγ RA (E, E)∇2q hḠA (E)LRA (E, E)ḠR (E)i(q)|q=0 ,
(4.36a)
h
i
∂
γ RA (E +ω,E)hḠA (E)LRA (E +ω,E)ḠR (E +ω)i .
(4.36b)
A = −iϕ
∂ω
ω=0
We explicitly specified the energy variables to avoid confusion. Calculation of the
momentum derivative is straightforward, since we can calculate the derivative
directly in the Fourier-transformed function (note that we have to perform the
derivative before we set q = 0),
∇2q hḠA LRA ḠR i

=−

Z

ē A (x)G
ē R (x)
dx
x2 G
.
(2π)3 1 − [ϕγ RA χ̄RA (0)S̃ RA (x)]2

(4.37)

Calculation of the frequency derivative
∂
hḠA LRA ḠR i =
∂ω

Z

ē R (x, ω)
ē A (x)G
dx ∂
G
(2π)3 ∂ω 1 − ϕγ RA (ω)χ̄RA (0, ω)S̃ RA (x, ω)

(4.38)

is more difficult, but we can still perform it without the need of any numerical
differentiation technique, since we know the frequency derivatives of the CPA
functions.2 Using Eq. (2.21) we obtain frequency derivatives of all involved func2

Note that Ward identity γ RA χ̄RA (0) = 1 holds only for ω = 0, therefore it cannot be used
in this calculation.
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tions at the Fermi energy EF :
R
R
R
∂ω ΣR
F Im GF − Im ΣF ∂ω GF
,
2
2(Im GR
F)
RA 2
R
A
∂ω λRA
F + (λF ) (∂ω GF )GF
RA
∂ω γF =
,
R 2 2
(1 − λRA
F |GF | )
R
R
2
∂ω GR
F (k) = (∂ω ΣF − 1)[GF (k)] ,
1 X
A
R A
∂ω χ̄RA
(q)
=
∂ω GR
F
F (k)GF (k + q) − ∂ω GF GF .
N k

∂ω λRA
F =

(4.39a)
(4.39b)
(4.39c)
(4.39d)

Calculation of formula (4.38) is now straightforward.

4.5

Results

Now we apply the approximation developed in preceding pages to models described in Sec. 1.4. We start with the calculation of the conductivity and we
compare it with the results of other calculation schemes. Later we concentrate
on the calculation of the diffusion coefficient. The calculations are performed for
the disordered Anderson model, first for the case with binary disorder, later for
the case of box disorder as well.

4.5.1

Conductivity

Binary disorder
We start with the results for the disordered Anderson model with symmetric
binary disorder (c = 0.5). The spectral properties
were discussed in Sec. 2.3.3.
√
6
=2.4495
˙
and the density of states
The split-band
MIT
takes
place
for
∆
=
c
√
behaves as ∆c − ∆ close to MIT.
Before we present results of our conductivity calculations, we should discuss
the effect of the approximation in Eq. (4.12). In Fig. 4.2 we plotted the full vertex
correction ∆σ from Eq. (3.14) together with the vertex correction calculated using
approximation Eq. (4.12), ∆σ0 , which reads
"
RA
(0)χ̄RA (k + k0 ) R
e2 X
RA 2
R χ̄
G 0 v(k0 )
(γ
)
v(k)G
∆σ0 =
k
2πN 2 kk0
1 − γ RA χ̄RA (k + k0 ) k
(4.40)

#
RR
RR
0
χ̄
(0)
χ̄
(k
+
k
)
− Re (γ RR )2 v(k)GR
GR0 v(k0 )
.
k
1 − γ RR χ̄RR (k + k0 ) k
Both vertex corrections are plotted separately for the contributions from RA and
RR channels.
We see that although this approximation is not fully justified for the RR
contribution, its effect in this channel is negligible. As for the RA contributions,
this approximation is better justified in the strong disorder regime close to the
split band transition. For weak disorder, the difference is quite large. However,
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∆
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Figure 4.2: Comparison of the full vertex correction ∆σ from Eq. (3.14) with the
simplified correction ∆σ0 from Eq. (4.40), both separated into contributions from RA
and RR channels. Full lines: full vertex correction; dashed lines: RA contribution;
dashed-dotted lines: RR contribution. Red lines represent ∆σ, blue lines ∆σ0 .

the weight of the vertex correction compared to the Drude conductivity is very
small in this regime, so the effect on the full conductivity σ (0) + ∆σ is once again
small.
Drude conductivity σ (0) from Eq. (3.1) (black line) and the conductivity with
vertex correction ∆σ0 from Eq. (4.40) (red line), together with the approximate
conductivity σA from Eq. (4.18) (blue line) are plotted in Fig. 4.3. We see that
the full conductivity becomes negative at ∆ ≈ 2.27. The reason for this behavior
was already discussed: Drude conductivity and vertex corrections are treated
separately using different approximations and there is no way to guarantee the
non-negativity of their sum. On the other hand, the approximative conductivity
σA is non-negative up to MIT, where it turns zero. It interpolates between the full
conductivity for low disorder strength and the Drude conductivity in the strong
disorder regime. The stability condition, Eq. (4.21), is also fulfilled in the whole
range.
To illustrate the weights of the contributions from the RA and RR channels to
the total conductivity and the vertex correction, we plotted these terms separately
in Fig. 4.4. We see that the contribution from the RR channel |σARR | is always
smaller than that from the RA channel,3 but it becomes more important as
we approach the split-band transition point where the contributions from both
channels to the total conductivity equal.
In Fig. 4.5 we plotted the conductivity as a function of the Fermi energy µ in
the symmetric case for√∆ = 4. In this case we are beyond the split-band transition
which occurs at ∆ = 6, therefore the density of states vanishes within the band
gap around µ = 0. Due to the electron-hole symmetry, it is sufficient to discuss
only the band above the gap (full spectrum is also plotted in Fig. 2.7). We see
3

Note that σ RR is negative at the Fermi energy from the definition, so we plotted it with
minus sign.
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Figure 4.3: Drude conductivity (black), full conductivity calculated from Eq. (4.40)
(red), approximative conductivity from Eq. (4.18) (blue) and the density of states at
the Fermi energy (green) for DAM with symmetric binary disorder. Full conductivity
σ0 turns negative at ∆ ≈ 2.27.
√ Approximative conductivity σA remains positive up to
split-band transition at ∆ = 6.

that the effect of vertex corrections is strongest around the center of the band.
Vertex corrections quickly vanish in the vicinity of the band edges, keeping the
total conductivity σA non-negative.
Box disorder
In order to illustrate the behavior of our approximation scheme in the strong
disorder regime, we calculated the conductivity for the box-disordered Anderson
model. The spectral properties were studied in Sec. 2.3.3 (see Fig. 2.8). There is
no split-band transition and the system is metallic up to infinite disorder strength.
Conductivities together with the density of states are plotted in 4.6. As
expected, the full vertex correction Eq. (4.40) outweigh the Drude conductivity
at ∆ ≈ 8.71 and the full conductivity σ0 turns negative.4 Our approximative
conductivity σA remains positive up to infinite disorder strength and interpolates
between the full conductivity for weak disorder and the Drude conductivity for
strong disorder.

4.5.2

Comparision with high-dimensional approaches

As the last thing we compare our results from this as well as preceding chapter
with an older approach from Refs. [61] and [5]. This approach was developed
for the same reason as our present one: to guarantee non-negativity of the total
4

For comparison, the high-dimensional approximation from Chap. 3 gives negative conductivity for ∆ > 7.72.
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Figure 4.4: Left panel: Approximative conductivity σA from Eq. (4.18) (blue line) separated into the contributions from RA (red line) and RR (green line) channels. Right
panel: Approximative vertex correction σA − σ (0) separated into the contributions
from RA and RR channels.
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Figure 4.5: Left panel: Drude conductivity (red line, left axis), approximative conductivity (blue line, left axis) and density of states (black line, right axis) as functions
of chemical potential in the upper band for DAM with symmetric binary disorder and
∆ = 4. Right panel: Approximative vertex correction σA − σ (0) for the same setting.
The oscillations close to the outer band edge are artifacts of the k-space discretization.

conductivity. It is based on an asymptotic expansion around the irreducible CPA
vertex λ and utilizes convolutions in high spatial dimensions to simplify momentum dependence of functions on hypercubic lattices, similarly to our approach
from Chapter 3. Formula for the total conductivity from this high-dimensional
approach reads
RA
RR
σM F = σM
F − σM F ,

(4.41)

where
e2 t̃2
h|G|2 i
,
2π 1+ t̃2 h|G|2 iλRA (1−λRA |GR |2 )(γ RA |hG2 i|2 −2 Re{γ RR hG2 i2 })
(4.42)


e2 t̃2
hG2 i
RR
σM F =
Re
.
2π
1 − t̃2 (λRR )2 hG2 i3

RA
σM
F=
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Figure 4.6: Conductivities and the density of states at the Fermi energy for DAM with
box disorder. Color scheme matches the one in Fig. 4.3. Full conductivity σ0 turns
negative at ∆ ≈ 8.71. Approximative conductivity σA remains positive to arbitrary
disorder strength.

√
We denoted t̃ = t/ 2d the scaled hopping parameter and we added a subscript
M F to avoid confusion with other approximations. The vertex correction σM F −
σ (0) incorporated into these formulas is positive for weak disorder and negative
for strong disorder.
In Fig. 4.7 we plotted the ratio between the Drude conductivity and vertex
corrections r = |∆σ|/σ (0) for three different approximations. We used the CPA
spectra
√ for the simple cubic lattice and scaled the density of states by a factor
of 1/ 3 to maintain consistency among the three approximations. This scaling
does not affect the ratio r.
We see that conductivity σA from the present approach, Eq. (4.18) matches
conductivity σ∞ from the high-dimensional approach Eq. (3.20) for weak and
intermediate disorder. In the strong disorder regime, the ratio is smaller for σA .
This is consistent with the fact that the high-dimensional approach incorrectly
calculates the weight of the vertex corrections for strong disorder strength, leading
eventually to negative values of the total conductivity.
The ratio ∆σM F /σ (0) for the conductivity σM F , Eq. (4.41), behaves differently
(we dropped the absolute value since this correction can be either positive or
negative). Vertex corrections are negligible w.r.t. Drude conductivity in the
vicinity of the split-band transition. Moreover, ratio ∆σM F /σ (0) shows a peak
at ∆=1.5883.
˙
As we discuss in Appendix B, irreducible vertex λRR contains
a pole at the Fermi energy for some specific value of disorder strength. This
pole has no physical meaning and is fully compensated in the full vertex γ RR =
λRR /(1 − λRR GR GR ). The peak in the ratio matches this unphysical divergence.
This indicates that any physical approximation should be based on a expansion
in the full local vertex γ, instead if λ, since this pole is then fully compensated.
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Figure 4.7: Ratio between vertex correction and Drude conductivity for three different
approximations. Red: approximative conductivity from Eq. (4.18), green: conductivity
from high spatial dimensions Eq. (3.20), blue: conductivity from Eq. (4.41). The peak
in the latter at ∆ ≈ 1.5883 marks the divergence in the λRR vertex.

4.5.3

Diffusion coefficient

Now we turn our attention to the diffusion coefficient and the Einstein relation,
Eq. (4.35), that connects it with the conductivity σA . First, we have to calculate
the renormalization factor ϕ from Eq. (4.32). This restores the diffusion pole in
the low-energy limit of the eh correlation function Φ̄RA and enables us to calculate
both the bare diffusion coefficient D0 and the weight A−1 from Eq. (4.36). The
renormalized diffusion coefficient D = D0 /A then enters the Einstein relation
Eq. (4.35).
In the left panel of Fig. 4.8 we plotted the scaling factor ϕ together with the
weight of extended states A−1 as functions of disorder strength for the disordered
Anderson model with a symmetric binary disorder. Scaling factor ϕ effectively
lowers the disorder strength by reducing the value of the two-particle vertex
γ RA and thus preventing our system from undergoing the Anderson localization
transition, which cannot be described within the current approximation. This
scaling factor approaches unity for zero disorder √
strength and takes the lowest
value at the split-band transition point, ϕ(∆ = 6) ≈ 0.686. The weight of
extended states A−1 also approaches unity in the weak disorder limit (all states
are metallic), decreases with increasing disorder strength and vanishes at the
split-band transition.
The right panel of Fig. 4.8 shows comparison of conductivity σA with the
reduced diffusion coefficient ρF D (we set electron charge e = 1). We see that
Eq. (4.35) is obeyed only asymptotically in the vicinity of the split-band transition.
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Figure 4.8: Left panel: Behavior of the scaling factor ϕ (red line, right axis) and the
weight of the diffusion pole A−1 (blue line, left axis) as functions of disorder strength for
the disordered Anderson model with symmetric binary disorder. Right panel: Behavior of the reduced diffusion coefficient ρF D compared to the approximative conductivity
σA for the same model.
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Figure 4.9: Same as Fig. 4.8, but for the disordered Anderson model with box disorder.

We obtain a similar picture in the case of the box disorder. In Fig. 4.9 we
plotted the same functions for the box disordered DAM as we plotted in Fig. 4.8
for the binary disorder. The renormalization factor ϕ once again approaches unity
for vanishing disorder strength and decreases slowly with increasing disorder.
The inverse weight A−1 vanishes asymptotically in the limit of infinite disorder
strength. The reduced diffusion coefficient ρF D matches the conductivity σA also
asymptotically in this limit.
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Chapter summary
In this chapter we dealt with the breakdown of the calculation scheme developed in the preceding chapters, leading to negative total conductivity in
the strong disorder regime. This breakdown is a result of separation of the
total conductivity into the classical part and the vertex correction. We used
symmetrized versions of the Bethe-Salpeter equations to develop formulas for
total conductivity in the form of a matrix inversion in momentum space. Furthermore, we developed an approximation scheme to simplify the involved
momentum convolutions to a form, where Fourier transform can be used to
perform the matrix inversion. The resulting conductivity is non-negative in
the whole range of the disorder strength. A simple static renormalization of
the CPA two-particle vertex allowed us to restore the diffusion pole in the eh
correlation function. From its low-energy asymptotics we calculated the diffusion coefficient. Einstein relation is then used to compare conductivity with
the diffusion coefficient, which shows good agreement in the strong disorder
regime. Numerical results for both binary and box disorder were presented.
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Chapter 5
Vanishing of diffusion:
Two-particle self-consistency
In the preceding chapter we dealt with the problem of negative conductivity in
strongly disordered systems, where the vertex corrections grow uncontrollably
if not calculated consistently. We proposed an approximation scheme to deal
with this problem and we obtained formulas that guarantee the non-negativity
of conductivity up to arbitrary disorder strength. But we know that strong
disorder causes more severe changes in physical properties of a system of charge
carriers than just lowering the conductivity via coherent backscattering. It causes
a transition to a diffusionless phase by a process known as Anderson localization.
We already discussed the general properties of this transition in Sec. 1.6, where
we emphasized that there is no obvious order parameter and also no general
mean-field theory to describe this transition.
One possible way how to formulate a reliable mean-field theory of Anderson
localization was proposed in a set of articles that form a starting point of this
thesis, Refs. [64] and [11]. This approach is based on the parquet equations
which provide a simple way how to achieve self-consistency on the two-particle
level. Therefore we start with discussion of the basic ideas behind these equations.
Later, we use a new approach to solve a simplified parquet equation that extends
the results of the preceding works.

5.1

Parquet construction of vertex functions

The parquet approximation as an advanced two-particle diagram ressummation
technique was first introduced in 1954 by Landau, Abrikosov and Khalatnikov as a
self-consistent method to study processes in quantum electrodynamics, Ref. [65].
Later, Diatlov, Sudakhov and Ter-Martirosian used these equations to provide
a symmetric realization of the Bethe-Salpeter equations for the description of
meson-meson scattering, Ref. [66]. These authors also introduced the name ”parquet” due to the resemblance of the involved Feynman diagrams with floor tiling.
Later on, this approach was introduced to other areas of particle physics like
nuclear structure calculations.
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Parquet equations were first considered in the context of condensed matter physics in 1964 by De Dominicis and Martin in Ref. [67]. In 1969, Roulet,
Gavoret and Nozieres applied this approach to the problem of singularities in Xray absorption and emission spectra in metals [68]. Parquet approximation was
then successfully used in the theory of quantum liquids like liquid 3 He [69], [70]
and superconductors in magnetic field [71]. The first attempt to construct a
self-consistent conserving approximation for the Hubbard model using the parquet summation was done in 1991 by Bickers and White [72]. Since then, this
approach was frequently used in this field, but was limited by high numerical
complexity of the involved calculations. This problem can be circumvented by
reducing the number of independent variables, leading to a system of simplified
parquet equations, as discussed in Refs. [73] and [74].
The main idea behind these equations is a statement, that any diagram
reducible in one scattering channel is necessarily irreducible in all other nonequivalent channels. A nice and simple proof of this statement can be found
in Ref. [75]. In our notation it means that any diagram from Λ̄eh vertex is included in K̄ee = Γ − Λ̄ee vertex and similarly any diagram from Λ̄ee is included in
K̄eh = Γ − Λ̄eh .
An important step in the derivation of the parquet equations is the proper
treatment of diagrams simultaneously irreducible in more than one scattering
channel, since we want to avoid their overcounting. We denote the sum of diagrams simultaneously irreducible in both the eh and ee channels as Ī, calling
this object the completely irreducible vertex. Subtracting these diagrams from the
sum of all irreducible ones in one channel we have to obtain the set of reducible
diagrams in the other channel,
K̄eh = Λ̄ee − Ī,

(5.1)

K̄ee = Λ̄eh − Ī.
Finally, since the full vertex Γ contains all possible two-particle diagrams,
eh
Γkk0 (z1 , z2 , q) = Λ̄eh
kk0 (z1 , z2 , q) + K̄kk0 (z1 , z2 , q)
ee
= Λ̄ee
kk0 (z1 , z2 , q) + K̄kk0 (z1 , z2 , q),

(5.2)

we obtain a single parquet equation connecting the full vertex Γ with the irreducible vertices,
ee
Γkk0 (z1 , z2 , q) = Λ̄eh
kk0 (z1 , z2 , q) + Λ̄kk0 (z1 , z2 , q) − Īkk0 (z1 , z2 , q).

(5.3)

First, we take a closer look at the completely irreducible vertex. The simplest
contribution to it is the local CPA two-particle vertex γ. There are no fully
irreducible diagrams of order two and three and the next lowest contribution is
of fourth order. The diagrammatic representation of these first two contributions
is drawn in Fig. 5.1.
The fourth-order diagram contains six off-diagonal Green’s functions Ḡ, so its
contribution vanishes quickly in the limit of high spatial dimensions. Neglecting
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Ī =

+

+ ...

Figure 5.1: Diagrammatic representation of the two lowest-order contributions to the
fully irreducible vertex Ī. Double-dashed lines stand for the vertex γ, fermion lines
stand for the off-diagonal propagators Ḡ.

this contribution to the fully irreducible vertex we obtain the parquet equation
in a form
ee
Γkk0 (z1 , z2 , q) = Λ̄eh
kk0 (z1 , z2 , q) + Λ̄kk0 (z1 , z2 , q) − γ(z1 , z2 ).

(5.4)

This equation, together with the two Bethe-Salpeter equations Eq. (3.4) and (3.5)
form a closed system of three equations for three unknown vertices Γ, Λ̄eh and
Λ̄ee . The input to these equations are the off-diagonal propagator Ḡ(k, z) and
the local vertex γ(z1 , z2 ). Both these functions can be calculated from CPA, as
discussed in Chap. 2.
Despite of the virtual simplicity of these equations, they represent a system of
interconnected integral equations of 11 parameters (9 components of momenta k,
k0 , q and 2 energies z1 and z2 ) that calls for a simplification, unless we want to use
excessive computer power. We can simplify these equations utilizing the electronhole symmetry discussed in Sec. 1.3, which holds for all models we consider in
this thesis unless we consider the effect of magnetic field. This symmetry maps
the eh irreducible vertex to the ee irreducible vertex and vice versa. If we choose
to represent the solution in the ee channel, the eh vertex can be rewritten using
Eq. (1.19) as
ee
0
Λ̄eh
kk0 (z1 , z2 , q) = Λ̄kk0 (z1 , z2 , −k − k − q).

(5.5)

This transformation maps the BSE from the eh channel on the BSE from the
ee channel, reducing the number of equations to two. Inserting the parquet
equation (5.4) into ee BSE we get rid of the full vertex Γ and we obtain a single
equation for the ee irreducible vertex:
Λ̄ee
kk0 (z1 , z2 , q) = γ(z1 , z2 ) +

1 X ee
Λ̄kk00 (z1 , z2 , −k − k00 − q)
N k00

× Ḡk00 (z1 )Ḡk00 +q (z2 )
00
ee
× [Λ̄ee
k00 k0 (z1 , z2 , −k − k − q) + Λ̄k00 k0 (z1 , z2 , q) − γ(z1 , z2 )].

(5.6)

For the sake of simplicity from now on we drop the ee superscript from Λ̄ee , and
stay on the real energy axis. The basic properties of this equation were studied
in Ref. [28]. A dimensional analysis tells us that in d ≤ 2, where the system is
always localized, we obtain only a solution with Im Λ̄ 6= 0. In d > 2 there are
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real as well as complex solutions. This suggests that the imaginary part of vertex
Λ̄ can serve as an order parameter for the Anderson localization transition. As
a result of the non-zero imaginary part of Λ̄, the diffusion pole in the Λ̄ vertex
vanishes in the localized phase, which is in conflict with the self-consistent theory
described in Sec. 1.6.

5.2

Parquet equations in high spatial dimensions

To reach a high-dimensional approximation we introduce
1 X
Λ̄kk0 (ω, q).
Λ̄(ω, q) = 2
N kk0
We also denote the local element of this vertex as
1 X
Λ̄(ω) =
Λ̄(ω, q).
N q

(5.7)

(5.8)

Using the high-dimensional convolutions developed in Ref. [11] to transform the
involved momentum summation into a Gaussian integral, we obtain the leading
1/d-order asymptotics of the parquet equation (5.6) in an algebraic form,


1
= γ(ω).
(5.9)
Λ̄(ω, q) 2 −
1 − Λ̄(ω)χ̄(ω, q)
The simplification of convolutions is similar to the approach described in Appendix C. It is able to simplify a convolution of arbitrary number of functions,
but it also linearizes their momentum-dependence.
By summing both sides over the transfer momentum q we obtain an equation
for the local irreducible vertex:
#
"
1 X
1
= γ(ω).
(5.10)
Λ̄(ω) 2 −
N q 1 − Λ̄(ω)χ̄(ω, q)
Once we obtain the local irreducible vertex Λ̄(ω) we can use the symmetric BetheSalpeter equations introduced in Sec. 4.1 to calculate the conductivity and other
transport properties..
The drawback of this approach is the loss of thermodynamic consistency between the one- and two-particle functions expressed by the Ward identity (1.14).
This problem was already discussed in the preceding chapter: To achieve selfconsistency, we have to modify the self-energy along with the irreducible vertex.
Since we do not want to introduce non-local corrections to the self-energy, we
use the local form of the Ward identity (2.20) to calculate the corrected imaginary part of the local one-particle self-energy from the local vertex and use the
Kramers-Kronig relations, Eqs. (1.7), to determine the real part. This corrected
self-energy then serves as a new input into Eq. (5.10). But similarly to the preceding chapter, we try to find a way how to avoid this numerically demanding
approach.
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There are currently two approaches how to do this. One of them discards
the diffusion pole from the irreducible vertex and so is is limited to high spatial
dimensions and weak disorder strengths. The other simplifies the convolutions to
the point, where only a localized solution is possible and therefore it describes the
strong disorder limit. Now we review the basic results of both, before we start
developing our own approximation.

5.2.1

Weak scattering limit

First we review the results of the simple case of the weak scattering limit. We
take only the leading contribution from the integral in Eq. (5.10). In this way
we neglect the diffusion pole and therefore this approximation is suitable only
for dimensions d > 3, where this pole does not play a significant role. Using
Eq. (C.17) we obtain


Λ̄(ω) 1 − Λ̄2 (ω)hχ̄2 (ω)i = γ(ω),
(5.11)
where
hχ̄2 (ω)i =

1 X 2
χ̄ (ω, q).
N q

(5.12)

This is a cubic equation for vertex Λ̄ and can be considered as a Landau-type
mean-field equation for Anderson localization. The localized phase emerges, when
Eq. (5.11) has no real positive solution for ω = 0. It happens when the cubic
discriminant D < 0.1 This gives us a condition for the existence of a localized
phase
2
γ(ω = 0) < p
.
2
27hχ̄ (ω = 0)i

(5.13)

Unfortunately, this approach gives no localized phase in dimensions d > 1.
The dimensionality enters through parameter hχ̄2 (ω)i, which is a small number
compared to one: high-dimensional convolutions from Appendix C show that
the first non-zero contribution comes from at least 1/d2 order and Brillouin zone
summation in three dimensions gives a value of order 10−3 − 10−4 (in appropriate
units) even in the strong disorder regime. Nevertheless, we can use this approach
to study the basic characteristics of the localization transition, like critical exponents, by considering hχ̄2 (ω)i a tunable external parameter. The main results
can be found in Refs. [1] and [64].

5.2.2

Strong scattering limit

One has to go beyond the weak scattering limit to obtain a localized solution
of Eq. (5.10) in dimension d ≥ 3. We can use the simplified evaluation of convolutions in high spatial dimensions from Appendix C to transform momentum
The discriminant of a general cubic equation ax3 + bx2 + cx + d = 0 reads D = 18abcd −
4b d + b2 c2 − 4ac3 − 27a2 d2 . For D ≥ 0 the equation has three real roots. For D < 0 it has one
real and two complex roots.
1

3
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summation into a Gaussian integral:
Z ∞
2
e−x
1
ˆ
dx
2Λ̄(ω) − √
= γ̂(ω),
ˆ −1 (ω) − x
π −∞ Λ̄

(5.14)

where
X̂(ω) =

hG2 (ω)iX(ω)hG2 (0)i∗
√
.
2 d

(5.15)

This equation can be rewritten using the Fadeeva function, Eq. (A.11), as

h
i
ˆ (ω) = 1 γ̂(ω) − i√π w Λ̄
ˆ −1 (ω)
Λ̄
(5.16)
2
and can be solved using standard root-finding algorithms like Steffensen’s method
(see e.g. Ref. [76]). In this case, the pole of the integrand in Eq. (5.14) causes
there is always a jump in the imaginary part of Λ̄ at ω = 0. It means this
equation always produces a localized solution. However Im Λ̄ is damped by the
residue exp(−Λ̄−2 ). More results are presented in Ref. [77].

5.2.3

Three-dimensional lattice

Extracting the constant term from the geometric series on the r.h.s of Eq. (5.10)
we obtain
χ̄(ω, q)
1 X
= γ(ω),
(5.17)
Λ̄(ω) − Λ̄2 (ω)
N q 1 − Λ̄(ω)χ̄(ω, q)
which resembles a quadratic equation for the unknown vertex Λ̄(ω), although
the coefficient at the quadratic term depends on the solution. We denote this
coefficient
χ̄(ω, q)
1 X
C[Λ̄(ω)] =
.
(5.18)
N q 1 − Λ̄(ω)χ̄(ω, q)
The parquet equation then obtains a simple form
C[Λ̄(ω)]Λ̄2 (ω) − Λ̄(ω) + γ(ω) = 0.

(5.19)

In preceding section we identified the localization transition with the emergence
of the imaginary part of Λ̄RA vertex in the static (ω = 0) limit. The solution of a
quadratic equation is real only if the discriminant is greater-or-equal than zero.
This gives us a condition for the metallic phase,
C[Λ̄RA ] <

1
.
4γ RA

(5.20)

Once this coefficient reaches the critical value (4γ RA )−1 we obtain two complex
solutions for Λ̄RA . This marks the transition to the diffusion-less regime. The
two solutions belong to the limit ω → 0− , where we expect negative imaginary
part and ω → 0+ where positive Im Λ̄RA is expected, (see e.g. Fig. 2 in Ref. [77]).
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Mobility edge
The problem we now have to address is preservation of the diffusion pole, that
is present in the vertex function in the metallic regime. As discussed in the
preceding section, it is a result of the charge conservation law expressed by the
Ward identity Eq. (1.14). In order to reach a thermodynamically consistent
solution, we would have to introduce corrections to the self-energy via the static
form of this identity, Eq. (2.20). To avoid this, we replace the Λ̄RA vertex in the
denominator of Eq. (5.19) by its CPA value γ RA , which obeys the Ward identity
γ RA (0)χ̄RA (0, 0) = 1.

(5.21)

This approach resembles the static renormalization, Eq. (4.31), we used in the
preceding chapter to obtain the diffusion coefficient. It leads to a self-consistent
equation for the mobility edge,
1
1 X γ RA χ̄RA (q)
=
RA
RA
N q 1 − γ χ̄ (q)
4

(5.22)

or, using the notation from the preceding chapter,
1
1 X RA
S (q) = .
N q
4

(5.23)

This approximation is very similar to the one developed in Ref. [64] for the weak
scattering regime we reviewed in preceding section, (see Eq. (5.11)). Since the
current approximation preserves the diffusion pole in the vertex function, which
is important for d < 4, it is more reliable for the three-dimensional systems and
the tendency towards localization is stronger.
Non-selfconsistent calculation of the vertex
This approach provides us with the position of the mobility edge, but it is not
suitable for the calculation of the Λ̄ vertex. Nevertheless to study its basic properties, we can use Eq. (5.17) to calculate it in a non-selfconsistent manner where
we neglect the existence of the diffusion pole. The main objective is to illustrate the ability of this equation to describe the metal-insulator transition. Once
we obtain the vertex in the ω = 0 limit, we can use the approach developed in
Chap. 4 to calculate conductivity and the diffusion coefficient.
Since this approach violates the Ward identities, we cannot expect zero conductivity in the localized phase, but rather its decrease w.r.t. metallic phase.
The same holds for the diffusion coefficient.

5.3

Results

Now we present some numerical results on both the mobility edge calculated
from Eq. (5.22) and the vertex function calculated from the Eq. (5.17). We use
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the CPA self-energy Σ and the local CPA vertex γ of the disordered Anderson
and disordered Falicov-Kimball models calculated for the sc lattice as the input.
Density of states for selected values of disorder strength is plotted in Figs. 2.7
and 2.8.

5.3.1

Mobility edge

Coefficient C[γ] is calculated using the Brillouin-zone integrations described in
Appendix D. This approach replaces the integral over momenta with a sum over
a set of discrete points from an irreducible Brillouin zone. This integration technique can not provide us with a sharp transition from metallic to localized phase
due to finite-size effects known from all numerical methods dealing with phase
transitions. Therefore we have to utilize a simple finite-size scaling: we calculate
the coefficient for different numbers of k-points (e.g. N , 2N ,. . . ) and extrapolate
the results to infinite number of k-points. This extrapolation is very straightforward in the present approach and provides us with a well-defined, reliable
transition point.
Results for the disordered Anderson model with symmetric binary disorder
are plotted in Fig. 5.2. Red areas represent empty states outside the band, dark
blue area metallic states and light blue localized states. Red line represents the
CPA band edges, the mobility edge is represented by the blue line.
From now on we denote the critical value of disorder strength for the Anderson
transition as ∆m while ∆c denotes critical value for split-band transition. For
µ = 0 (center of the band) we obtain the critical value of disorder strength
∆m ≈ 2.01. Localized states form a narrow region around the pole in the CPA
self-energy represented here by black dashed line. This region vanishes for ∆ ≈ 4.9
and for higher disorder strength the system is always metallic.
We see that the presence of localized states is bound to areas where the
imaginary part of the self-energy, the measure of one-particle correlations, is
large. Therefore we obtain no localized states near the outer band edges where
Im Σ vanishes, in contrast to the self-consistent approach discussed in Sec. 1.6,
which gives a narrow region of localized states in this area.
The presence of localized states near the outer band edges is usually considered
a result of large potential fluctuations, Ref. [33]. Our band edges are calculated
from CPA which is a mean-field theory that neglects non-local effects.2 It means
that even if there are localized states, they can not be described using the present
approximation. Self-consistent approach, where the CPA self-energy is corrected
using identity Eq. (2.20), may be able to incorporate some of these effects.
We obtain a similar picture for non-symmetric case with c = 0.2. In this
case the pole in the self-energy emerges for ∆ ≈ 3.1 and follows the line ∆ =
µ/(0.5 − c). The localized states are again gathered in the vicinity of this line.
They are present almost exclusively in the satellite band, where the correlations
are stronger.3
2

Although CPA gives reliable position of the outer band edges, as we see from the comparison
with the exact diagonalization, Fig. 2.9.
3
In fact, correlations are much stronger in the satellite band. This can be illustrated on a
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In Fig. 5.4 we plotted the results for the case of box
√ disorder. The position
of band edges can be calculated analytically to µ = ± 4∆2 + 9. For µ = 0 we
obtain critical disorder strength ∆m ≈ 6.22. Critical disorder then increases as
we move away from the band center, similarly to the results of the self-consistent
theory, Ref. [35], but similarly to the preceding results we do not obtain localized
states near the band edges. The mobility edge instead goes asymptotically to
the band edge with increasing disorder strength. As a result, there are always
metallic states near the outer band edges for arbitrary strong disorder.
Finally, in Fig. 5.5 we plotted the phase diagram in the (U − ∆) plane for the
box-disordered Falicov-Kimball
√ model at half-filling. The position of the CPA
band edge (red line) is ∆c = U 2 − 6. For U = 0 this model represents the boxdisordered Anderson model and for ∆ = 0 the Falicov-Kimball model, equivalent
to the binary-disordered Anderson model. Therefore the end-points of the blue
line match the previous results, ∆m = 6.22 for U = 0 and Um = 2.01 for ∆ = 0.
Black dashed line represents the mobility edge calculated from typical medium
theory, Ref. [39]. We see that we obtain a similar results for U = 0, but apart
from this point the typical medium theory predicts a much larger area of metallic
states. Also, it does not predict any localization in a case of Falicov-Kimball
model without additional static disorder.

5.3.2

Irreducible vertex and conductivity

Now we turn to the calculation of the local vertex function Λ̄. We use Eq. (5.17)
and solve it iteratively using the CPA vertex γ as the initial condition.
Results for DAM with a symmetric binary disorder in the most interesting
window of disorder strengths are plotted in Fig. 5.6. We see that the imaginary part of the vertex Λ̄RA emerges at ∆ ≈ 1.3, much below the mobility edge
calculated in the preceding section where it occurs at ∆m ≈ 2.01. This is the
result of neglecting the diffusion pole. This tells us that the real mobility edge,
if calculated properly with the self-energy corrections, should lie between these
two limits. Imaginary part Im Λ̄RA , which serves us as the order parameter for
the localization transition, behaves as Im Λ̄RA ∼ (∆ − ∆m )1/2 in the vicinity of
the (new) transition point, giving us the mean-field value of the critical exponent
β = 1/2. Both real and imaginary parts are increasing with
√ increasing disorder
strength, diverging at the split-band transition point ∆ = 6. We see that emergence of the imaginary part leaves small change in the real part, as it is always
close to the CPA value γ RA .
We obtain similar results for the vertex Λ̄RR . Knowledge of these two functions
finally enables us to calculate conductivity. We use Eq. (4.18) derived in Chap. 4
for this purpose and replace vertex γ with Λ̄ in Eq. (4.8), obtaining
Λ̄ab χ̄ab (q)
S (q) =
.
1 − Λ̄ab χ̄ab (q)
ab

(5.24)

similar case of FKM with semi-elliptic band and n = 0.8, for which the self-energy is plotted in
Fig. 2.4.
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Further details were discussed the preceding chapter. We denote this conductivity
as σS to avoid confusion with the other approximations.
Conductivity σS in the vicinity of the split-band transition is plotted in Fig. 5.7
together with conductivity σA from the preceding chapter. Since we did not
preserve the diffusion pole in Eq. (5.17), this conductivity is non-zero in the
localized phase and it does not differ much from conductivity σA calculated using
CPA vertex γ. The reason is that the imaginary part of the vertex has little effect
on the conductivity. We already discussed that the real part of Λ̄ does not differ
much from the CPA value, as we see in Fig. 5.6. However, this result illustrates
the general tendency of this approach to lower the conductivity, as σS < σA for
all input parameters.
This result shows how important is the preservation of the diffusion pole in
the low-energy asymptotics of the correlation function ΦRA for a consistent description of the localization transition. Utilizing the consistency between oneand two-particle functions using the Ward identity, Eq. (1.16) and introducing
corrections to the self-energy is inevitable if we want to obtain true zero conductivity in the localized phase. This approach should lead to more dramatic changes
in the real part of Λ̄ as well as to renormalization of the two-particle bubbles.
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Figure 5.2: Phase diagram in the (µ − ∆) plane for the binary-disordered Anderson
model with concentration c = 0.5 (symmetric case). Red line: CPA band edge. Blue
line: mobility edge. Black dashed line: position of the pole in the CPA self-energy.

Figure 5.3: Phase diagram in the (µ − ∆) plane for the binary-disordered Anderson
model with concentration c = 0.2. Color scheme matches the one in Fig. 5.2
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Figure 5.4: Phase diagram in the (µ−∆) plane for the box-disordered Anderson model.
Color scheme matches the one in Fig. 5.2 (note that there is no pole in the self-energy
for box disorder).

Figure 5.5: Phase diagram in the (U − ∆) plane for the box-disordered Falicov-Kimball
model at half-filling. Color scheme matches the one in Fig. 5.2. Black dashed line
represents the mobility edge calculated from typical medium theory, Ref. [39].
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Figure 5.6: Irreducible vertex Λ̄RA for µ = 0 calculated using Eq. (5.17) for DAM with
symmetric binary disorder. Imaginary part (red line, left axis) emerges at ∆ ≈ 1.3.
Blue line: real part (right axis). Green line: CPA vertex γ RA (right axis).

0.003

σ(0)
σA
Re σS

0.002

0.001

0
2.4

2.41

2.42

2.43

2.44

2.45

∆
Figure 5.7: Comparision of total conductivities calculated from Eq. (4.18) using the
CPA vertex γ (σA , red line) and the corrected vertex Λ̄ (σS , blue line). Black line
represents the Drude conductivity σ (0)

83

CHAPTER 5. VANISHING OF DIFFUSION

Chapter summary
In this chapter we utilized the self-consistency of the two-particle vertices
using the parquet equations. They are based on the fact that any diagram
reducible in one scattering channel is irreducible in all other channels. Together with the Bethe-Salpeter equations and electron-hole symmetry they
lead to a single non-linear integral equation for the irreducible vertex. This
equation simplifies in the limit of high spatial dimensions, where we obtain
an algebraic equation for the local vertex. We reviewed the basic properties
of this equation and results of previous works that use further simplifications
to study the weak and strong disorder regimes.
The parquet equation in high dimensions resembles a quadratic equation
and we concentrated on the calculation of the transition between the states
with real and complex solutions. We used the Ward identity connecting the
local CPA vertex with the local two-particle bubble to preserve the diffusion
pole in this equation. The imaginary part of the local vertex then serves as
the order parameter for the localization transition. Position of this transition
point (the mobility edge) was calculated for various systems.
Finally, we illustrated the behavior of the vertex function on a nonselfconsistent calculation, where the Ward identity connecting the one- and
two-particle functions is neglected. In this way we do not preserve the diffusion pole. Using the resulting vertex for calculating the conductivity therefore
does not lead to vanishing of conductivity in the localized phase, but only to
its decrease. This illustrates how important is the self-consistency between
the self-energy and the two-particle irreducible vertex for proper description
of disordered systems.
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Conclusions
We studied in this thesis charge transport in disordered systems of elastically
scattered electrons described by the disordered Anderson model and the FalicovKimball model. Our calculations are based on the asymptotic expansion around
the limit of infinite spatial dimensions represented by the coherent potential approximation. This mean-field approximation provides us with reliable one-particle
(spectral) properties, but fails to account for quantum coherence between spatially distinct scatterers and backscattering effects. Therefore this theory is unable to describe transport properties beyond the semi-classical description captured by Boltzmann equation where the vertex corrections to the one-particle
conductivity vanish due to the symmetry of the involved vertex function, unless
we introduce odd dispersion relations as in multiorbital models. We have to go
beyond this theory and to introduce non-local corrections in order to describe
a correlated particle propagation. Therefore we used a systematic expansion
around the limit of infinite spatial dimensions in powers of the non-local oneelectron propagator. This asymptotic limit to high but finite dimensions allowed
us to calculate the leading-order vertex correction by simplifying the involved
momentum convolutions. The resulting vertex corrections are always negative
and lower the one-particle Drude conductivity. We showed that by the separate
calculation of Drude conductivity and vertex corrections we cannot guarantee
non-negativity of their sum. The total conductivity can become negative for
strong disorder or in the vicinity of the split-band metal-insulator transition,
where the correlation effects are strong. To resolve this problem we developed
a method of a consistent calculation of vertex corrections using a symmetrized
form of the Bethe-Salpeter equations. We utilized the presence of the diffusion
pole in the low-energy asymptotics of the vertex function to simplify the involved
calculations to the point where an analytic solution using Fourier transform is
possible. The resulting conductivity is always non-negative and free of unphysical features, so this approach represents a reliable way how to calculate transport
properties of strongly disordered systems. This method allowed us also to study
diffusion by a static renormalization of the local vertex functions, preserving thus
the diffusion pole in the electron-hole correlation function without the necessity
to correct the CPA self-energy. Later, we used the parquet equations for the twoparticle irreducible vertices in the electron-hole and electron-electron channels to
achieve a two-particle self-consistency need for the description of the transition
to the diffusion less phase. Using again the limit to high spatial dimensions the
parquet equations can be simplified to an algebraic form and can be used to ap85
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proximately locate the transition point to the localized phase, where the charge
diffusion is prevented by large disorder. Finally, we used the resulting vertex function to calculate the conductivity in the vicinity of this transition point. Since
we resigned on the self-consistency condition between the one- and two-particle
functions reflected by the Ward identities, this calculation is just an illustration
of the behavior in the vicinity of this transition. This self-consistency leading
to corrections to the one-particle self-energy are inevitable in order to obtain a
reliable and fully consistent description.
To summarize, in this thesis we presented methods to calculate charge transport in disordered systems that can be used in all disorder regimes. They allow
to calculate vertex corrections to the conductivity and diffusion in models of
elastically scattered electrons in the presence of random scatterers. These methods are based on the asymptotic limit to high spatial dimensions. The resulting
formulas lead to reliable results free of unphysical behavior, as illustrated on a
gallery of numerical examples. The calculated transport properties deliver reliable results with the local CPA self-energy in the weak and intermediate disorder
regimes including weak localization. The approach still leaves open issues in the
strong-disorder limit where Anderson localization and vanishing of diffusion is
expected. Due to inability to conform the analyticity of the self-energy with the
Ward identities the Einstein relation between the conductivity and the diffusion
constant is lost and it remains unclear how the models behave in the limit of
strong disorder. What, however, our approach strangle indicates is the existence
of a non-analyticity in the two-particle irreducible vertex at the Fermi energy.
The frequency derivative of this vertex at the Fermi energy diverges and leads to
breakdown of electron-hole symmetry and emergence of cuts in the static limit of
density and current response functions. A more detailed study beyond the scope
of this thesis is needed to deliver consistent and unambiguous transport properties and their relation to the experimentally observed data in the strong-disorder
limit.
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Appendix A
The local Green’s functions
Various types of trial densities of states can be used in the CPA calculations. The
choice largely depends on the nature of the phenomena we want to study. For
all DoS used in this thesis we can analytically calculate the local element of the
Green’s function G(z) and the local element of the two-particle bubble χ(z, z, 0).
We denote ζ = z + µ − Σ(z), where z = ω + i0+ is the complex energy. The
energy unit is set as t = 1. Then for given DoS ρ0 the local part of the Green’s
function can be calculated as a Hilbert transform
Z ∞
ρ0 (ε)
.
(A.1)
dε
G(ζ) =
ζ −ε
−∞
The q = 0 elements of the RR and RA two-particle bubbles can be expressed as
Z ∞
ρ0 (ε)
∂G(ζ)
RR
2
dε
χ (ζ, ζ, 0) ≡ hG (ζ)i =
=−
,
2
(ζ − ε)
∂ζ
−∞
Z ∞
(A.2)
ρ0 (ε)
Im G(ζ)
RA
2
χ (ζ, ζ, 0) ≡ h|G(ζ)| i =
dε
=−
.
|ζ − ε|2
Im ζ
−∞

The Lorentzian DoS
One of the simplest spectral functions is the Cauchy-Lorentz distribution
1 1
ρ0 (ε) =
.
(A.3)
π ε2 + 1
The local Green’s function reads
1
G(ζ) =
,
(A.4)
ζ + iS
where S = sgn(Im ζ). The q = 0 element of the RR two-particle bubble is just a
square of G(ζ):
1
hG2 (ζ)i =
= G2 (ζ)
(A.5)
(ζ + iS)2
and the q = 0 element of the RA two-particle bubble is
Im ζ + S
h|G(ζ)|2 i =
.
Im ζ|ζ + iS|2
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The semi-elliptic DoS
The semi-elliptic DoS defined as
ρ0 (ε) =

2√
1 − ε2
π

(A.7)

is a DoS of a Bethe lattice with infinite connectivity and yields some very interesting properties. It has a finite bandwidth and exhibits square-root singularities
at band edges similarly to DoS of a three-dimensional lattices. Furthermore it
leads to a simple analytic expression for one-particle Green’s function
r


1
(A.8)
G(ζ) = 2ζ 1 − 1 − 2
ζ
and q = 0 values of bubbles:
"r
#
−1
1
hG2 (ζ)i = 2
−1 ,
1− 2
ζ
r
 
2
1
2
h|G(ζ)| i =
Im
1− 2 −1 ζ .
Im ζ
ζ

(A.9a)
(A.9b)

The Gaussian DoS
The true DoS for d = ∞ hypercubic lattice is of the Gaussian form
ρ0 (ε) = π −1/2 e−ε

2

(A.10)

as a consequence of the central limit theorem, Ref. [78]. However this DoS has infinite bandwidth which leads to some unphysical properties like the non-existence
of the true band gap as mentioned in Ref. [19]. Its Green’s function can be expressed using the integral representation of the Fadeeva (complex error) function
2
w(ζ) = e−ζ erfc(−iζ):
i
w(ζ) =
π
as

∞

e−t
dt
ζ −t
−∞

Z

2

(A.11)

1

√
G(ζ) = −i π w(ζ).

(A.12)

The q = 0 elements of the RR and RA two-particle bubbles are
√
hG2 (ζ)i = −2[i πζ w(ζ) + 1] = 2[ζG(ζ) − 1],
√ Re w(ζ)
h|G(ζ)|2 i = π
.
Im ζ
1

(A.13a)
(A.13b)

The negative of this Green’s function is known as Fried-Conte or plasma dispersion function
and arises in linear response theory for a Maxwellian plasma (see Ref. [79]).
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The simple cubic lattice DoS
In our calculations, we often use the simple cubic lattice with a dispersion relation
ε(k) = −

3
X

cos kν ,

−π ≤ kα ≤ π.

(A.14)

ν=1

The local part of the Green’s function is defined as an integral over the sc Brillouin
zone of the one-particle propagator:
Z
dk
1
G(z) =
.
(A.15)
3
(2π)
z − ε(k)
Following Ref. [80] we use the integral identity
Z ∞
1
dt eit[z−ε(k)]
= −i
z − ε(k)
0
valid for Im z > 0 and we arrive to expression
 Z π
3
Z ∞
Z ∞
1
izt
it cos(k)
G(z) = −i
dt e
dk e
≡ −i
dt eizt J03 (t),
2π
0
−π
0

(A.16)

(A.17)

where J0 (t) is the Bessel function of first kind. This Green’s function is plotted
in Fig. A.1. The density of states can be expressed as
Z
1 ∞
dt cos(εt)J03 (t).
(A.18)
ρ0 (ε) =
π 0
It is non-zero for −3 < ε < 3 and exhibits four van Hove square-root singularities
at ε = ±1 and ±3.
This representation of G(z) is not very suitable for numerical calculations. It
contains improper integral and the integrand is an oscillating function. An alternative form more suitable for numerical calculations was presented in Ref. [81].
It uses complete elliptic integrals of first kind
Z π/2
dθ
p
.
(A.19)
K(k) =
0
1 − k sin2 θ
The Green’s function reads
r
4
3b(z)
1−
K[k+ (z)]K[k− (z)],
G(z) = 2
π z[1 − b(z)]
4

(A.20)

where
p
p
1 1
1
± a(z) 4 − a(z) − [2 − a(z)] 1 − a(z),
2 4
4
b(z)
a(z) =
,
b(z) − 1

√
√
1
1 
b(z) = + 2 3 − z 2 − 1 z 2 − 9 .
2 2z

k± (z) =
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(A.21)

APPENDIX A. THE LOCAL GREEN’S FUNCTIONS
The square roots in b(z) are responsible for the four van Hove singularities of
G(z).
The q = 0 values of bubbles hG2 (z)i and h|G(z)|2 i have similar but much more
complex analytic form and it is usually more convenient to calculate them from
their integral representations and Ward identity.
1

Re GR
0
Im GR
0

0.5

0

-0.5

-1
-4

-3

-2

-1

0
µ

1

2

3

4

Figure A.1: Local bare Green’s function G0 (ω + i0+ ) for simple cubic lattice calculated
from Eq. (A.20).
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Appendix B
The local irreducible vertex
Numerical calculations of response functions of some models using the irreducible
CPA vertex λRR come up against the existence of a non-physical 1/x-type pole
at the Fermi energy. These models include FKM, DFKM with box disorder and
DAM with symmetric binary disorder.
We illustrate its properties on a case of FKM at half-filling. This discussion
is also valid for the DAM with symmetric binary disorder, since this model is not
distinguishable from the FKM at half-filling. Disorder strength ∆ then plays the
role of interaction.
We denote the position of this pole as Us . To calculate the position of this
pole, we use Eq. (2.15) continued to real frequencies. For G(ω1 ) = G(ω2 ) = GF
we obtain
λRR
F = −

F [GF , ΣF ]
,
GF [2 − 2GF (U − 2ΣF ) + G2F (U 2 − 2U ΣF + 2Σ2F )]

(B.1)

where F is a well-behaving function we are not interested in, because the pole in
λRR
is marked by zero of the denominator. Since at half-filling the Fermi values
F
GF and ΣF are pure imaginary, non-positive functions, we are left with a single
solution

−1
Us
Im GF (Us ) = −
− Im ΣF (Us )
.
(B.2)
2
Using Eq. (2.30) we arrive to equations pinpointing the pole in λRR
F ,
Im ΣF (US ) = −

Us
2

and

Im GF (Us ) = −

1
.
Us

(B.3)

The numerical value of Us depends on the bare Green’s function we use
√ in our
calculations. If we know the explicit formulas for GF (like Im GF = −2 1 − U 2
for semi-elliptic and Im GF = −4/(U 2 + 4) for Lorentzian band), we can calculate
the exact value. For Gaussian band we end up with a nonlinear equation
√
2 πx exp(x2 ) erfc(x) = 1

(B.4)
91

APPENDIX B. THE LOCAL IRREDUCIBLE VERTEX
band
Lorentz, Eq. (A.3)
semi-elliptic, Eq. (A.7)
Gauss, Eq. (A.10)
simple cubic, Eq. (A.18)

w/t
∞
1
∞
3

Us /t
2√
1/ 2
0.8655
1.5883

Uc /t
∞
√1
√2
6

Table B.1: Half-bandwidth, position of the pole in λRR
F vertex Us and critical value of
interaction Uc for densities of states discussed in Appendix A.

where x = Us /2 with a single numerical solution. Similar but more complicated
equation holds for simple cubic lattice. Numerical values for different bands are
summarized in Tab. B together with the half-bandwidths w and critical values
for split-band transition Uc .
Vertex λRR
F for FKM with semi-elliptic DoS for two different fillings is plotted
in Fig. B.1 as a function of interaction strength. We see that the pole is present
only at half-filling (n = 1).
4
n = 1.0
0.99

Re λRR
F

2

0

-2

-4
0

0.2

0.4

0.6

0.8

1

U

Figure B.1: Fermi energy value of the irreducible vertex λRR as a function of interaction
U for FKM.

This pole is connected to frequency derivatives of G and Σ via Ward identity
Eq. (2.22), from which we obtain
∂ω ΣF =

2
λRR
F hGF i
.
2
λRR
F hGF i − 1

(B.5)

Since hG2F i is a non-positive, well-behaving function monotonically increasing
with U , we see that
(
< 1 if U < Us
∂ω Re ΣF =
(B.6)
> 1 if Us < U < Uc .
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This change of the derivative has an effect on the local Green’s function as well.1
Since ∂ω GF = [∂ω ΣF − 1]hG2F i, we obtain
(
> 0 if U < Us
∂ω Re GF =
(B.7)
< 0 if Us < U < Uc .
Although the real and imaginary parts of the local Green’s function are coupled via Kramers-Kronig relations, Eq. (1.7), this change of derivative leaves no
mark in the local DoS − Im G(ε)/π and therefore has no direct effect on the
spectral properties of our model. Furthermore, this pole in λRR cancels out in
the local BSE, Eq. (2.18), and therefore has no effect on the transport properties
either.
This pole does not vanish even is we add static disorder. The effect of disorder
strength ∆ on its position in the case of box-disordered FKM at half filling is
plotted in Fig. B.2. It is shifted to lower interaction strengths but remains present
for arbitrarily strong static disorder.
3

metal

∆

2

1

insulator
0
0

0.5

1

1.5

2

U
Figure B.2: Position of the pole in the λRR vertex (dashed blue line) for DFKM
with
√
2
semi-elliptic DoS. Solid red line represents the split-band transition ∆c = U − 1.

Recently, a similar divergence in the electron-electron irreducible vertex was
identified in the DMFT calculations of the two-dimensional Hubbard model using
Hirsch-Fye quantum Monte Carlo method, Ref. [82]. The authors suggest that
this divergence is a precursor of the metal-insulator transition. This suggestion
is in agreement with our results: the divergence in the local irreducible vertex is
present only in systems that exhibit split-band transition, FKM at half-filling2
1

Within the framework of the Fermi liquid theory, the renormalization constant (quasiparticle weight) Z is defined as Z −1 = 1−∂ω Re Σ(ω). Then this pole would mark the unphysical
change of the sign of Z to negative. However we are dealing with models which cannot be
described as Fermi liquids.
2
This pole is present even for Lorentz DoS, where the split-band transition is shifted to
infinite U , Eq. (2.28c).
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and DFKM with box disorder, also at half-filling. Systems that do not exhibit
split-band transition as DAM with box disorder or FKM away from half filling
also does not contain this pole in the irreducible vertex. Further on, this pole is a
result of a sign change of the frequency derivative of the local Green’s function at
the Fermi energy, Eq. (B.7). This change is essential for the development of the
band gap, since the derivative ∂ω GF is positive for U = 0 and must be negative
for U → Uc− .
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Appendix C
Momentum convolutions in high
lattice dimensions
The momentum dependence of various one- and two-particle functions simplifies
significantly in the limit of high spatial dimensions, if we consider hypercubic
lattices. Although the d → ∞ limit can look very crude for three-dimensional
systems, comparison of the results with the numerical Brillouin-zone integration
shows fair agreement for all disorder strengths (see Figs. D.2 and D.3 in Appendix D for examples).
For the sake of simplicity we denote ζ± = ω ± i0+ − Σ± (ω) where Σ is the
0
CPA self-energy.1 We also use notations Gk (ζ± ) = G±
k (ζ) and χ(ζα , ζβ , q) =
χαβ (ζ, ζ 0 , q) for α, β = ±.

One-particle Green’s function
We formulate our approach for hypercubic lattices with dispersion relation
d

t X
ε(k) = − √
cos(kν ).
d ν=1

(C.1)

The scaling of the hopping parameter with dimension guarantees finite kinetic
energy in d → ∞ limit, as discussed in Ref. [43]. Using the integral representation
of the one-particle Green’s function
Z ∞
1
±
Gk (ζ) =
= ∓i
du e±iu[ζ−ε(k)] ,
(C.2)
ζ − ε(k)
0
we can separate the contributions from different spatial components of momentum,
G±
k (ζ)

= ∓i

d Z
Y
ν=1

0

∞

du e

±iuζ


iut
exp ± √ cos(kν ) .
d


(C.3)

Since we are interested only in the leading d−1 asymptotics and the nonlocal part of the
self-energy has an asymptotics d−3/2 , we can safely use the CPA value in these calculations.
1
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First, we calculate the local element of this propagator
G± (ζ) =

1 X ±
G (ζ).
N k k

(C.4)

Replacing sums over momentum components with integrals:
Z π
1 X
1
... →
dkν . . .
N 1/d k
2π −π

(C.5)

ν

and expanding the exponential to 2nd order, which corresponds with order d−1
of spatial dimension, we obtain
±

G (ζ) = ∓i

∞

Z
0

±iuζ

du e

Z

π

−π

dk
2π



d
u2 t2
iut
2
1 ± √ cos(k) −
cos (k)
. (C.6)
2d
d

Using the well-known formulas
Z π
Z π
Z π
1
1
1
dk cos(k) =
dk sin(k) =
dk sin(k) cos(k) = 0,
2π −π
2π −π
2π −π
Z π
Z π
1
1
1
2
dk cos (k) =
dk sin2 (k) =
2π −π
2π −π
2

(C.7)

and restoring the exponential using
lim

d→∞

d 
Y
ν=1

f (ν)
1±
d



!
d
1X
= exp ±
f (ν) ,
d ν=1

(C.8)

we finally obtain the local propagator in a form of a Gaussian integral
±

G (ζ) = ∓i

Z
0

∞

du e

u2 t2
exp −
4


±iuζ



.

(C.9)

The nonlocal part of Gk (z)
±
±
Ḡ±
k (ζ) = Gk (ζ) − G (ζ)

(C.10)

serves as the small parameter in the asymptotic expansion around the d = ∞
limit, since it dies out with increasing dimension as d−1/2 . Using Eq. (C.3) and
(C.9) we obtain
Ḡ±
k (ζ) = ∓i

Z
0

∞

"
du e±iuζ

d
Y


 2 2 #
iut
ut
exp ± √ cos(kν ) − exp −
. (C.11)
4
d
ν=1
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Two-particle bubble
Similarly to the propagator we calculate the two-particle bubble defined as a
momentum convolution of two propagators:
χαβ (ζ, ζ 0 , q) =

1 X α
G (ζ)Gβk (ζ 0 ).
N k k

(C.12)

Inserting Eq. (C.3), expanding the exponentials to 2nd order, using the identity cos(x + y) = cos(x) cos(y) − sin(x) sin(y), integrating over momentum components and restoring the exponential we obtain




Z ∞ Z ∞
v 2 t2
u2 t2
0
+±
0
exp ±ivζ −
du
dv exp iuζ −
χ (ζ, ζ , q) = ∓
4
4
0
0
!
d
uvt2 X
× exp ∓
cos(qν ) .
(C.13)
2d ν=1
The high-dimensional representation of the q = 0 elements, Eq. (2.19) reads


Z ∞ Z ∞
(u ± v)2 t2
+
±
. (C.14)
hG (ζ)G (ζ)i = ∓
du
dv exp i(u ± v)ζ −
4
0
0
Similarly to Ḡ± (k, ζ) we define the nonlocal part of the two-particle bubble,
χ̄αβ (ζ, ζ 0 , q) = χαβ (ζ, ζ 0 , q) −
αβ

0

1 X αβ
χ (ζ, ζ 0 , q)
N q
α

β

(C.15)

0

= χ (ζ, ζ , q) − G (ζ)G (ζ ).
The high-dimensional asymptotic reads




Z ∞ Z ∞
u2 t2
v 2 t2
+±
0
0
dv exp iuζ −
du
χ̄ (ζ, ζ , q) = ∓
exp ±ivζ −
4
4
0
0
"
!
#
d
uvt2 X
× exp ∓
cos(qν ) − 1 .
(C.16)
2d ν=1
The local elements of nonlocal quantities unsurprisingly vanish,
1 X ±
Ḡ (ζ) = 0,
N k k

1 X +±
χ̄ (ζ, ζ 0 , q) = 0.
N q

(C.17)

Current-current correlation function
We use this approach also to calculate the leading-order vertex corrections to
electrical conductivity in high spatial dimensions. It means to calculate double
Brillouin-zone sum (the single energy variable ζ is suppressed)
+±
Jαα
=

1 X + ±
±
Gk Gk vα (k)χ̄+± (k + k0 )vα (k0 )G+
k0 Gk0 .
2
N kk0
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(C.18)
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Using Eqs. (C.3) and (C.16) we obtain
+±
Jαα

t2
=
d

Z

∞

da

Z

∞

db

Z

∞

du

Z

∞

dv

Z

∞

da

0

Z

∞

db0

0
0
0
0
0
0


2
(u + v 2 )t2 1 X
0
0
sin(kα ) sin(kα0 )
× exp i[a + a + u ± (b + b + v)]ζ −
2
4
N kk0


d
Y
it
0
0
0
× exp √ [(a ± b) cos(kν ) + (a ± b ) cos(kν )]
d
ν=1
 
 
uvt2
cos(kν + kν 0 ) −1 .
× exp ∓
2d
(C.19)

The ν = α contribution gives us only the t2 /d prefactor, since sin(kα ) is an odd
function. Additional t2 /2d factor comes from the last exponential, from which
only the linear term is important for the leading-order asymptotics. After the
momentum integrations we obtain
Z ∞ Z ∞ Z ∞ Z ∞ Z ∞ Z ∞
t4
+±
Jαα = 2
da
db
du
dv
da0
db0
2d 0
0
0
0
0
0


2
(u + v 2 )t2
0
0
× exp i[a + a + u ± (b + b + v)]ζ −
uv
(C.20)
4




(a ± b)2 t2
(a0 ± b0 )2 t2
× exp −
exp −
.
4
4
Using Eq. (C.14) we finally obtain
+±
Jαα
=−

t4
hG+ G± i2 hG+ G+ ihG± G± i
2
8d

++
Jαα
=−

t4
hG2 i4 ,
8d2

(C.21)

or
+−
Jαα
=−

t4
h|G|2 i2 |hG2 i|2 .
8d2
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Appendix D
Brillouin zone integrations
Calculation of conductivity requires numerical integration over the Brillouin zone
(BZ) in three dimensions. In this thesis we use the simplest approach, we approximate the integral over the BZ by a sum over uniformly distributed k-points:
Z
1 X
1
dkf (k) →
f (k)
(D.1)
Ω BZ
N k∈BZ
and we restrict ourselves to the Brillouin zone of the simple cubic (sc) lattice.
This BZ is a cube of side (2π/a), where a is the lattice constant, which we set as
the length unit.
The high symmetry of a cube is reflected in the existence of a set of special,
usually called critical, points as summarized in table D.1.
symbol
Γ
X
R
M

description
multiplicity
center of the cube
1
center of a face
6
corner point
8
center of an edge
12

position
(0,0,0)
(π,0,0)
(π,π,π)
(π,π,0)

Table D.1: The critical points of the simple cubic Brillouin zone. Position describes
the coordinates of the point which is included in the irreducible Brillouin zone.

The way how to calculate a BZ sum Eq. (D.1) depend on the way how the
momentum dependence enters the function f (k). The simplest possibility is it
enters only via dispersion relation
ε(k) = −

3
X

cos(kν ),

−π ≤ kν ≤ π.

(D.2)

ν=1

In this case f (k) has a full cubic symmetry which can be used to largely reduce
the number of necessary k-points. The time-reversal symmetry ε(k) = ε(−k)
allows us to reduce the integration over the whole BZ to the integration over
one octant 0 ≤ kν ≤ π. Furthermore, since every coordinate of k enters the
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dispersion relation in the same way, every permutation of (kx , ky , kz ) corresponds
to the same energy. This allows us to slice the octant into six wedges of equal
volume with the same contribution to the integral. The wedge described as
0 ≤ kx ≤ π,
0 ≤ ky ≤ kx ,
0 ≤ kz ≤ ky

(D.3)

is usually called the irreducible Brillouin zone (IBZ), Ref. [83]. We plotted it in
Fig. D.1. Number of k-points in IBZ with L points along a side is given by a sum
of triangular numbers:
L

NIBZ

1X
1
=
j(j + 1) = (L3 + 3L2 + 2L)
2 j=1
6

(D.4)

and the distance between two points is ∆k = π/(L − 1).

kz
R

Γ
kx

ky

X
M

Figure D.1: Irreducible Brillouin zone of the simple cubic lattice.

Since there are 48 such wedges in the full BZ, integrating over IBZ greatly
reduces necessary computer time. The price we are paying for this is the necessity
to introduce weights into the BZ summation. The reason is that many k-points
belong to two and more wedges simultaneously and we have to avoid their overcounting.
The weight w(k) of the k-point from IBZ is defined as number of equivalent
k-points in the full BZ which it represents. It differs from point to point, one
for the Γ point, 8 for R points, 24 for any point on the faces (except X, M and
R points), six for any point on the Γ − R diagonal (except R and Γ points) etc.
To simplify the calculation of these weights we shift the whole grid of k-points
by half distance ∆k in each direction. The number of points per side reduces by
one, but the density of k-points remains unchanged. This way we avoid the Γ
100

point and every point of the face or edge. Points that are still over-counted are
the points on the internal faces of IBZ (Γ−X −R) and (Γ−M −R). Points on
Γ−R line (the Λ axis) are common to all 6 wedges in the octant and other points
of these two faces are common to two wedges. It means that points on R−Γ line
represent 48/6=8 equivalent positions in the whole BZ and other points on these
faces 48/2=24 eq. positions. Any other point in the IBZ represents 48 eq. points.
Since the total number of points in the BZ is (2L)3 after the shift, we can further
divide these weights by factor of 8 and we obtain


1 if kx = ky = kz ,
w(k) = 3 if kx = ky 6= kz or kx 6= ky = kz ,
(D.5)


6 otherwise.
The sum over BZ Eq. (D.1) is then
1 X
1 X
f (k) = 3
w(k)f (k).
N BZ
L IBZ

(D.6)

Unfortunately, this approach does not work on functions without full cubic
symmetry. These functions include two-particle bubbles χ(q) (except q = 0),
since they are defined as convolutions over finite momenta q, and functions containing electron velocities, since velocity v(k) = ∇k ε(k) is antisymmetric w.r.t.
time reversion, v(−k) = −v(k). In these cases we have to analyze carefully the
symmetry of the function or perform the full BZ integration.
This integration scheme is in fact the simplest implementation of the special
points method described in Ref. [84] and can be easily adapted to calculate BZ
sums for any of the 14 lattice symmetry classes.

Comparision with high-dimensional convolutions
Since we are now able to calculate numerically the Brillouin-zone sums, we can
compare this approach with the simplified approach utilizing the high-dimensional
convolutions from Appendix C. We use the two-particle bubble as an example.
Eq. (C.13) can be integrated over one of the variables, e.g. u, to obtain (we set
t = 1)
χ

+±

 2

Z ∞

√
v 
2
2
dv exp −
1 − X(q) ± ivζ [X(q) ± 1] − ζ
(q, ζ, ζ) = ∓ π
4
0
h
v
i
× 1 ± erf
X(q) ± iζ ,
2
(D.7)

where
d

1X
X(q) = −
cos(qν )
d ν=1

(D.8)
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is the scaled dispersion relation for hypercubic lattices. This function bears the
full momentum dependence of the bubble. The integrand is an exponentially
decreasing function for large v and can be safely integrated numerically.
Two-particle bubbles for symmetric (c = 0.5) binary-disordered Anderson
model, calculated using direct full BZ integration as well as using simplified highd convolutions Eq. (D.7), are plotted in Figs. D.2 and D.3 as functions of transfer
√
momentum q. We scaled the dispersion relation Eq. (D.2) by a factor of 1/ 3 to
maintain consistency with the high-dimensional approach. The first plot shows
the RA bubble for ∆ = 1, the second shows the RR bubble for ∆ = 2. We
see that the high-dimensional calculation works equally well for both disorder
strengths and generally little underestimates the integrals for all values of transfer
momentum.
6
BZ int
high-d

5
4
3
2
1
Γ

X

M

Γ

R

XR

M

Figure D.2: Two-particle bubble χRA as a function of transfer momentum for symmetric
binary disorder and ∆ = 1. Red line: full Brillouin zone integration, blue line: highdimensional approximation (C.13).
-0.4
BZ int
high-d
-0.5

-0.6

-0.7

-0.8
Γ

X

M

Γ

R

XR

M

Figure D.3: Two-particle bubble χRR as a function of transfer momentum for symmetric
binary disorder and ∆ = 2.
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