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This class … 

is devoted to the many-electron aspects of the solid 
state (computational) theory 
•    explores  the many-electron features of the 
electronic structure of solids and solid surfaces 
•    discusses in some detail the jellium model  
•    explains in detail the original Kohn-Sham Density  
functional theory (DFT) and the local density     
approximation  (LDA)  
•     outlines its various improvements and 
generalizations 



General comments 
on the many-electron problem 



Basic formulation (“standard model”) 
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Qualitative picture (~ for simple metals)  

5 

   

1. 
   classical elst. system ... unstable. Stabilized by Planck constant 

kinetic energy of quantum fluctuations
   at the surface leaking of ele

  Quan

ctrons

tum effects

2.   P
 into v

aul
 acuum

x p∆ ∆⋅


 





H

   Aufbau principle .... atoms
     Fermi sea   ....  solids

  states from both continuous and discrete

i principle I.

3.  Hartree field 
 spectra

 ... (Coulomb) mean field of elec
   at the surfac

r
e

) t(
 
υ r





on clouds  

   compensation of diverging fields and energies

   screening -- suppresion of long range Coulomb fields

   most of the Coulomb energy absorbed into the mean fiel

   at the 

d part

 surface 







  electrostatic surface dipole, work function 



Qualitative picture (~ for simple metals) cont’d  
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A neat expression for the total  electron energy 

7 

( )

2 2

2

2

1

3 3

3 3

3 3

1
2

1 1
2 2

1
2

| | | |

| |

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ( ) ( ) ( ) ( ) ( )

ˆ = ( ) ( )

H

ˆ ( ) ( )

amiltonian

 

({

e

e

i ji j i j

N

ee i
i

i i
i

ee i j

ee i j
i j

m

e e

e

H T U V T

V d d n

U d d

U d d

υ υ δ υ

δ δ

δ δ δ

≠ ≠

=

′ ′
− − ′

′
− ′

= + + = ∑

= ∑ = ∫ ∑ − ≡ ∫

′ ′= ∫ − ∑ −

′ ′= ∫ ∑ − ∑ − −

∑∑ ∑∑r r r r

r r

p

r r r r r r r r

r r r r r r

r r r r r r



2

3

3 3

pair correlatio2 n f

( ) ( )
( ) ( )

1
2

particle density

| |

 

)  

ˆ ˆ| |
( )

ˆ ˆ ˆ

Total energ

ˆ ˆ ˆ( ) ( )

ˆ ˆ( ){ ( ) ( )

y 

}

( , )

  

 

}
i i

i

ee

e

H H
n

H T V U T d n

d d n n

n

δ δ
δ δ

Ψ Ψ

υ

δ

′− −
′= − −

′
− ′

←

′−

= 〈 〉 ≡ 〈 〉

〈 〉 = 〈 〉 + 〈 〉 + 〈 〉 = 〈 〉 + ∫ +

′ ′ ′+ ∫ 〈 − − 〉

′

r r r r
r r r r

r r

r r

r
r r r

r r r r r r

r r

E

unction



self-interaction 
avoided 



A neat expression for the total  electron energy 2 
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A neat expression for the total  electron energy 2 
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Exchange and correlation hole 
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Properties of the exchange and correlation hole 
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Jellium 



Jellium: definition 
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  model of extended electron systems
  pedigree: Sommerfeld model
  ... and its justification
  central problem of an interaction electron gas:

 Long range of Coulomb force
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Jellium: properties cont’d 
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Jellium: energetics 

15 

  for any kind of energy
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Jellium:  some results 
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Correlation energy in jellium -- crucial for LDA 
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Density functional theory 
(DFT) 



Hohenberg - Kohn theorem 
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Proof of the Hohenberg - Kohn theorem 

20 

 particle density is an excessively reduced quantity
 is it clear that to given  a  exists?

 in the field of nuclei,  obeys the c

(

usp conditions, which specify 

) ( )

( ) (

Objections

Answe
)

   

rs
 :

 

:
n

n

r r

r r







v

v

Av

Av 0

1 ( )

(0)

By this example ( . . ),  the correspondence is 
 this problem of " -representability"  resolved by  and  

             , | |

   
r

n r

n r

E B Wilson clare et distincte
M. Levy E. Lieb

Z rα

α α

α α α
→ +

∂

∂
= − = −r R

 v

1 2 1 1 1 2 1 1 2 1 1 2

2 1 2 2 2 1 2 2 1 2 2 1

1 2 1 2

1 2

1 2

   
ext. 

so that:

ˆ ˆ ˆ| | | | ( )
ˆ ˆ ˆ| | | | ( )

  ( ) ( ) 0
    ( ) ( )             
   ( ) ( ) con st.

const.

H T U d n E d n E

H T U d n E d n E

d n n
n n

Ψ Ψ Ψ Ψ

Ψ Ψ Ψ Ψ

r r

r r

r
r r
r r

v v v

v v v

v v

v v

v+

á ń= á + ń+ ň = + ň - >

á ń= á + ń+ ň = + ň - >

ň - - <
Ţ ą
Ţ ą +

ground statefield density     
ˆ| |n nΨ Ψ Ψ¬ ¬ = á ń

1ff  i Ψ Ψ <˘



Variational principle for the energy functional 
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Orbital theory of Kohn and Sham 
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Orbital theory of Kohn and Sham 
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Exact Kohn - Sham equations 
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Exchange and correlations in  KS theory 
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Exchange and correlations in  KS theory 
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LDA  Local density approximation 
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(1)  As easy to solve as Hartree or Slater equations

(2)  Of course, by iteration in a self-consistent cycle

(3) LDA really works. Two questions  
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LDA eqs. have the structure of the exact KS eqs.

Kinetic and Hartree parts are included in full, "only"  is approximate

LDA is a parameter-free theory, no fitting, no adjustments

Num

xc

General properties

v

erically, LDA is comparatively undemanding, solutions fully converged
 

1.  exact in the limit of jellium and the
 

 
−

Altogether :  a well structured 

Why is LDA so good qualitative cr
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high density limit
2.  it has a variational principle

3.  the LDA XC hole satisfies the sum rule and similar
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Altogether :  typical  COMPREHENSIVE THEORY

of the XC hole

interpolation
scheme



Why II: εc  is not sensitive to the shape of the XC hole 

30 



2

radial symmet

KS 3 KS
XC

K
XC

ry of the kernel

1
2 | |

One reason for the success of LDA is that the correlation energy

depends only on gross features of the

              

 XC ho

( ,[ ]) ( ,

 

le

 

)

  

xc
en d hε

ε

′
−′′ ′= ∫ r rr r r r

spherical averag

S 3 KS

2 KSKS
XC

KS
XC

2 KS

e KS

1
2

1
2

1
2

2
| |

                  ( ,[

( ,[ ]) ( , )

sin ( , )

( , )

( , )       

])

( ,[ ]   )

xc

xc

xc

xc

en d h

e udu d d h

h u

e u un du h

nε

ε

ϑ ϑ ϕ

′= ∫ +

′= ∫ ∫∫ +

′= ∫

ur u r r u

r r u

r

r

r r





  Correlation energy per particle of any kind (true, exact DFT, LDA)

is completely specified by a single global characteristic of the respective XC hole

obtained in two steps

(1)   by the spherica

SUMMARY

l average of  

(2)   as the first moment of the resulting radial function
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[110]   plane in Si structure

density contours of valence electrons 

+ 
+ + 

•

 

  Si nuclei and bond connecting lines

  centers of XC holes in the main plot

•

+

bond 
zigzags 
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It turns out that the errors in the exchange energy and the correlation energy,
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This is an oversimplified scheme of the vast list of approximations  to DFT. 
Try to look at  
http://sites.google.com/site/markcasida/dft 

Classification according to John Perdew 
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This is an oversimplified scheme of the vast list of approximations  to DFT. 
Try to look at  
http://sites.google.com/site/markcasida/dft 

Classification according to John Perdew 

hybrid functionals  between DFT and HF

Greek  means 'beyond' or 'after' here

Generalized gradient approximation

Local (spin)density approximation

SI corrections; Third generation DFT
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Classification according to John Perdew 
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I viděl ve snách, a aj, žebřík stál na zemi, jehožto vrch dosahal nebe; a aj, andělé Boží 
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And he dreamed, and behold a ladder set up on the earth, and the top of it reached to 
heaven: and behold the angels of God ascending and descending on it. 
 Genesis 28:12 
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Classification according to John Perdew 
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Epilogue 

At surfaces, LDA works all too well, 
considering the fast drop of the electron 
density from the bulk value to zero 
In the next class, we will have a look at 
truncated jellium.  



The end 
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