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_I_

Process e"e™ — qqg

PB = p2 + p3

e Born approximation (tree level)

e neglect electron and quark masses
e only QED (neglect contribution from 7))
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e"e” — qqg and Y — qqg
p2
ol ol ol
q=p1+p2
P1
i (A) i (B) z
® triCk 0-66_>qq/0-66_>qqg — Ff}/*_)qq/rfy*_)qqg R. Fleld, App|lcat|0ns of Perturbative QCD

e formula for n body decay at particle rest frame

1 2 3n - 3n PR :
— ) h n — 2 — 1
> Eonre IM|“d"R wit d"Ry, = (2m)* ] (27T)32E7;5 (q ;p)

1

dl’

e more simple, due to lack of incoming electron tensor L,
e sum over all 4 photon and gluon polarization states gives >an(Nev(A) = —guw

Ward identity (e, (k)M* = k,M# = 0) ensures we can apply it on external photons/gluons as well
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v — qq

Matrix element is given by the contraction of charge current

p2
J! = u(p1, s1)(—ieeq) v v(p2, s2)
* with photon polarization vector (). The square of the matrix element is then given
q=p1+p2 by the contraction of corresponding quark tensor LY = J#JT¥ and photon tensor
» Ljw = €u4(N)e;,(X). Summing over all polarization states of quarks and antiquarks
1

(s1 and s2), and over photon polarizations A we have

i dYMP= D Le (Nep(\) == LM =—> Lk

51,82, 51,82, 51,52 51,52

For the massless case, the matrix element summed over spins is ,
s=(p1+p2)“=2p1-p2

—T
Z IM|? = — Z Ly, = S AL e 62Tr(]b17 Hpary,) = 2e 62Tr(]b Po) = 8e%e (p1-pa) = 4e%es

q
51,82, 51,52 _21;2

The decay product phase space d° R, integrated over the delta function is _
3_} 3 In CMS, E1=F»
d°p d°pa 7

1 d35; 1 - S
6 2p. _ 4 Y _ D1 (1) — —
sph. coor. 1 E%dEldQ 1 B B
B 167r2/ E2 2 O0WVs/2- B = 327r it
5(g(x))=0(x—7)/|¢'(¥)], 9(z)=0
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v — qq

We did not average over the initial spin states, we just need to remember to do the

= same when we will evaluate ggg final state. There is, however, an additional factor
of 3 connected with the fact that quark can occur in three color states.
,.y‘k
q=p1+ po Also note that matrix element does not depend on scattering angle. Therefore the
total decay width of v* — ¢g process is simply
P1

1 22, 1 1 292, 1 e* 4 2
INES 32—\/546 €yS 35,2 /dQ — WE% €yS 59,2 4 = SEGQ\/E = SOzeq\/g.
Corresponding LO cross section for eTe™ — ¢g scattering is

47‘('052 flCL’U.
— E : 2
o) — 3 3 €q
q
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(A) ¢ (B) ¢

The two leading order Feynman diagrams are shown above. The corresponding matrix elementsreads
. _ . YA,
iMy = u(p1)(—igy"'T, %)g%(—weqv”)v(m)egu(p:a)eu(Q),
A
—ipB

Pp

IMp = u(p1)(—icey”) (—igy" T )v(p2)ey, (p3)en(q)-

Note the minus sign in front of pp, it is connected with the direction of 4-momentum pg in the propagator of anti-quark.
Square of the matrix element equals to

IMJ? = (Ma+ Mp) (M + Mp) = [Mal* + 2Re(MAM) + [Mp|*.
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v — qqg

2,202 2.2 2
ge gee‘e
> IMuP =TT, 7 qTf(ﬁW“ﬁM”ﬁﬂ"ﬁM) Egu(P3)egr(p3) £5(q)e5(q) = Tr(1°T) o ITr(vupiv" Pay" pov pa)
A _ZIZT —Guvo %5aa A _27;1 _2#2
492626?] 4g26263 5
=4 Tr(p1papapa) = 4 4 2(p1-pa)(p2 - pa) — pa(p1 - p2)]

Py Py

We will evaluate the scalar product terms in the CMS where the photon 4-momentum is ¢ = p1 + p2 + p3 = (1/s,0,0,0).
Introducing fractional energies x; = 2F;/1/s, we can get scalar products of any momentum pair from

2p1-p2= (p1+p2)° = (q—p3)° =q° —2(q-p3) = s — 2v/sE3 = 5(1 — x3).

In analogy, 2p1 - p3 = s(1 — x2) and 2py - p3 = s(1 — x1). For the scalar products with p4 = p1 + p3 term, we have
2p1-pa=2p1-p1+2p1-p3s=s(l—x2),
2p2-pa =2p1-p2+2p3-p2=s(2—x1—x3) = sx2,
ph = (p1+p3)” =2p1-p3 = s(1 —x2),

where we used energy conservation, which expressed in fractional energies x; reads 1 + x2 + x3 = 2. The square of the
matrix element is then

9 8g2 2 2 5 892 2 2
D Myl = i L12(p1 - pa)2(p2 - pa) — pA2(p1 - p2)] = 4(1 — @)2 (1 —22)ze — (1 — 22)(1 — 23)]
A
892 2 g 2 9 2 1 — I1
41_I2($2+ZE3+331—561—1> 4-8g°e ql—ZIZQ
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v — qqg

In the case of square of matrix element M pg, we can guess the result directly. With respect to diagram (A), we only need

to exchange quark for anti-quark, p1 < p2 (pa — pPB)

1 —
> IMpP = 4 8¢ —
ql—xl

The interference term is the most difficult to evaluate. Here we have

9262 2 2926262
Z 2MAM* — 2TijLTjaz qTr[]blfY (Z]bA) V]é?y,u( ) ]éBle/] =—4 9 qTr[]bl :Y'u]bA/yysz/y/ﬁ]éB%/]
pApB PaAPp 7
— 227V A
4g2e2¢2 16g°e*e;(pa - pB) A(pa - pB P12
4 AT iy P ap) = Al APA L) s ) — g 169223 PA BN PL P2)
PaPp 4pA-pB PaPg 4p1-p2 pApB

We will need the following additional scalar products, p% = s(1 — x1) and
2pA-pB = 2(p1 +p3)-(p2 + p3) = 2p1-p2 + 2p1-p3 + 2p2-p3 = s(1 —z3+ 1 — 29+ 1 —11) = 5

The interference term then simplifies to
1 — I3
11— 29)(1 — 1)

D 2MME =4 16g%¢%¢]
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v — qqg

For the sum of the square of the whole matrix element we have then

! (1= 2)(1 — 1)

l—x21 11— 2(1 — x3)
M2 = 4. 852262
2. M T T T T (I —22)(1—21)

2, .2

X X

_ 4.8 2.2 2 1T 75
7% (1 —22)(1 — 1)

— 4.8 )
T Ty 1 — )

Evaluation 3-body decay phase space

3 3 3
d°p;
d'R3 = (2m)* [ | ( 25D m),

27T)32E7;

As the matrix element depends only on two kinematic variables, we would like to integrate over the remaining degrees of
freedom. We can integrate over one particle momentum (p3), eating the three spatial components of delta function

1 d°p1dps 1 dEE?
5(\/s — E1 — By — E3) =
(27)52F5 2E1 2E5 (Vs = By = By = Ey)

dE, 2
40 —2—2

dQ9 8(v/s — Ey — By — E3).
(27m)52E5 2E; 2B, ° (Vs = By = By = Ey)

d'Rs — d°R5 =

We switched to spherical coordinates to integrate over the remaining delta function and other degrees of freedom. In
particular, the matrix element depends only on quark and antiquark energies. We can therefore integrate over the direction
of quark, i.e. over solid angle €);.
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* —
Y — 449
We have to be more careful about the integration over the solid angle €25. Once the direction of quark is fixed, the direction
of antiquark is not arbitrary as the angle between quark and anti-quark together with their energies determines the energy

of gluon E3. Therefore in the case of antiquark, we select the z-axis of spherical coordinate system in the direction of quark
and the polar angle is then the angle between quark and antiquark ¥/12. From the momentum conservation we have at CMS

Eg = |]3)3|2 = (ﬁl —|—ﬁ2)2 = E% + E% + 2E1E2 COS 1912.

We will use the remaining delta function to integrate over angle v/12. The function inside of the delta function is

g(cosi2) = /s — By — Fy — \/E% + E2 4+ 2FE1 F3 cos Y12.

The first derivate in then
dg 1 2F1 F» k1 Eo

d cos U1z 2 \/E% —+ E% + 2F1 Ey cos 19 E3

The azimuthal angle ¢2 of antiquark in the coordinate system is free as the gluon energy does not depend on it, neither
the matrix element. It can be integrated over as well, yielding a factor of 27. At the end, we have just two independent
quantities, quark and antiquark energies

1 1
(27T)52E3ZdE1E1dE2E2/dQ1/d¢2/d(Cos 112)0(g(cos12)) =

S~ ~~

dE\dEy; s
253 973

d’R3 = dz1das.
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v — qqg

Now we have everything in hand to calculate the decay width,

s V'S
dl’ = M|? dx dx M |*dz1dzs.
2\[| | 1dzg = 87T3| “dz1dwo
Plugging in the matrix element, and factoring out I'y we arrive at
dl Vs 2, i + 23 _asaeg i + 23 Lo 4045F z{ + 23

A, 250 T el - o T2 —20)3acts  32r "0 —22)d—21)

For the cross section we have then

do dag r% 4 25 g x4 4 23
- — 0O —
dzidzy 3271 °(1 — 29)(1 — 21) 2 (1 — 29)(1 — 1)

In the last step, we noted that the color factor 4/3 is the numerical factor C'r corresponding to the Casimir operator of SU(3) fundamental triplet.
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Phase space of process ete™ — qqg
ajz N
1
2i 1 quark, 2- antiquark, 3- gl
T = ——, - quark, 2-antiquark, 3-gluon

e energy conservation (QQ = +/s) x1 + x3 + 13 = 2
= I3 =2— T — T2, 0 <o <2

e momentum conservation (p; + p2 + p3 = 0)
r3=2—x1—20=1

= O< <1

e total cross section for process eTe™ — qgg is infinitely large

1 1 ag x3 + 23
io = [ d / dxo C L 2 >
7449 /0 M ey — )
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Event shapes in e"e™

Thrust T e the sum goes over all particles in the final state
T — max > |pi - 11 e direction 77, which maximizes the ratio, is called
7l=1 >.; |Dil thrust axis

e characterizes the shape of event
- for pencil like event (all particles radiated along one direction ) - T' =1

. _ 1
- for spherically symmetric event - T" = 5

[dQ|cosv| 1 ! o 47 1 1
T J— J— 2 —_— s - — -
4o y /0 d(cosﬁ)cosﬁ/o dy IS

e The LO term for e"e™ — hadrons contains just quark and antiquark in the final state with their

momenta being opposite in CMS. This is exactly a pencil-like event and the resulting thrust distribution
Is trivial, as T = 1.
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Thrust distribution in eTe™

e The first non-trivial contribution to the thrust distribution comes from additional radiation of gluon (ete™ — ¢gg)
e The corresponding cross section depends only on two relevant kinematic variables, we picked x1 and 9
e to calculate the thrust distribution, we need to know the relation between thrust 7' and variables 1 and 9

e introducing fractional momenta z; = \2/% thrust reads

T = max — ——maXZf--ﬁ
=1 2 |4 2= i -7

where we used the energy conservation
d Bl =z + 3 +13=2.

i
e Let's pick a parton with largest energy and let it be a parton with index 1. Momentum conservation gives r1 = —I — I3.
= |F Al =T+ T3) T = ) |T -] =207 - i)
i

= T(x1,712) = max{xi, ro,r3} = max{xry,r2,2 — x1 — T2}
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Thrust distribution in eTe™

re= T(:Cl, 5132) = max{ajl, X, :Cg}
Region (A) - max{x1,x92, 23} = 1
T = 24 - X1 > T2
-1 >r3=2—21—X2 = T9>2— 21
Region (B) - max{x1, x2, T3} = T2
rp=1—x1/2 - exchange z1 < 22
= symmetric to (A) with respect to 1 = 2 axis
Region (C) - max{x,z9, 73} = 23
N - the rest
L1

do 1 1 Qg CL’% —|—£U%
S~ [ day [ d S(T —T
dT /O . /ml TOr g T T — ey L~ T 22)
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Thrust distribution in eTe™

zo = 2 — 211 Ty = ¥1

xo=1—1x1/2

N\
7/

1 x1

Region (B) - max{xri, T9, T3} = T2

e from z1 <> x9 symmetry

A. Kup&o, Quarks, Partons, and Quantum Chromodynamics

Region (A) - max{zy, 72, 23} = 1

1 doy CE‘% + CE%
Iy = = /dxldxg

CFg_f;O'O dT’ A (1 — 5132)(1 — 561)

We will use the delta function to integrate over dzq,

]A — / diIZg 2 .

oor  (L—x2)(1 =T

Remaining integral is straightforward to evaluate

O(T—x1)

T 2, .2
T —1+1
]A:L dzo T T
1 =T Js or 1 —
1t 1472 1 1
- dro(1 d
1 -7 2—2Tx2( to2)t 1 -7 /2—2Tx21_372

b
/dx(1+x) = (ba)—k%(anQ) = (b—a) [1 + %(b + a)]

(BT —=2)(2-T/2) 1+T* 2T-1
=~ 1— 7T A
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Thrust distribution in eTe™

Region (C) - max{z,z2, 23} = 23

x2+az2
I :/dx dz 1 2
C e T A - a) (1 — 1)

To simplify our life, let’s introduce a substitution, under which

(T — 2+ x1+ 9)

we could easily integrate out the delta function

§ =11 — X2, n = x1 + T2,
+ —€+
x1:§2n, = 52 n

This corresponds to a new coordinate system, with 7 axis being
x9 = x1 line and & axis being perpendicular to it. The delta

function fixes the value of nton=2-"1T.

The integrand in new coordinates can be obtained from

2, .2 2 2
x%+x§=1[(€+n)2+(—€+n)ﬂ . ;77 S +(22 S

(1= 2)(L—22) = 32— E— )2+ E—n) = (T~ T +&)

A. Kupo, Quarks, Partons, and Quantum Chromodynamics Lect 10 / Page 17



Thrust distribution in eTe™

2T Region (C) - max{zy,z9, 73} = 23
We just need to integrate over line in area C with fixed value
of 1. The upper boundary is given by line zo = 2 — 2z;. For
. a fixed value of thrust (and n) we get
— 41

nN=x1+r9=2—x1=2-"1T,

l.e. x1 = T'. This is expected as in this point we touch the
o =1—1q/2 boundary of region A. This implies that x9 =2 — 2T

= =11 —2o<T —24+27T=3T—-2.

We can just integrate over the half-plain 21 > 9, as the
remaining part of region C must give, from the symmetry, the

vV

T1 same contribution. In this case the lower boundary value of ¢
IS zero.
Ory Ox1 1 1
0 0 2 3
We still need the Jacobi determinant of the coordi- J = : 1 — 22 — 1
: Oro  Oxo 1 1 2
nate transformation 0% o 5 3
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Thrust distribution in eTe™

L A : _
2 v =22z S 2o = 31 Region (C) - max{z,z2, 23} = 23
| Putting all together we have
3T —2 1 4 €2+(2—T)2 /3T—2 52_T2+T2+(2_T)2
Io =2 de = = =2 d
=2 3irgmygth % T—aT+o
T = x4 o B 2[T2+(2—T)2]/3T‘2 1 1
=237 —-2) + 5T ; d¢ T—§+T+§
4 — AT + 277 T AT — 2
= 23T —-2) + - [ln2_2T+ln E ]
22T+ T? 2T —1
[=Is+1g+Io
L]
i S 42 2T +T?2 2T +27% - T3 27T —1 4 —-T+2-2T
id_OZCFozg 2T+T + 2 + + n (37— 2) +
oodT 21 | T(1-1T) 1-T 1-T
_ 0.0 2(372% — 3T +2) 2T 3BT -2)2-T1)
o | T =T 1—-T 1-T
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Thrust distribution in eTe™

2(37* 3T +2), 2T -1 33T -2)(2-T)

Cp=2 1
e n
oodl ~ Tor | TA-T) 1—T 1—-T
1dN
NdT 1
10t 4+ 4 Mark II, /s = 29 GeV
e Can you explain why the calculation fails in the
—— .
regions where thrust approaches values of 2/3
and 17
1% T e good agreement at middle ranges of thrust
4+ e we can measure g there
4+ 27 '
107t T
- too rough - we need ee — qgg at NLO to get
+ | | L running of ag
é Of8 i “T
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Running of ag in QCD

BP 2008-16 FO
Boito 2018 FO

Boito 2021 FO

PDG 2022 tau

Ayala 2023

Tédécaf(s
&
low Q?

Mateu 2018
Peset 2018 i
Narison 2018 (c¢)

BM19 (cc)
BM20 (bb)

Narison 2018 (bb)

. 00
bound
;s.tates;

BBGO6
JR14

ABMP16
NNPDF31
CT18

MSHT20
HERAPDF20jets
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0.35 - —rrrrrry
1 decay (N3LO)
N low Q2 cont. (NSLO)
03 Heavy Quarkonia (NNLO)
\ : HERA jets (NNLO)
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For reading and for exercises

e Exercise
- exercise 7.1 (Process eTe™ — qqg)
- exercise 7.4 (Thrust distribution in eTe™ collisions)
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