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Abstract – We give a sufficient condition under which a steady nonequilibrium driving in the
form of a rotational force on medium particles stabilizes an immersed slow probe in the rotation
center. We illustrate that scenario for a diffusive medium with an external potential in the shape
of a Mexican hat, high around the origin, with a short-range attraction between those medium
particles and a heavier probe. For no or small rotation force on the medium particles, the origin is
an unstable fixed point for the probe and the precise shape of the Mexican hat at large distances
from the origin is irrelevant for the statistical force there. Above a certain rotation threshold
however the probe gets stabilized at the origin and more details of the medium-density at large
distance start to matter. The focusing effect occurs for different types of differential rotation with
rotation threshold only weakly depending on the ambient temperature and is also robust around
the quasi-static limit.

Copyright c© EPLA, 2016

Stabilizing an otherwise unstable configuration or phase
by external action is an important challenge for a range of
applications but also for the physical understanding of the
robustness of spatio-temporal patterns induced by contact
with nonequilibria. Many examples exist for dynamical
systems where by using feedback mechanisms one achieves
the necessary control or steering. Other examples such
as the Kapitsa (inverted) pendulum which is stabilized
by a time-dependent external force do not require feed-
back [1,2]. More recent examples are found in the context
of stochastic dynamics with time-dependent driving [3].
A further step would be to use the steady nonequilibrium
character of a medium to achieve such a stabilization, pos-
sibly leading to alternative control strategies. The fact
that the medium is quasi-stationary is relevant for the
occurrence of stable structures in living matter [4] or in
collective Hamiltonian dynamics [5]. Driving-induced sta-
bility is also important in the exploration of new phases
or patterns in active media [6,7] and relates with the ob-
served enhancement of self-assembly under contact with
suitable nonequilibrium baths [8].

In the context of statistical forces, one aims at under-
standing the action of an ensemble of particles on some
collective coordinate or probe. Such a force can be derived

consistently in equilibrium statistical mechanics as the
derivative of the ensemble free energy. In the present let-
ter we study the statistical force on a slow probe from a
nonequilibrium medium. While it can be viewed as an
application of the formalism that has been introduced in
refs. [9,10], we concentrate here on the driving-induced
stabilization of a fixed point for the probe’s dynamics,
similarly to ref. [3] but here for the case of steady driv-
ing. For that purpose we consider a class of models in
two dimensions with overdamped diffusive particles that
are each subject to a rotational force around the origin
(shearing condition) and that interact over a short range
with a probe. This is a paradigmatic model of interac-
tion between a slow system (the probe) and a fast sys-
tem (the medium) where the latter is maintained out of
equilibrium by steady driving forces. Medium particles
are further confined by an external potential taking the
shape of a Mexican hat, which can be viewed as mimick-
ing a mean field interaction between the medium particles
but that will play no role in what follows. See fig. 1 for
a graphical summary of the situation. The origin is a
fixed point for the probe but for attractive coupling with
the medium is unstable in equilibrium. We show in the
present paper that it acquires stability when increasing

30007-p1



Urna Basu et al.

-8 -6 -4 -2 0 2 4 6 8

0

0.5

1

1.5

2σ0

k0

2σw

V

Fig. 1: (Colour online) An illustration of the class of systems
considered. Left: the gray background depicts the confining
potential, darker regions corresponding to higher values of the
potential. The black dots represent the particles of the active
medium, with an arrow in the direction of the flow. The shaded
circle represents the probe. Right: cross-section of the Mexican
hat potential V (r) along with the parameters.

the rotational driving in the medium beyond a threshold
value. We will establish that stabilization of the probe at
the rotation center by computing the effective spring con-
stant, or stiffness, which is obtained from linearizing the
statistical force on the probe there. Naturally extending
an established terminology [11], we call the nonequilibrium
contribution to the symmetrized stiffness a nonequilibrium
Lamb shift, and we show that it is given in terms of a co-
variance between excess work functions. That excess work
involves the nonequilibrium density globally and not only
at the location of the probe, which is a manifestation that
long-range effects (a ubiquitous feature of nonequilibrium
states) show up also in the nature of stabilization.

We start by giving the general coupled dynamics of
medium and probe and define the statistical forces and the
corresponding stiffness in the limit of a quasi-static probe.
We demonstrate the stabilization effect of the nonequi-
librium driving for different types of differential rotation
and potentials. We also state a sufficient condition un-
der which we are able to prove rigorously the positivity
of the (nonequilibrium) Lamb shift. Finally we employ
numerical simulations to explore the stabilization beyond
the quasi-static regime. More technical derivations are
collected in an appendix.

Statistical force and stiffness. – We consider a two-
dimensional system in which N driven particles and a
probe move in a thermal environment at temperature T ,
idealized here by using an overdamped Langevin dynam-
ics. We refer to the driven particles at positions yi as
the medium, which are mutually noninteracting, as an
ideal gas, but are subject to a sufficiently confining ef-
fective potential V (y). Each interacts with the probe via
the potential UI(|x− y|) depending on the distance to the
probe at position x; U(x, y) = V (y) + UI(|x − y|) is the
total potential. We use the notation ∇U for the gradi-
ent with respect to the medium particle position y and
∇xU is the gradient with respect to the probe position x.
Furthermore, each of the medium particles is subject to a
solenoidal driving force F (y) which means that ∇ · F = 0

and F is not derivable from a potential. The mobility for
the medium particles is denoted by χ > 0 and the damp-
ing coefficient for the probe is γ > 0, so that the joint
dynamics becomes, for i = 1, . . . , N ,

ẏi
t = χ

[
F (yi

t) − ∇U(xt, y
i
t)

]
+

√
2χT ξi

t, (1)

γẋt = −
N∑

i=1

∇xUI(|xt − yi
t|) +

√
2γ T ξt, (2)

all smoothly depending on the positions and under free
boundary conditions at infinity. The ξi

t, ξt are independent
standard white noises. Later for convenient simulation we
apply also an extra confining potential Vp on the probe.

For simplicity of the argument, we assume that the
origin is a special point of symmetry, in the sense that
F ⊥ ∇U(x = 0, yi) meaning that the driving is always
orthogonal to the force on the medium particles when
x = 0 (probe is at the origin). An example is provided
by particles in a rotation symmetric external potential
V (yi) = V (|yi|) which are driven by a rotational driving
force F having only an angular (and no radial) component
around the origin.

The quasi-static regime for the probe is reached when
the medium has a very small relaxation time compared to
the probe, or γχ → ∞. (Below we also explore the joint
dynamics when the time-scale separation between (fast)
medium and (slow) probe is not infinite.) The averaged
mechanical effect of the medium particles on the probe is
described by the statistical force

f(x) = −
∫ N∏

i=1

[
dyiρx(yi)

] N∑
i=1

∇xU(x, yi)

= −N

∫
dy ρx(y)∇xU(x, y)

= −N 〈∇xUx〉x

(3)

where we average over the stationary medium density
ρx(y) for the dynamics of a single driven particle while
keeping the probe at position x. We also write Ux(y) =
U(x, y) and 〈·〉x is the expectation over ρx. We always
have the origin to be a fixed point in the sense that the
statistical force f(x = 0) = 0 vanishes there. The statis-
tical force has components f = (f1, f2) depending on the
decomposition in orthogonal coordinates.

To investigate the stability of the probe near a fixed
point x, we introduce the stiffness matrix

Mjk(x) = −∂fk

∂xj
(4)

A sufficient condition for local stability [12] is the posi-
tivity of the symmetric part of the corresponding stiffness
matrix (4). For x = 0 the eigenvalue in the radial direc-
tion provides the effective spring constant by which the
probe is attracted to the origin.

Under equilibrium, i.e., for F = 0 in (2), the statistical
force f(x) = TN∇x log Zx derives from the free energy,
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where the (single-particle) partition function Zx is

Zx =
∫

dy exp
[−βUx(y)

]
for β = 1/T . The equilibrium (F = 0) stiffness is

M eq
jk (x) = T

∂2 log Zx

∂xj∂xk
, (5)

which is automatically symmetric, but will here be a neg-
ative matrix for x = 0 implying that the probe is unstable
at the origin under equilibrium conditions.

The main subject of the paper is to show how for the
probe the origin stiffens under nonequilibrium. We will
give a formula for the symmetric part of the stiffness ma-
trix including the nonequilibrium Lamb shift. Apart from
the simulation and exact numerical evaluation of that for-
mula we also state a specific sufficient condition for im-
proved stability upon driving.

Nonequilibrium stabilization. – We consider the
ideal-gas model of the driven medium (1) which we now
write as a single-particle diffusion with χ = 1,

ẏt = F (yt) − ∇Ux(yt) + (2T )1/2ξt, ∇ · F = 0. (6)

(Remember that ∇ is the gradient on the y-variable.) The
potential and driving fields are

Ux(y) = V (|y|) + UI(|y − x|), F (y) = ε|y|ω(|y|)êϕ, (7)

where in polar coordinates (r, ϕ) we have a radial rotation
profile ω(r) and the driving is in the angular direction
(with unit vector êϕ).

The backward generator of that driven diffusion equals

Lx = (F − ∇Ux) · ∇ + TΔ = Leq
x + Ω (8)

with Ω = F · ∇ = εω(r) ∂/∂ϕ being the flow under the
rotational driving force.

To be specific we take here the external potential

V (r) = k0 e
− r2

2σ2
0 + er−σw , (9)

which is a Mexican hat with outer radius σw and with the
top at the origin of size σ0 and height k0; see also fig. 1,
right panel. For the local interaction we take

UI(x, y) = −λ

[
1 − (x − y)2

σ2

]2

(10)

with a cut-off at |x − y| = σ. Figure 2 shows the depen-
dence on ε of the stiffness (4) (or effective spring constant)
m = M11 = M22 at x = 0, as obtained from quasi-static
numerical simulations, for for various choices of rotation
profiles ω(r).

We observe that the Lamb shift is always positive and
the origin eventually becomes stable as the driving is in-
creased; there are no dramatic differences between the
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ω = r1/2
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ω = 0

Fig. 2: (Colour online) Stiffness of the statistical force at the
origin for various rotation profiles as function of the driving ε.
Parameters: T = 1, λ = 5, k0 = 1, σ = 1 and σ0 = 1.
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Fig. 3: (Colour online) Stiffness of the statistical force at the
origin for ω(r) = 1 with driving ε for various temperatures.
The solid line shows the stiffness corresponding to the lin-
earized potential following (18).

types of rotation, even including the case ω(r) = 1/
√

r
where the angular speed is decreasing radially outward.
We have observed the same effect of nonequilibrium sta-
bilization also in a number of other potentials exhibit-
ing instability of the origin under equilibrium conditions.
Figure 3 shows the temperature dependence for the con-
stant rotation profile ω(r) = 1 showing that the threshold
value for ε depends very little on T . We now give the
theory leading to and explaining these findings.

The stiffness (4) per medium particle (or for N = 1) is

Mjk(x) =
∂

∂xj

∫
dy ρx(y)

∂Ux

∂xk
(y)

=
〈

∂2Ux

∂xj∂xk

〉x

+
〈

∂ log ρx

∂xj

∂Ux

∂xk

〉x

.

(11)

To make the last term more explicit we need to find a use-
ful expression for the response of the stationary distribu-
tion ρx → ρx+dx under a change in probe position. That
can be obtained from the linear response theory around
steady nonequilibrium [13]. In the appendix we derive
the response formula yielding the stiffness at the origin
Mjk = Mjk(0),

Mjk =
〈

∂2Ux

∂xj∂xk

∣∣∣∣
0

〉0

− β

〈
∂Ux

∂xj

∣∣∣∣
0
;

∂Ux

∂xk

∣∣∣∣
0

〉0

− β

〈
Ω

∂Ux

∂xj

∣∣∣∣
0
;

1
L0

∂Ux

∂xk

∣∣∣∣
0

〉0

,

(12)
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where 〈u ; v〉 = 〈u v〉−〈u〉 〈v〉 denotes the covariance. The
first line indeed equals the equilibrium form of (5): it sub-
tracts from the intrinsic mechanical stiffness (first term)
the fluctuation part which can easily make that first line
(the equilibrium stiffness) a negative matrix. The sec-
ond line of (12) contains the “frenetic” contribution as it
involves the non-entropic response to the change in den-
sity ρx as needed for (11). The backward generator is
defined in (8). In the appendix from (12) we derive an
exact numerical algorithm to obtain the Lamb shift.

As an immediate application we use formula (12) to
rigorously prove the positivity of the nonequilibrium Lamb
shift for ω(r) = 1 (rigid rotation). In fact, in that case
we can add interactions between the medium particles via
binary forces which depend only on the distance between
the particles. We will not do that explicitly but the main
point is that it remains true that then Ω simplifies to Ω̃ =
ε ∂/∂ϕ for which

[Leq
0 , Ω̃] = [L0, Ω̃] = 0 (13)

and we also have the antisymmetry, Ω̃∗ = −Ω̃, as proven
in the appendix. Therefore Ω̃ generates a one-parameter
symmetry of the equilibrium dynamics for x = 0 and the
symmetric part of Ω̃L−1

0 is a positive operator as is obvious
from rewriting it as

1
2

[
Ω̃
L0

+

(
Ω̃
L0

)∗]
=

1
2

[
Ω̃
L0

− Ω̃
L∗

0

]

= − Ω̃2

L0L∗
0

=

(
Ω̃
L0

) (
Ω̃
L0

)∗
≥ 0.

Substituting into (12), the symmetric part of the stiffness
matrix at the origin, M

(s)
jk = [Mjk + Mkj ]/2, obtains the

form, again with the covariance notation 〈 ; 〉,

M
(s)
jk = M eq

jk + β

〈
Ω̃
L0

∂Ux

∂xj

∣∣∣∣
0
;

Ω̃
L0

∂Ux

∂xk

∣∣∣∣
0

〉0

. (14)

We conclude that the nonequilibrium Lamb shift as
given by the second term is a positive matrix, symmet-
ric with respect to the driving reversal. Since that Lamb
shift is of second order for small ε, the effect described
here falls outside the usual linear response regime around
equilibrium and is beyond the standard treatments via ir-
reversible thermodynamics.

When the driving increases then the Lamb shift grad-
ually counterbalances the (equilibrium-like) fluctuation
contribution in (12). Eventually in the limit ε → ∞ they
cancel each other, making the effect of response of the sta-
tionary distribution entirely vanish. In this limit we find

M
(s)
jk →

〈
∂2Ux

∂xj∂xk

∣∣∣∣
0

〉0

, (15)

which reduces the stiffness to a thermal average of the
intrinsic or mechanical stiffness only. Positivity of that

0 5 10 15 20
ε

0

0.5

1

1.5

m

kb=0
kb=0.5
kb=1.0

Fig. 4: (Colour online) The long-range dependence of the
stiffnes m on kb in the external potential Ṽ (r) for large
enough ε. We took rb = 4, σb = 0.3 and temperature T = 1.0.

mechanical stiffness combined with the negativity of the
equilibrium stiffness signals the transition in ε between an
unstable and a stable origin for the probe.

Observe furthermore that the Lamb shift in (14) can be
interpreted as a covariance of time-integrated excess work
because

Ω̃
L0

∇xUx(y)

∣∣∣∣∣
0

=
∫ +∞

0
dt 〈g0(yt) | yt=0 = y〉0 , (16)

where gx = ∇x[F · (F − ∇Ux)] is the gradient of the
mean instantaneous power of the driving force; see, e.g.,
appendix A in [10].

Finally we note that even for local interactions UI and
intermediate values of ε we can expect a rather strong
dependence in the Lamb shift on the medium density far
away from the origin. The reason is that L−1

0 , just like the
Green function of the Laplacian, generally has logarith-
mic (in two dimensions) or algebraic (in three dimensions)
asymptotics. To make that point of nonlocality clear we
give in fig. 4 the dependence of the stiffness m on changes
in the external potential far away from the origin. That
is done by adding a local hill to the potential (9) at a
distance rb > σ0 from the origin,

Ṽ (r) = V (r) + kb e
− (r−rb)2

2σ2
b . (17)

The stiffness at the origin starts to depend on the hill
strength kb as ε is increased, as can be seen from fig. 4.
That nonlocal dependence of the Lamb shift Δm = m −
meq on far-away features is another manifestation of the
generic long-range correlations in nonequilibrium systems.

Qualitatively, however, a local linearization shows ex-
actly the same stabilization phenomenon. A linear exam-
ple consists of a rotation-symmetric quadratic potentials
V (y) = κy2/2, UI(|y − x|) = λ(y − x)2/2(κ + λ > 0) for
which the equilibrium stiffness (A.4) is meq = λκ/(κ + λ)
and the Lamb shift equals

Δm =
ε2λ2

(κ + λ)[(κ + λ)2 + ε2]
(18)

in accord with the results in ref. [10]. For 0 > κ > −λ the
threshold driving amplitude equals εc =

√−κ(κ + λ) such
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that m < 0 (instability) for |ε| < εc whereas m > 0 (sta-
bility) for |ε| > εc. Note that here neither the stiffness nor
the threshold depends on temperature T . For the nonlin-
ear potentials (9)–(10) we can approximately restore the
linear behavior at low enough temperatures, e.g., under
the assumption that the total potential U(x = 0, y) for
the medium particles exhibits a global minimum at the
origin y = 0. In that regime the probe stiffness is domi-
nated by those particles which have been trapped around
the origin and the linearization is in order. This is ex-
plored in fig. 3 where the solid line shows the plot of m
following (18) with effective parameters λeff = 4λ/σ2 = 20
and κeff = −k0/σ2

0 = −1; the agreement is quite good for
small ε, covering the range when the probe becomes stable.

Beyond the quasi-static limit. – We return to the
coupled system of equations (1), (2) but now for finite γχ.
While the dynamical character of the probe was irrelevant
in the quasi-static limit, now it is playing a role. Away
from the quasi-static regime we can still look at the total
force on the probe in the joint (medium plus probe) steady
ensemble. We then consider the conditional expectation

f(X) = −N
〈∇xU(x, y)

∣∣x = X
〉
, (19)

which in the quasi-static limit or in equilibrium coincides
with (3). Note that in nonequilibrium there is no reason
for the force f to be derived from the effective potential
Veff(X) = −T log〈δ(x − X)〉.

We performed simulations of eqs. (1), (2) with the
stochastic Runge-Kutta algorithm [14]. The external and
the interaction potentials remain the same as in (9)
and (10). The driving is via rotation field F (y) = ε|y| êϕ.
As we are interested in studying the stability of the origin
and to avoid trajectories in which the probe exits the bath
region, the probe is confined via the external potential

Vp(x) = e|x|−(σw+1)

The parameters are T = 1, χ = 1, σw = 6, σ0 = 1,
k0 = 1/2, σ = 1, λ = 2 and γ = 10 or γ = 100, with
higher mobility for γ = 10. The results remain the same
qualitatively for other values of the parameters, e.g., for
much shorter radius σ of interaction between the probe
and the medium particles but then we need to take larger
ε. A direct comparison between quasi-static and joint
simulations, for the radial force on the probe, is shown
in fig. 5(a) where good agreement is found. The results
beyond the quasi-static limit show of course more fluctu-
ations, related to the sampling when the probe is moving,
with lower radii being most affected.

The ε-dependence of the stiffness, shown in fig. 5(b) con-
firms the agreement with our quasi-static results. Increas-
ing the probe mobility, we can observe that the behaviour
of the stiffness changes and deviates from the quasi-static
result, for increased values of the driving ε. In equilib-
rium, i.e., for ε = 0, we observe no deviation at all, as
expected.
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Fig. 5: (Colour online) (a) The radial statistical force on the
quasi-static probe under nonequilibrium. Results for quasi-
static simulations and joint simulations (with γχ = 100) are
superimposed, the latter displaying stronger fluctuations. The
variation of ε allows us to see the transition from unstable to
stable for the fixed point at the origin. (b) The stiffness as a
function of ε for both quasi-static and full (γχ = 100 and 10)
are superimposed.

Fig. 6: (Colour online) (a) The radial distribution P (r) of the
probe for joint simulations of eqs. (1), (2). (b) The radial
distribution ρ(r) of the medium for the same simulation set.

As the probe now moves around, we get access also to
its stationary probability density. In fig. 6(a) we observe
a dip in the radial density P (r) for ε = 0 that is typical to
an unstable fixed point. Increasing ε leads to a transfor-
mation of this dip into a flat density (for near zero stiff-
ness) and then a local excess of density (for a stiff origin).
There is no concurrent change in the local radial density
of bath particles ρ(r) when integrating out the probe po-
sition; ρ(r) is displayed in fig. 6(b), the nonequilibrium
driving does not change its shape. It also means that
from just observing the medium radial profile, we cannot
infer the probe’s attraction or repulsion from the origin.

Conclusion. – In a specific nonequilibrium environ-
ment different shapes, phases or configurations may
become more stable than in equilibrium. A systematic
treatment uses nonequilibrium response theory to evalu-
ate the stiffness or effective spring constant near a fixed
point for the mean force on the probe. There appears a
simple sufficient condition for increased stability in terms
of the invariance of the equilibrium dynamics under the
driving flow, but our examples showed great robustness of
the stabilization for all types of differential rotation and
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beyond the quasi-static limit. A first, more physical, ex-
planation of the results can be obtained by linearising the
problem locally around the origin, where a simple calcu-
lation yields the desired effect of improved stability. How-
ever, we have noted important long-range effects due to
the nonequilibrium nature of the problem, at least beyond
the regime of low temperatures where the local linear ap-
proximations around the origin often provide a valid ap-
proximation. We found at least in the case of rigid rotation
ω(r) = 1 that the nonequilibrium stiffness becomes equal
to the intrinsic stiffness of the medium-probe coupling as
the driving gets very high; see (15). The effect therefore
seems to be mechanical, with the driving eliminating the
force fluctuations which make the origin unstable in the
equilibrium case.

Yet we must realize that the Lamb shift in the effec-
tive spring constant is second order in the nonequilibrium
driving and thus the effect falls outside equilibrium-like
energy-entropy considerations. That is finally the most in-
teresting part theoretically, as we enter here the problem
of stabilisation outside the usual thermodynamic frame-
work, where we believe much needs to be discovered and
analyzed. We expect the effect described in this proof-of-
principle study to be relevant also in other situations, such
as shear flows for instance, to provide statistical mechan-
ical treatments of probe-focussing in fluid flow.

∗ ∗ ∗
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sions. PdB is a postdoctoral fellow of the Research
Foundation-Flanders (FWO). UB acknowledges the finan-
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Appendix. –
Steady medium at x = 0. The case x = 0 is particu-

larly convenient because of the orthogonality relation

F · ∇U0 = 0 (A.1)

easily derived as we have assumed that the external po-
tential is purely radial. As also ∇·F = 0 we conclude that
ρ0 is invariant for Ω = εω(r) ∂ϕ and as a consequence ρ0
equals the equilibrium distribution ρ0 ∝ exp[−βU0(r)] for
all ε.

Note also that for all ω(r) and arbitrary functions u
and v,

〈u Ωv〉0 =
∫

ρ0 u∇ · (Fv) = ε

∫
ρ0 u ω ∂ϕv

= −ε

∫
ρ0 v ω ∂ϕu = −〈v Ωu〉0,

i.e., Ω is an antisymmetric operator, Ω∗ = −Ω, while by
detailed balance Leq

0 is symmetric. This means that the
(driven) adjoint dynamics for x = 0 has the generator
L∗

0 = Leq
0 − Ω which differs from L0 only by the driving

reversal. Therefore (13) ensures the normality property,
[L0, L∗

0] = 0.

Response formula. Stationarity implies that
〈Lxu〉x = 0 which we can differentiate at x = 0 to
produce

0 = 〈(∂j log ρ0 L0 + ∂jL0)u〉0
= 〈uL∗

0∂j log ρ0 − ∇∂jU0 · ∇u〉0
= 〈u {L∗

0∂j log ρ0 − β∇U0 · ∇∂jU0 + Δ∂jU0}〉0
= 〈u {L∗

0∂j log ρ0 + βLeq
0 ∂jU0}〉0.

That yields the equation L∗
0∂j log ρ0 = −βLeq

0 ∂jU0. We
have used the simplified notation ∂j = ∂/∂xj , ∂jv0 =
(∂v/∂xj)|x=0 for all functions v(x). Finally, from the pre-
viously derived L∗

0 = L0−Ω for the adjoint of L0 under ρ0,
that implies

L∗
0(∂j log ρ0 + β∂jU0) = −βΩ ∂jU0

the solution of which is the response formula

β−1∂j log ρ0 = −∂jU0+〈∂jU0〉0−(L∗
0)

−1 Ω (∂jU0). (A.2)

Note that the driving ε does not at all have to be small as
we are not doing linear response in F but in x (for fixed
driving F ).

The formula (A.2) immediately gives rise to for-
mula (12) by substituting it into (11). To go from there
to (14) for the case of ω(r) = 1, we need the commutativ-
ity (13), [L0, Ω̃] = 0 with Ω̃ = ε∂ϕ and

L0 = ε
∂

∂ϕ
− U ′

0
∂

∂r
+ T

[
1
r

∂

∂r

(
r

∂

∂r

)
+

1
r2

∂2

∂ϕ2

]
(A.3)

In general, for Ω = ω(r)Ω̃, [L0, Ω] �= 0 and only the
orthogonality F · ∇U0 = 0 remains verified. Yet, for non-
rigid rotations the invariance condition [L0, Ω] = 0 is bro-
ken because of the non-commutativity between Ω and the
diffusion part of L0 and that is proportional to the tem-
perature. That is why it can be expected that correction
terms in the Lamb shift which are not explicitly positive
are small at low temperatures, i.e., that our exact posi-
tivity argument should remain basically unchanged for all
types of differential rotation when T is low enough.

Stability. Asymptotic stability is equivalent to the
strict positivity of the real parts of all eigenvalues of M
(⇒ strict contractivity of the semigroup e−Mt). It suffices
in general to have a simple Lyapunov function. See for
example Theorem 3.6 in ref. [12].

The simplest candidate for a Lyapunov function is
λ(x) = |x|2. If the induced probe dynamics is overdamped,
γẋt = f(xt) with some friction γ > 0 and linear approxi-
mation f(x) = −Mx, then

γ
dλ(xt)

dt
= −2xt · Msxt

and hence λ(x) is (exponentially) Lyapunov with attractor
at x = 0 if and only if Ms > 0, i.e., if all its eigenvalues are
strictly positive. Provided that is verified, then the anti-
symmetric part Ma = (M −M †)/2 representing rotational
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forces does essentially not matter for stability (though it
of course enters the phase portrait). If M is a normal
matrix, [M, M †] = 0 = [Ms, Ma], then the real parts of
eigenvalues of M coincide with the eigenvalues of Ms. In
that case, asymptotic stability is equivalent to Ms > 0.

Computational algorithm for the Lamb shift. Let us
next give an algorithm to find these Lamb shifts via the
solution of certain differential equations.

By rotation symmetry the most general form of the stiff-
ness matrix (4) for the probe around x = 0 is

M =
(

m −a
a m

)
.

At equilibrium aeq = 0, and

meq =
πβ

Z0

∫ ∞

0
V ′U ′

I e−β(V +UI), (A.4)

where primes indicate derivatives with respect to r.
When ε > 0 and for angular rotation ω(r) we get m =

meq + Δm. We show here that the Lamb shift can be
expressed as

Δm =
1
2
ε β Im

〈
U ′

I ωΨ
〉0

, (A.5)

where Ψ(r) solves the differential equation

−U ′
0Ψ

′ +
T

r
(rΨ′)′ − T

r2 Ψ + iεω(r)Ψ = −U ′
I . (A.6)

We first note that formula (12) can be written as

ΔMjk =
〈
(ω∇jUI)

1
Leq

0 + ωΩ̃
Ω̃(∇kUI)

〉0
.

For the rightmost vector we need, in Cartesian
coordinates,

∂

∂ϕ
(∇UI) = U ′

I(r) (− sinϕ, cosϕ) (A.7)

and we want to find h(y) = (h1(y), h2(y)) with 〈h〉0 = 0
so that (Leq

0 + ωΩ̃)h = −εU ′
I (sin ϕ, − cosϕ). Going to

complex notation, we write h(y) = Ψ(r)eiϕ and note that
for any Φ = Φ(r),

Leq
0 (Φeiϕ) = (ΛΦ) eiϕ,

where
ΛΦ = −U ′

0Φ
′ +

T

r
(rΦ′)′ − T

r2 Φ. (A.8)

As a consequence,

1
L0

Ω̃(∇UI) = ε (Im, −Re) (Ψeiϕ),

where Ψ, 〈|Ψ|2〉0 < +∞ solves

(Λ + iεω)Ψ = −U ′
I . (A.9)

Combining with ∇UI = (Re, Im) (U ′
Ie

iϕ) it finally
yields (A.5).

Since Im Ψ = O(ε), the Lamb shift is O(ε2) as ex-
pected due to the symmetry ε ↔ −ε. The differential
equation (A.6) is solved with the routine NDSolve of Math-
ematica. The density of the medium is fixed at the bound-
ary of the system as ρ̄(R) = 1.

In the case where ω(r) = 1 we can take Ψ̃ solving

(Λ + iε)Ψ̃ = −U ′
I (A.10)

and the Lamb shift obtains the simplified expression

Δm =
1
2
ε2β

〈|Ψ̃|2〉0 (A.11)

giving an alternative to (14). As an example, for the linear
case (18), eq. (A.10) for ω = 1 has the solution Ψ̃(r) =
λ r/(κ + λ − iε).
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