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Quantum Chromodynamics - theory of strong interaction
• What kind of quantum field theory (if any) gives:

confinment at large distances ×× with asymptotic freedom at small scales
• Gross, Wilczek, Politzer (1973) - this behaviour have non-abelian Yang-Mills Quantum Field Theories
• QCD - Yang-Mills QFT with local SU(3) gauge invariance, Ψ′ = exp[igαa(x)Ta]Ψ

LQCD = −1
4
GaµνG

µν
a + Ψ̄ (iγµDµ −m) Ψ

Dµ ≡ ∂µ − igTaAµa , A′µa = Aµa + (1/g)∂µαa + gfabcαbA
µ
c

[Dµ,Dν] = −igT aGaµν , Gaµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν
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Quantum Electrodynamics
Classical Electrodynamics (Maxwell 1861-1862)

~∇ · ~E =
%

ε0
, ~∇ · ~B = 0, ~∇× ~E = −∂

~B

∂t
, ~∇× ~B = µ0~j +

1
c2
∂~E

∂t
, (in next c = 1)

- Lorentz force ~F = q
[
~E + ~v × ~B

]

• relativistic formulation in terms of 4-potential Aµ = (ϕ, ~A), ~E = −~∇ϕ− ∂~A
∂t , ~B = ~∇× ~A

equation of motion ∂µFµν = µ0 jν, Fµν = ∂µAν − ∂νAµ, jµ = (%,~j)

generated from LEM = −1
4
FµνFµν + jµAµ via E.-L. eq

∂L

∂Aµ
− ∂

∂xν

(
∂L

∂(∂Aµ/∂xν)

)
= 0

• if Aµ solves EoM, then A′µ = Aµ + ∂µf solves it as well (same physics)

Quantum Electrodynamics

LQED = −1
4
FµνFµν + Ψ̄(i 6∂ −m)Ψ + jµAµ

• current jµ = eΨ̄γµΨ generates right Lorentz force
E.-L. eq. for variables (Ψ, Ψ̄) gives [i 6∂ + eγµAµ −m] Ψ(x) = 0
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QED
• QED - QFT with U(1) local gauge invariance
• Weyl – interaction free QED has global invariance with respect to U(1): Ψ′ = eiαΨ, Ψ̄′ = Ψ̄ e−iα

• What happens if we allow α(x)?

Ψ̄′(i 6∂ −m)Ψ′ = Ψ̄ e−iα(x)(i 6∂ −m)eiα(x)Ψ = Ψ̄(i 6∂ −m)Ψ− Ψ̄∂µα(x)γµΨ

• to preserve local invariance, we have to compensate last term with interaction term of type

Lint = eΨ̄γµΨAµ, with gauge field transforming as A′µ(x) = Aµ(x)+
1
e
∂µα(x) (same physics)

• principle of local gauge invariance dictates the form of interaction term
• this can be done quickly by replacing ∂µ with covariant derivation Dµ = ∂µ − ieAµ

transforms as Ψ: D′µΨ′(x) = (∂µ − ieA′µ)eiα(x)Ψ(x) = eiα(x)DµΨ(x) = eiα(x)Dµe−iα(x)Ψ′(x) ⇒ D′µ = eiαDµe−iα

LQED = −1
4
FµνFµν + Ψ̄(iγµDµ −m)Ψ

• note that F ′µν = Fµν (∂µ∂να = ∂ν∂µα) ⇒ whole LQED is U(1) local gauge invariant
• covariant derivation can be used to generate Fµν (check it!)

[Dµ, Dν] Ψ = −ieFµνΨ
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Quantization of LQED - propagator
• propagator for field Aµ

0 = ∂µF
µν = ∂µ∂

µAν − ∂µ∂νAµ =
[
∂2gµν − ∂µ∂ν

]
Aµ

• propagator D%ν(x− y) (Green function) is given by solution of
[
∂2gµ% − ∂µ∂%

]
D%ν(x− y) = −igµν δ(x− y)

• solution in momentum space (Fourier transformation) - 16 linear equations
[
−k2gµ% + kµk%

]
D%ν(k) = −igµν

• matrix −k2gµ% + kµk% is singular, [−k2gµ% + kµk%]k% = 0

• gauge fixing conditions f(Aµ, ∂µAν) = 0, technically by adding Lfix = − 1
2αG

f2(Aµ, ∂µAν)

• Lorenz (covariant) gauge ∂µAµ(x) = 0 ⇒ EoM: ∂µFµν + 1
αG
∂ν∂µAµ = 0 ∂L

∂Aν
− ∂µ

(
∂L

∂(∂µAν)

)
= 0

[
−k2gµ% +

(
1− 1

αG

)
kµkν

]
D%ν(k) = −igµν

try to find Dµν, hint look for solution in form Dµν = Agµν +Bkµkν and find functions A and B

Dµν = − i

k2

[
gµν − (1− αG)

kµkν

k2

]

• Axial gauge cµAµ(x) = 0 has propagator Dµν = i
dµν

k2
, dµν = −gµν +

αG − k2 − c2
(c · k)2

kµkν +
kµcν + kνcµ

k · c
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Comments on quantization of LQED
• in classical field theory

- adding Lfix is not completely correct

- we can have additional solutions that satisfy LQED + Lfix but not the gauge fixing condition

• in quantum field theory

- the whole treatment is consistent

- observables do not depend on choice of gauge fixing condition and choice αG
- proof is not trivial, it is related to the quantization of L (mostly via Feynman integral technique)

- in addition, the requirements of renormalizable QFT (up to dimension 4 operators) + local guage invariance fixes
(almost) unambiguously the interaction term and the whole Lagrangian

[L] = [E]4, [Ψ] = [E]3/2, [Aµ] = [E]1, [Fµν] = [E]2

option L = εµνστFµνF στ leads to renormalizable QFT - it gives zero contribution at all orders of perturbative series
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QCD - Yang-Mills QFT with SU(3) local guage invariance

• quarks in 3 color states: Ψ =


ΨR

ΨG
ΨB


 , SU(3) tranformation Ψ → Ψ′ = exp[iαa Ta]Ψ,

• Ta (a = 1, . . . 8) generators of SU(3) fundamental representation (color matrices)

• Lfree = Ψ̄[i 6∂ −m]Ψ → L′free = Lfree − Ψ̄γµTaΨ∂µαa → Lint = gΨ̄γµTaΨAaµ

Dµ = ∂µ − igTaAaµ
• L = Lfree + Lint has global SU(3) invariance if Aaµ transforms as adjoint repr.

Aaµ → A′µ = exp[iαbFb]Aµ, (F a)bc ≡ −ifabc, for αb � 1 A′aµ = Aaµ + αbfbacA
c
µ (ex. 3.17)

• for local guage invariance we find A′aµ = Aaµ + αbfbacA
c
µ + 1

g∂µα
a

• non-abelian character of SU(3) (some fabc are non-zero) ⇒ F ′µνa F ′aµν 6= Fµνa F aµν

• use Gµνa defined by [Dµ,Dν] Ψ = −igT aGaµνΨ

prove D′µ = SDµS
−1, with S = eiαaTa = 1 + iαaTa ⇒ [D′µ, D

′
ν] = S[Dµ, Dν]S−1

Gµνa Gaµν = 2Tr[T aGaµνTbG
µν
b ] which follows from Tr(TaTb) =

1
2
δab

−g2G′µνa G′aµν = −2g2Tr(TaG′µνa T bG′bµν) = 2Tr([D′ν, D′ν][D′µ, D
′
ν]) = 2Tr(S[Dµ, Dν][Dµ, Dν]S−1) = −g2Gµνa Gaµν
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Gluon field Lagrangian
[Dµ,Dν] Ψ = −igT aGaµνΨ

DµDνΨ = (∂µ − igTaAaµ)(∂ν − igTbAbν)Ψ = [∂µ∂ν − igTb(∂µAbν)− igTbAbν∂µ − igTaAaµ∂ν − g2TaTbA
a
µA

b
ν]Ψ

DνDµ = ∂ν∂µ − igTb(∂νAbµ)− igTaAaµ∂ν − igTbAbν∂µ − g2TaTbA
a
νA

b
µ (µ↔ ν, sometimes a↔ b)

[Dµ, Dν] = −igT aF aµν − g2[Ta, Tb]A
a
µA

b
ν = −igT aF aµν − ig2fabcTcA

a
µA

b
ν

= −igT aF aµν − ig2fbcaTaA
b
µA

c
ν = −igTa

(
F aµν + gfabcA

b
µA

c
ν

)

Gaµν = F aµν + gfabcA
b
µA

c
ν

• gluon field Lagrangian preserving local guage SU(3) invariance Lgluon = −1
4G

µν
a Gaµν

Lgluon = −1
4
Fµνa F aµν −

1
2
gfabcF

µν
a AbµA

c
ν −

1
4
g2fabcfadeA

b
µA

c
νA

µ
dA

ν
e

• unlike in QED, the gluons interact with themselves
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Feynman rules for pQCD - propagators

J. Chýla, Quark, partons and quantum chromodynamics

• factor -1 for

a) exchange of two identical final state fermions

b) or exchange f ↔ f̄ in initial ↔ final state

• Fadeev-Poppov ghosts

- result of quantization

- appear in certain gauges (not in axial gauge)

- appear only in loops
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Feynman rules for pQCD - vertices

J. Chýla, Quark, partons and quantum chromodynamics

———— incoming
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Color matrices
(example 6.1 and Appendix C)

• starting point: TaTb = 1
6δab11 + 1

2(dabc + ifabc)Tc

with anti-symmetric fabc and symmetric dabc defined via [Ta, Tb] = ifabcTc and {Ta, Tb} = 1
3δab11 + dabcTc

• compare with σiσj = δij11 + iεijkσk for the SU2 case

• most common traces
Tr(T aT b†) = Tr(T aT b) =

1
2
δab

Tr(T aT bT c) =
1
4

(dabc + ifabc)

Tr(T aT bT aT c) = − 1
12
δbc

• other most common formulae
dabcfabd = 0

fabcfabd = Tr(FcFd) = 3δcd

dabcdabd =
5
3
δcd
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Color factors for basic processes (ex. 6.2)
example 6.2

i

a

j

igγµ(T a)ji

q → qg

• color factor in |M|2

Cq→qg =
1
3
T aji(T

a
ji)

? =
1
3
T aji(T

a
ji)

T =
1
3
T ajiT

a
ij

=
1
3

Tr(T aT a) =
1
3
· 1

2
δaa =

8
6

=
4
3

=
1
3

Tr(T aT a) =
1
3

Tr(CF113) = CF

a

c

b

gfabc

g → gg

Cg→gg =
1
8
fabcfabc = −1

8
fabcfacb =

1
8

(−ifabc)(−ifacb)

=
1
8

Tr(F aF a) =
1
8

Tr(CA118) = CA = 3

generators of adjoint repr.: (F a)bc = −ifabc
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Elementary QCD processes - uu→ uu (ex. 6.3)

µa

i k

j l

µa

i k

j l

• process similar to QED ee→ ee scattering

|MQED|
2

= 2e4
(
s2 + u2

t2
+
s2 + t2

u2 + 2
s2

tu

)

• try to derive the QED result by yourself

• in QCD, there are in addition just color factors from q → qg vertices

Ct =
1
9
T akiT

a
lj(T

b
kiT

b
lj)

? =
1
9
T akiT

b
kiT

a
ljT

b
jl =

1
9

Tr(T aT b)Tr(T aT b) =
1
9
· 1

2
δab

1
2
δab =

1
4 · 9δaa =

8
4 · 9 =

2
9

Cu =
1
9
T aliT

a
kj(T

b
kjT

b
li)
? = Ct

Ctu =
1
9
T akiT

a
lj(T

b
liT

b
kj)

? =
1
9
T akiT

b
ilT

a
ljT

b
jk =

1
9

Tr(T aT bT aT b) =
1
9

(
− 1

12

)
δbb = − 8

9 · 12
= −2

9
· 1

3

• this leads to

|MQCD|
2

= 2g42
9

(
s2 + u2

t2
+
s2 + t2

u2 +
(
−1

3

)
2
s2

tu

)
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qg → qg and gg → gg scatterings

ν µ

q

p1

q1

q2

p2

k

i

a

b

j

Ms

ν

µ

q

p1

q1

q2

p2

k

i

a

b

j

Mu

νλ

µ

q

q1

p1

q2

p2

c

a

i

b

j

Mt

QED

◦ only Ms and Mu

◦ M =Ms +Mu vanishes for

longitudinaly polarized outgoing
photon εµ(q2) = Kq2µ

QCD - three tree level processes

◦ show that M =Ms +Mu +Mt vanishes for longitudinaly polarized outgoing gluon (ex. 6.4)

Gluon-gluon scattering
◦ no tree level contribution in QED

◦ in QCD, the most strong process

Figure 7.3: Lowest order Feynman diagrams for gluon–gluon elastic scattering in QCD (a-c), and for γ − γ
scattering in QED, (d). Neither momenta nor direction of the particles are shown. In the box diagram d),
any charged particle can circulate around the loop.

7.5.4 Comparison of different parton subprocesses

In the following Table the results for the spin and color averaged invariant amplitudes 〈| Mif |2〉, corre-
sponding to the simplest two–body processes in QCD are listed. The normalization is such that

dσ

dt
=

1

16πs2
〈|M |2〉. (7.69)

Process
〈| M |2〉
g4

qαqβ → qαqβ
2
9

[
2(s2 + u2)

t2
+

(
2(t2 + s2)

u2
− 1

3
4s2
ut

)
δαβ

]

qαqβ → qαqβ
2
9

[
2(s2 + u2)

t2
+

(
2(t2 + u2)

s2
− 1

3
4u2
st

)
δαβ

]

qg → qg
[(

1− us
t2

)
− 4

9

( s
u + u

s
)
− 1

]

gg → qq 1
6

[
u
t + t

u

]
− 3

4

[
1− ut

s2

]
+ 3

8

qq → gg 64
9 M(gg → qq)

gg → gg 8
9

[
−33

4 − 4
(
us
t2

+ ut
s2

+ st
u2

)]
− 9

16

[
45−

(
s2
ut +

t2
us + u2

ts

)]

In the CMS of incoming particles (which are assumed massless) the Mandelstam variables s, t, u are related
to the scattering angle ϑ∗ as follows

t = −2E∗2(1− cosϑ∗) ⇒ dt = 2E∗2d cosϑ∗. (7.70)

Numerical comparison of these cross-sections for fixed s as functions of cosϑ∗ is shown in Fig. 7.4. We see
that:

• In all processes with gluon exchange in the t-channel the contribution of the corresponding Feynman
diagram clearly dominates in the forward direction.

• Gluon–gluon channel gives by far the biggest cross-section in the whole angular range. This, however,
doesn’t imply that the gluon–gluon channel gives also the biggest contribution to the cross–sections of
hard collisions of hadrons!

• The processes in which gluons can be exchanged in the t-channel are very steep at small angles (i.e.
for cosϑ∗ → 1) where the diagram corresponding to this exchange dominates the full cross-section.
An example is given in Fig. 7.4b, where the three contributions to the quark-gluon cross-section are
displayed separately, together with their sum. Note the marked difference between the behavior at
small and large angles ϑ∗, where the exchange of quarks in the u-channel also leads to divergence,
which, however, is weaker than that at small angles.

126

J. Chýla, Quark, partons and quantum chromodynamics
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Quark and gluon scattering

gg → gg

qg → qg

qg → qg

Mt Mu

Ms
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Test QCD - jet production - 1996 (CDF experiment)
• Rutherford experiment in pp̄ collisions

dσQPM
dpT

=
q,q̄,g∑

a,b,c,d

∫
dx1dx2 da(x1)db(x2)σab→cd

[
δ(pT − pcT) + δ(pT − pdT)

]

• CDF experiment on Tevatron reported much more high pT quarks
scattered at large angles η ∼ 0 (ϑ ∼ 90◦)

• they interpreted in as a possible sign of new interaction between
quarks

PRL 77 (1996) 438
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Test QCD - jet production - 1996 (CDF experiment)
• Rutherford experiment in pp̄ collisions

dσQPM
dpT

=
q,q̄,g∑

a,b,c,d

∫
dx1dx2 da(x1)db(x2)σab→cd

[
δ(pT − pcT) + δ(pT − pdT)

]

• CDF experiment on Tevatron reported much more high pT quarks
scattered at large angles η ∼ 0 (ϑ ∼ 90◦)

• CDF interpreted the data as a possible sign of new interaction
between quarks

• other, less intriguing possibility, was that there are in proton more
gluons at high x
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Test QCD - jet production - 2008 (DØ experiment)
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• “Rutherford experiment” in pp̄ at
√
s = 1.96 TeV

dσQPM
dpT

=
q,q̄,g∑

a,b,c,d

∫
dx1dx2 da(x1)db(x2)σab→cd

[
δ(pT − pcT) + δ(pT − pdT)

]

• the highest momentum transfer with pT ≈ 600 GeV
probing QCD at disctance scales of ∆x ∼ 10−3 fm

 (GeV)
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d
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p
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PRL 101 (2008) 062001

• improved knowledge of proton structure
(more data from HERA)

• very good agreement with QCD
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Jet production from LHC
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• QCD works at least up to 2 TeV scales
• quarks are point-like at least up to 10−4 fm
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For reading and for exercises
• Chapter 6 (Basics of QCD)
• Exercises

- ex. 6.1 (Color matrices formulae)

- ex. 6.2 (Color factors for basic QCD processes)

- ex. 6.3 (uu→ uu scattering)

- ex. 6.4 (qg → qg scattering)

- reminder of exercise 3.17 (invariance of interaction lagrangian)

- derive photon propagator in Lorenz gauge ∂µAµ = 0 and try the same for axial gauge cµAµ = 0 (J. Chyla scripts)

- prove covariance of D′µ in SU(3), i.e. that D′µ = SDµS−1, with S = eiαaTa = 1 + iαaTa
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