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Treatment of UV divergencies in QF T

e regularization - making the infinite loops finite

cut-off (A), Pauli-Villars (M), dimensional regularization (¢)

e renormalization

UV divergencies are absorbed by rescaling of Lagrangian components

1 _ _ _
"Bare” quantities L= —ZFEVFBW + iV @V —mp¥p¥p +ep¥py'VpAp,

replaced by renormalized ones Vg = Z21/2\IJR, A% = Z31/2A§%, mp = ZLmMp, €ERB = Ze€R,

e interaction term Zi: GB\T’BWM\I’BABME ZleR\ifR’y'u\IfRAR,u — ﬁfqujBWM\DBABM = €B — GRZ i11/2
249 243
1 - _ _
L= —123FgVFRMV +1LVpr IV — Ly ZompVrVY R + ZleR\IfR’y’u\IfRARM
e introducing Z, =1+062; = L= ﬁfjr’;j) + (02 counter terms

e renormalization scheme - counter terms are chosen in such way to cancel divergencies of original £
e renormalizible QFT - divergnecies can be absorbed in all orders of pQFT

interpretation - physics at large scales M has no direct influence at low scales
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Renormalization factors Z; in NLO

Ji = 1 (LO) + 60Z; (NLO)

Z1
vertex + 021

Z ;J\IV\/\/%
fermion 57,

propagator

23 .
gauge field AN + 673 AN A
propagator .

e in QED 71 = Z, (follows from Ward indentity) = we need to compute just Z3 to get running of «
e in QCD we need to calculate Z;, Zs, and Z3 to get running of ag
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Running of o in QED

J. Chyla, chapter 8.2.1

e QED: Z1 =2y = ep=2; Pep

Li(q,mB) = (—guq” + quqy)f (¢%, mB)

2 ier, (1 y [0dt
I(¢°,mp) =—= dzz(1 — 2 —exp |1t (q7z(1 — 2) — m% + ie
> Jo o "

e Pauli-Villars regularization: I(¢2 mp) = I(¢*,mp, M) = I(¢°, mp) —1(q* M), with very large M

_ M2
(¢, mp, M) = ZeB/ dzz(1 —2)In ]

m% — ¢?2(1 — 2)

e isolate divergent part (introducing renormalization scale )

2 2 2,1 2 _ 2
ey . M= ep my —q°z(1 — 2)
—il(¢*,mp, M) = 52 In e 2%2/0 dzz(1 — 2)In 2
Z3
§ 2 2\ 2 1 2 _ 2
e M e mynp —qz(l — 2
—ZMGQB 1—-—L_In 1+—B/ dzz(1 — z)In—£ 7= )
1272 12 212 /o (2
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Running of o in QED

5o, M? 2 M
e = e (1 ~ By > = ar(p) = ap (1 — —ap 1n—>

1272 3 v

— b
e now, we would like to send M — oo

e however, this is impossible for finite ar(u) at any fixed scale u
quadratic equation: D =1 —4bIn(M/u) ag(p) <0, for M — oo

Landau’s trick how to avoid quadratic eq. and irrational o and how to obtain more precise result

O+ A OO -

. . M M ap ozR(,u
eometric series o —ap(1-bagln— +b2a%In®?— + .. ) — = ap =
; Al) v ( P P 1—|—bOzBln% 1—bozR(,u)ln%

e still, we can't send M — o0
o for any finite 1+ and non-zero, ap we have ag(ix) — 0 no electric charge (!)

o these were the reasons why Dirac and Landau did not trust QED completely
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Running of « in QED

M 2 _ ap 2

o let's still try to eliminate M

ap ap ap ozR(,ul)

ap(p2) = 12

M M a o1 [i2
1+bapln 1+b0431nm+b0431n% OéR(il)—i_baBlnH; 1 bocR(,ul)th1

e another trick how to get rid of M is to differenciate ap ()

Oapg(u)

Sy, = b+ b = ban()®  bian(0” +

o beta function (function of type d¢/01nu = 5(g))

o no explicit dependence on p (renormalization group equation)
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Running of o - 1-loop 3 function

e Non-linear differencial equation of the 1st order

Oap(p) - e no explicit dependence of 3 function on 1

— dagp=bdlnpy = - =blnu+C

ap ar(i)

getting rid of boundary condition C : - pint = agr(p2) = R
ar(pz)  ag(p) 42 1 —bag(p1) In(pz/p)

£
\éé e for b > 0 and finite ap(u1) > 0

J scale A at which ag(A) = oo bagp(p) In(A/pu) =1

e we can rewrite C' = —bln A
1

- A
blnﬁ

apr(i)

e clectron - the lightest charged particle

1
137

e QED - good theory for all practical purposes

ar(py) -

a(me) = = Alanday = Meexp|l/(ba)]| ~ 10289,

11 A M
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Test of pQED - electron magnetic moment

JH = eUyHT JH = el [F ()" + 22 Fo(q?)ot g | U
g =2 a=1g5-  (App B
g—2 «
a = = — 4+ 0(®) + ...
g 2m

o stringent test of perturbative QED (Nobel Prize 1965: S. Tomonaga, J. Schwinger, R. Feynman)

e today, we can calculate contributions to a up to a?
erzp = 0.001 159652 180 73 (28) = o)
e independent measurement of o (atomic spectra): «

e very precise test of QED at level of 1:100000000 (!)
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—1

137.035999 070 (98)
137.035998 78 (91)

en.wikipedia.org, J. Bourjaily
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Muon magnetic moment anomaly

e interesting 3.7¢ discrepancy between theory (KNT18) and experiment (E821 at BNL)
o newly confirmed by experiment at Fermilab (2021 and 2023)
e potential hint of new physics (there could be new particles running in the loops)

Hutlronic

arXiv:1610.06587 [hep-ph]

I I I I I I I I I

N — BNL BNL 2006 } A
FNAL 2023 }—aA—
BNL g_z " . " b ssnsanssaumsnsamesamun anan s SN o oot 0 ke S EX])el'i[nenta.l avg‘ I+|

O : FNAL Run-1

[ ]

FMNAL 9_2 : ® N +—0—+ FNAL Run-2/3 ) = ThiIS work
——t FNAL Run-1 + Run-2/3 T BMww
A b
<‘ 220 ) ...... <{ 1.00 >
—e—
+—— Exp. Average White paper
- . . - - - 5.20
———— ——+ 20.0 20.5 21.0 21.5 22.0 22.5 < o 2
Standard Model Experiment a, x10° - 1165900 RaSat H 0 H
Average H H o H CMD-3
‘ : , 1 . , : : . Muon g-2 Coll., PRL 131 (2023) 161802 KLOE 3
17.5 18.0 18.5 19.0 19.5 20.0 205 21.0 21.5 Tau
| | | | | 1 1 | 1
a x10° - 1165900 175 180 185 190 195 200 205 210 215
i a, x 101 — 11659000

Muon g-2 Coll., PRL 126 (2021) 141801
Z. Fodor for BMW-+DMZ Coll., ICHEP 2024

e hadronic corrections - some contradictions between R-method (e¢*e™ data) and lattice QCD
e no final conclusion yet but it looks like the discrepancy goes away with new lattice calculations
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https://doi.org/10.48550/arXiv.1610.06587
https://doi.org/10.1103/PhysRevLett.126.141801
https://doi.org/10.1103/PhysRevLett.131.161802
https://indico.cern.ch/event/1291157/contributions/6054808/attachments/2900257/5085793/prague24.pdf

Running of ag in SU(N) YM QFT

s (i)

Gross, Wilczek, Politzer (1973) - the first to understand the significance of the result for the theory of strong interactions

Ozgln——l—

M 11Cy M )

1

6 2
1

2

Jt 1)

02 = (TaTa)jz' = OF(SZ]

1 .
TaTb — _5ab1 + _(dabc + Zfabc)TC

Tr(TaTb) — _6aba fabcfabd — OAécd

e color factors for 0/ terms
C4l = n TOTE = nyTe(TPT)
C3B — 030 — fcadfcdb — _CAéab

ClB = fabc(Tch)ji — %ifabcfcde]% — _%iCAT]%
C{t = (T°TT")j; = (T°T°T) i + (T[T, T")) ;i

= CFT]% + Z.fabc(TbTC)ji (CF _ CA/2)TJ%

Ozsln——l—.. b_2nf—]_10A

o : o7

- not the first to discover Yang-Mills QFTs with asymptotic freedom - t'Hooft (1971), Khriplovich (1969)
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Running of ag in QCD

!ﬂ'L‘QI !

Big Bang Theory
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Running of ag in QCD

ar(p)

1
aslu) = = In(u/Aqcp)

ar(myz) = 0.1179 4+ 0.0010 (M?S)

e perfectly valid theory at large scales

- limit M — oo can be done

- Dirac and Landau would be happy with such QFT

e the pole is still there, but this time at low scales - Aqcp =~ 200 MeV
- at right scale corresponding to about 1 fm - possible explanation for confinment
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History of Asymptotic Freedom

1954 Yang & Mills study vector field theory with non-Abelian gauge invariance.

1965 Vanyashin & Terentyev compute vacuum polarization due to a massive charged vector field. In our
notation, they found
B — 1 21 14+ 1
"T12r 2 2

— The % comes from longitudinal polarization states (absent for massless gluons)
— They concluded that this result “. . . seems extremely undesirable”.
1969 Khriplovich correctly computes the one-loop B-function in SU(2) Yang-Mills theory using the Coulomb
gauge
Bo = ﬂ(—12 +1=—11)
127

— In Coulomb gauge the anti-screening (—12) is due to an instantaneous Coulomb interaction
— He did not make a connection with strong interactions

1971 't Hooft correctly computes the one-loop S-function for SU(3) gauge theory but does not publish it.
— He wrote it on the blackboard at a conference
— His supervisor (Veltman) told him it wasn't interesting

— 't Hooft & Veltman received the 1999 Nobel Prize for proving the renormalizability of QCD (and
the whole Standard Model).

Bryan Webber, Asymptotic Freedom, CPS, 3 Nov 2004 21
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1972 Fritzsch & Gell-Mann propose that the strong interaction is an SU(3) gauge theory, later named QCD
by Gell-Mann

1973 Gross & Wilczek, and independently Politzer, compute and publish the 1-loop B-function for QCD

By = 1 (2 11C4)
0= Jo Y A

= 2004 Nobel Prize (now that 't Hooft has one anyway . . .)
1974 Caswell & Jones compute the 2-loop B-function for QCD
1980 Tarasov, Vladimirov & Zharkov compute the 3-loop B-function for QCD

1997 van Ritbergen, Vermaseren & Larin compute the 4-loop B-function for QCD
(~ 50,000 Feynman diagrams)

. We obtained in this way the following result for the 4-loop beta function in the MS-scheme:

200 2 3 4 5 6
T o2 —Boay — Prag — Bea, — Bsa; + O(ay)
where as = as/4m and . . .
Bryan Webber, Asymptotic Freedom, CPS, 3 Nov 2004 22
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11 4

Bo = —Ca— =Trny
3 3 :
24 20 e Oy and [ universal
B = ?Cj — 4CrTrny — ?CATF”f e (35 and higher depend on choice of
285703 27 2050 oo renormalization scheme
= 2 ny— — n
Bz 54 4 T oGty g AT e coupling is parameter not an observable (!)
1415 , 44 5 o 158 5 9
5 o (150653 44C ) n o3 ( 39143 n 136C )
p— _— — n I —_—
’ A\ 486 9 7 ATET 81 3 7
L2 OWT 7073 656C N CACET 4204 n 352C
n _— = — n S -
AVESETI Toa3 T g P AVEEERI "o T g Y

5 o o o (7930 224 . o 5 (1352 704
FA6CE Ty + Callpny \ g+ g ) F ey (g — g

17152 448 424 . . 1232 .

T OuT N ORT
(243+93)+243AF"7+23 FLETy
devedgabed /80 704 debedqabed 1512 1664
44 (———I——C3)—|—an 4 ( 3)
N4 9 ' 3 N4

N o dWCabed 1 T04 N 512
n —_
I N, 9 3 >

Bryan Webber, Asymptotic Freedom, CPS, 3 Nov 2004 23

+CACFT e}

9 3

_|_
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Here  is the Riemann zeta-function ({3 = 1.202 - - - ) and the colour factors for SU(IN) are

N2 1 diqucddfgbcd B N2(N2 s 36)

1
TFZE, CA:N, CF: )

2N N 4 24

d%bcddaAbcd B N(N2 4 6) d%bcdd%bcd B N4 . 6N2 s 18

N4 48 ’ N4 96 N 2

Substitution of these colour factors for N = 3 vyields the following numerical results for QCD:

Bo 11 — 0.66667n;
Bi =~ 102 — 12.6667n;
B2 ~ 1428.50 — 279.611n; + 6.01852n;

B3

Q

Q

Bryan Webber, Asymptotic Freedom, CPS, 3 Nov 2004

29243.0 — 6946.30n; + 405.089n% + 1.49931n’
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Running of ag - experiment

0.35 - — E—— . BP.2008-16FO§§§ -c
Z " T decay (N3LO) ++ 1 staz021r] | T
[ low Q2 cont. (N‘?’LO) ] PDG 2022 tau | low Q?
0.3 [ Heavy Quarkonia (NNLO) +— Ayala 2023
[ HERA jets (NNLO) +—— ] Mateu 2018
, e*e jets/shapes (NNLO+NLLA) +— 1 Peset2018 S
7 e*e 2° pole it (VSLO) - v s soind
< I : pp/pp jets (NLO) = - BM19 (cd) Pl states
gm 0.2 [ R e pp top (NNLO) +e— . BM20 (bb) f
S [ pp TEEC (NNLO) T BBG06
- Z 2 ﬁ 1 JR14
- : Sl o : NNPDF31
I : L., B f CT18
i _- . HERAPDF20jets =
I o ; LT
F = mz<) = 0.1180 = 0.0009 -
oo L IR SN e o
. s
1 10 100 1000 JADE (j&s) | —
August 2023 Q[GeV] Dissertori (3j)

JADE (3j) -
Verbytskyi (2j)
Kardos (EEC) = @

PDG'13: &S(Mz) = 0.1184 £ 0.0007 (MS) Klijnsma (tt)

CMS (tf)

H1 (jets)*
d'Enterria (W/Z) _
HERA (jets) o

e at HL-LHC and FCC, ag together with PDF become dominant s tnel jecye

ATLAS ([AITEEC) =

hadron
qo{lider

theoretical uncertainties for many interesting processes

Gfitter 2018

(including H PI’OdUCtion) E;Zfi;;;;iw eleéhcf:rowéeak
FLAG 2021 .- 1att|ce
— 1 . . 1 Do :

0.120  0.125  0.130

. as(m3)
. ugust 2023
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https://pdg.lbl.gov/2023/reviews/rpp2023-rev-qcd.pdf

Strong coupling strength measurement physics briefing

EXPER

ATLAS

IMENT

Most precise determination of ag(mz) from precise measurement & prediction of full-PS Z p; spectrum at 8 TeV

« Virtual, Sudakov and real gluon emission known to N3LL+N3LO and approximate N*LL+N3LO

04<lyl<0.8

12<lyl<16 3

0 10
P, [GeV] P, [GeV]

ATLAS Preliminary

pp —~2
8 TeV, 20.2 fb'
-» Data

-+~ Post-fit
[ PDF unc.

| PDF @ Theory unc.

- - a, (m) = 0.002

ATLAS ATEEC
CMS jets

W, Z inclusive

ATLAS-CONF-2023-015, ATLAS-CONF-2023-013

|
ATLAS

| I I
—@- Hadron Colliders

-8~ Category Averages PDG 2022

Preliminary -@- Lattice Average FLAG 2021

—@- World Average PDG 2022
-&- ATLAS Z P, 8 TeV

o 0.1185 + 0.0021
P 0.1170 = 0.0019
—to— 0.1188 = 0.0016

tt inclusive 0.1177 + 0.0034
T decays 0.1178 £ 0.0019
QQ bound states 0.1181 = 0.0037
PDF fits @ 0.1162 = 0.0020
e*e jets and shapes @ 0.1171 = 0.0031
Electroweakfit ________ | _______| i 0.1208 = 0.0028
Lattice & 0.1184 = 0.0008
World average —§— 0.1179 = 0.0009
ATLAS Zp_8 TeV | —1@— | I0.'1 183 = 0.00PE}
0.115 0.12 0.125 0.13

Ratios of double-differential Z p; and rapidity measured cross sections to fit predictions
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-::ts(mz)

43

from A. Hoecker, ATLAS Week 2023
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ag, Higgs boson, and stability of vacuum

We do not know which possibility is
realised!
Higgs mass M;,=125.3+0.6 GeV

Higgs mass M;,=125.3+£0.6 GeV 01217 g™
0.06 | < 0.120
0.04 - @ 0.119 | \
0.02 | 5 . |
s : S 0.118F
L 50 L / /
0.00 | g N
: £ 0.117]
—0.02 ,, B : _
100 105 108 10" 10 10'7 102 Ll dp s ek s 1
170 171 172 173 174 175 176
Scale u, GeV Pole top mass M,;, GeV

errors in y;. theory + experiment

Tevatron: M, = 173.2 £+ 0.51 + 0.71 GeV
ATLAS and CMS: M, = 173.4 4+ 0.4 + 0.9 GeV
as; = 0.1184 4 0.0007

from EPS’'13 Bezrukov slides

[Stockholm, July 23, 2013]-p. 9
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Renormalization in QCD

QPM

R(Q) _ Ue+e——>hadrons(QQ)) _ (326?) [1 4 T‘(Q)]

O-e+e_—>,u+,u_(

e QCD provides higher order corrections in power series of a = ag/7
r(Q) = a(u/A) [ro +r1(pu/Q)alp/A) +ro(p/Q)a*(u/A) +...],  with rg =1

e a dependence on i is given by beta function

dc;(lprtl,;i) = ba*(p, ¢;) [1+ ca(p/A) + caa®(u/A)]

b and c unique, ¢ arbitrary (!) - their choice defines renormalizaion scheme (or RS defines thier values)

e r; depend on RS, 7;(1/Q, c;, RS), in such a way that () does not depend on u and RS

e at fixed order, dependence on 1 remains

- typical choice of p: = @ (scale of the process), higher order correction have typically In(/Q) behaviour
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Test QCD - jet production - 2008 (DQ®)

e “Rutherford experiment” in pp at /s = 1.96 TeV

doqpm
dpr

>

a,b,c,d

dridwo da($1>db<x2)gab%cd

[5(pT — 1) + (T — p?)}

e highest momentum transfer with p; ~ 600 GeV

probing QCD at disctance scales of Ax ~ 1073 fm

- DY Run I Reone = 0.7 1 NLO pQCD mo=u_=p; f ® Daa _ ]
1.5 L =0.70 fo —:— +non- perturbatlve correctlons 1 Systematic uncertalnty’ -
| OF e iaiatar,, T — .
> E I ¢ ¢+ E E
3% 1y <04 To04<ly<08 T08<|y[<12 E
- |y] < O. T 04<ly|<0O. <ly| < ]
f —_\ L I ﬁ—_l\ L L L h L L L _-—_I\ L L L I\r L _-
-g >3== NLO scale uncertainty =— CTEQ6.5M with uncertainties i /
T1.50 - T  MRST2004 _ .° - ’/I B
- essaETa } eesbrmg — Do :
0.5F ' + ] > ]

f 1.2<]y|<1.6 L 1.6<y]<2.0 520<|y|<24
0,0_' L1 |\[\ ] ] ] |_ \ L1 1 |\t |T ] ] ] W ] ] L1
50 100 200 300 50 100 200 300 50 100 200 300 p. (GeV)

.
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> 10"E DG Run Il o |y|<0.4(x32)

S 108k o 0.4<|y|<0.8 (x16)
@ 105; = 0.8<|y|<1.2 (x8)
2 4§ o 1.2<|y|<1.6 (x4)
Q_r—10 A 1.6<|y|<2.0 (x2)
% 10° n  2.0<ly|<2.4

o 102

S
IIII|T||| IIII|'|"| IIII|T||| IIII|T||| IIII|T|'|| IIII|T||| IIIIIﬂ'l IIII|'|'|'|| IIIII|||'| IIII|T|||

15 (s =1.96 TeV
L =0.70 fb"

102E Rgone = 0.7
10°F — NLO pQCD
1 0-4 +non-perturbative corrections h
10°E CTEQ6.5M mo=H_ =P,

-6 Lo 1 1 1 1
10”5060 100 200 300 400 600

p, (GeV)

PRL 101 (2008) 062001

e scale uncertainty

tr and pp varied up and down by factor of 2
e measure of ignorance

on higher order terms
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For reading and for exercises

e Jiri Chyla's textbook chapters
- 8.1 (Infinities in perturbative calculations)
- 8.3.5 (Renormalization at one loop level and the technique of counterterms)
- 8.4 (Renormalization in QCD)

e Exercise

- textbook chapter 8.2.1 (Electric charge renormalization)

e Reading for further study

- 8.3 - Elements of dimensional regularization
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