Quarks, Partons, and Quantum Chromodynamics
Lecture 8

Quantum Chromodynamics

Alexander Kupco
http:/ /www-hep2.fzu.cz/"kupco/QCD/

kupco©fzu.cz

ver. 2025



Quantum Chromodynamics - theory of strong interaction

e What kind of quantum field theory (if any) gives:

confinment at large distances x  with asymptotic freedom at small scales
e Gross, Wilczek, Politzer (1973) - this behaviour have non-abelian Yang-Mills Quantum Field Theories
e QCD - Yang-Mills QFT with local SU(3) gauge invariance, V' = expliga,(z)Ty|V
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Quantum Electrodynamics

Classical Electrodynamics (Maxwell 1861-1862)
0 e % e . 0B - . - 10E
B = — - B=0 EF=——— B = — In nex =3
\% - \% , VX 5 V X uo]+026t, (innext ¢ = 1)

- Lorentz force F = q [F? + U X E}

e relativistic formulation in terms of 4-potential A* = (p, A), E = —V — S5 B=VxA

equation of motion 0"F},, = /i ju, F=0,A, —0,A, j.,=1(07)

1 L
generated from L, = _ZFWFW + j#A, via E-L. eq 8814“ — 02,, (8( oL )> =0

e if A" solves EoM, then A" = A* + O* f solves it as well (same physics)

Quantum Electrodynamics
1 _ .
Laep = _ZF'LWF,LLV =+ \IJ(Z J — m)\Ij =+ ]'LLA,U

e current j* = eU~* U generates right Lorentz force

E.-L. eq. for variables (¥, ¥) gives i P+ ey'A, —m|U(x) =0
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QED

e QED - QFT with U(1) local gauge invariance
o Weyl — interaction free QED has global invariance with respect to U(1): ¥/ = ¢!®0¥, U/ = W@
e What happens if we allow «a(z)?

V(i §—m)W =Te @0 J—m)e® @D =T 9 —m)T — Vd,a(x)"T

e to preserve local invariance, we have to compensate last term with interaction term of type

- 1
Lint = eUyHTVA with gauge field transforming as A/ () = Au(x)%—gﬁﬂoz(x) (same physics)

e principle of local gauge invariance dictates the form of interaction term
e this can be done quickly by replacing 0, with covariant derivation D, = 9, — ieA,
transforms as ¥: D) ¥'(z) = (9, — z'eA’M)em(l’)\D(.r) = @)D U (x) = @) D e @V (1) = D, = e *Dye '@
1

»CQED — —ZF'IW 0 —+ \Tf(i’y’uDlu — m)\If

e note that F, = F},,, (00,00 = 0,,0,0) = whole Lqep is U(1) local gauge invariant
e covariant derivation can be used to generate F),, (check it!)
Dy, D]V = —ieF, U
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Quantization of Lopp - propagator

e propagator for field A,
0=0,F" =0,0'A” —0,0" Al = [329“” — 8”8”] A,

e propagator D,,(z — y) (Green function) is given by solution of
[0%g"? — 0M0°] Dy (v —y) = —ighd(z —y)
e solution in momentum space (Fourier transformation) - 16 linear equations
[—k2gHe + k"9 Dy (k) = —igh
e matrix —k?ghe + kPk? is singular, | k7 g1 + EFEO k, =0
e gauge fixing conditions f(A,,d,A,) = 0, technically by adding L, = —ﬁ f2(A, 0,4,
e Lorenz (covariant) gauge 0,A"(z) = 0 = EoM: 9, F"" + %(‘?V@MA“ =0 e — 0, <0(3—£4)> =0

1
[—k2g“9 + (1 - Q—G) k“k”] Doy (k) = —igh

try to find D,,,,, hint look for solution in form D, = Ag,, + Bk,k, and find functions A and B

7 k. k.,
D,uu — _ﬁ [guu - (1 - CVG) 22 ]

. ,duy aq — ]C2 — 62 k’uCV + kyCu/
e Axial gauge ¢, A"(x) = 0 has propagator D, = i—5 = G + ) Ry + ——
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Comments on quantization of Lopp

e in classical field theory

- adding Ly, Is not completely correct

- we can have additional solutions that satisfy Lqgp + Ly« but not the gauge fixing condition
e in quantum field theory

- the whole treatment is consistent

observables do not depend on choice of gauge fixing condition and choice a¢

proof is not trivial, it is related to the quantization of £ (mostly via Feynman integral technique)

in addition, the requirements of renormalizable QFT (up to dimension 4 operators) + local guage invariance fixes
(almost) unambiguously the interaction term and the whole Lagrangian

L) = [E), [9]=[EP?, (4" = [E]', [F"] = [E]?

option £ = €5 " F°7 leads to renormalizable QFT - it gives zero contribution at all orders of perturbative series
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QCD - Yang-Mills QFT with SU(3) local guage invariance

e quarks in 3 color states: U= | Ts |, SU(3) tranformation ¥ — ¥’ = explia, T,]V¥,

e T, (a=1,...8) generators of SU(3) fundamental representation (color matrices)
® Liee =V[id—m|¥ — L =Lee— VYT, 00000 —  Ling = gYWTVAS

free

Dy, =0, —igToAj
o L = Lgee + Lint has global SU(3) invariance if A, transforms as adjoint repr.
AZ — A'L — exp[iabe]AM, (Fa)bc = —ifabc, for ap <K 1 AZL — AZ + abfbacA,Z (ex. 317)

e for local guage invariance we find A’ﬁ = A} + apfracAj, + éﬁﬂoﬂ
e non-abelian character of SU(3) (some f,;. are non-zero) = Fy/"" F/% + F4" F{,

14
e use G defined by [D,, D,] ¥ = —igT*G¢,

prove D), = SD,S™", with § = ¢ =1+ ia,T, = [D),D,]=S[D,, D)5
1
GH' G, = 2Tr[T°GY, TyGRY]  which follows from Tr(7,,T;,) = 5(501,

—g* GGy, = 20" To(T,GY T GY,) = 2Tr([D", D] (D), D,]) = 2Te(S[D*, DY][Dyy, D)S™) = —g*GLY G},
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Gluon field Lagrangian

D, D)V = —igT*G%,

DD,V = (9, — igTaA%) 0y — igTh ALV = [0,0, — igTy(0,AL) — igTyALD, — igT, A%, — g* T, T, AL AN
DyDy, = 8,0, — igTy(0,AY) — igTaA%O, — igTyALD, — * T Ty ALAY (1 4> v, sometimes a < b)
[Dyu, Dy) = —igTFf, — ¢°[Ty, Ty A%AY = —igT FS, —ig? fupc T A% AL,
— —igT"F%, — ig® freaTu AL AS = —igT, (F;;,, tg fabcAgAg)

G, = F, + gfacA)AS

e gluon field Lagrangian preserving local guage SU(3) invariance Loluon = —iG’ijfw
1 LY ma 1 ur Ab pc 1 2 b AC A AV
ﬁgluon — _ZFa F,uy — igfacha A,LLAV - Zg fabcfadeAuAyAdAe

e unlike in QED, the gluons interact with themselves

a Ap Ap Ad
Aﬁc A'VC A pe
f
gs abe gs2 fabc fade

A. Kup&o, Quarks, Partons, and Quantum Chromodynamics

Lect 8 / Page 8



Feynman rules for pQCD - propagators

Rules for external particles:

e u(p, s) for each incoming fermion with momentum p and spin s,
e T(p,s) for each incoming antifermion with momentum p and spin s,

e T(p, s) for each outgoing fermion with momentum p and spin s,
p.5) gong P P e factor -1 for
e v(p,s) for each outgoing antifermion with momentum p and spin s.

a) exchange of two identical final state fermions
Statistical factors in loops:

. b) or exchange f <+ f in initial <+ final state
e 1 for each closed fermion loop.

e 1/2! for each gluon loop with two internal gluons. e Fadeev-Poppov ghosts

1/3! K 1 1 ith three i 1 ' I '
e 1/3! for each gluon loop with three internal gluons - result of quantization

fi : : i :
Rules for propagators - appear in certain gauges (not in axial gauge)

- appear only in loops

p j o
= &
[}j—m+75)
a P b )
++++++ P 5% P ghost propagator in loops only
(p*+ig)
au P D,V ;
0990000000000000 5o ——— | —gu+{1-a) L
(p*+ie) (p*+ie)

J. Chyla, Quark, partons and quantum chromodynamics
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Feynman rules for pQCD - vertices

O, Q,lL

~ig(T);, . gf™r*

G, P

all momentc estgeing  incoming
—gf*™*C*"*(p.q.r)

C**(p,a.,r)=g"(p—q)'+a™(q—r)*+g"“(r—p)’

-ig* (g g% - g*g")
—ig*f™*f*(g*q*~g"g")
—ig*f**f*(g"”"q” - g"g")

c,A d,p
J. Chyla, Quark, partons and quantum chromodynamics
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Color matrices

e starting point: 1,1, = %5ab]1 + %(dabc + 1 fape) T

(example 6.1 and Appendix C)

with anti-symmetric f,;. and symmetric d;. defined via [Ty, Tp| = i fopc1e and {1, Ty} = %5@1 + dgp. T

e compare with 0,0 = 0;;1 + ig; 0 for the SU2 case

e most common traces 1
Tr(TT") = Tr(T°T?) = ~Oa

Tr(TT T°)

1 .
Z <dabc + Zfabc)

1
- E5bc

Tr(TeTTT°)

e other most common formulae
dabcfabd =0

fabcfabd — Tr(Fch) — 350d
5
dabcdabd — gécd
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Color factors for basic processes (ex. 6.2)

example 6.2
a
q — q9g
e color factor in | M|
¢ 1 a (ra\* 1 a (aNT 1 ama
> Cgoqg = 3sz’(sz’) gsz‘(sz‘) §sz‘ng
1 1 1 8 4
igyH(T?) j; = gTr(T"’Ta) =3 §6aa =c=3
1 1

generators of adjoint repr.: (F'%)p. = —ifupe

fabcfabc fabcfacb ! ( Zfabc) (_ifacb)

Tr(FF) = %Tr(CAlg) — Oy =3

A. Kupo, Quarks, Partons, and Quantum Chromodynamics Lect 8 / Page 12



Elementary QCD processes - uu — uu (ex. 6.3)

g k e process similar to QED ee — ee scattering
2 2 2 42 2
2 e s° 4+t S
a Maeo|” = 2¢* 2
‘ QED‘ e ( t2 + ’U,2 + tu)
e try to derive the QED result by yourself
J l

e in QCD, there are in addition just color factors from ¢ — gg vertices

L 1 1 1 1.1 1 g 9
Cy = §T]g@71lcjl (TISZI}§) 9Tszk17}]T 9TI’(TGTb)Tr(TaTb) § §5ab§5ab = 4—.9(5(1& = m — 5
1
Cu = gTHTE (T Ti)* = Ci
! b 1 bpapby _ L[ 1 8 21
Cru = §Tl?iﬂ?(ﬂiTkj) 9T;ﬂT leT §Tr(T"’T TYT?) = AGED) Opp = T3 53

e this leads to

2 2 (2 +u?  s%4+t2 1 52
= 2¢%= —— 2=
‘MQCDl g 9 ( t2 + u2 + ( 3) tu)
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qg — qg and gg — gg scatterings

QED

o only Mg and M,

o M = Msz+ M, vanishes for
longitudinaly polarized outgoing
photon ¢,(q2) = Kq2,

Q

_

Q‘Vk
v %
a \\] y&yu\\

Y

N

Q1 p2

Ms Mu

QCD - three tree level processes

o show that M = M+ M, + My vanishes for longitudinaly polarized outgoing gluon (ex. 6.4)

Gluon-gluon scattering
o no tree level contribution in QED
o in QCD, the most strong process
a) b) c) _ d)

J. Chyla, Quark, partons and quantum chromodynamics
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Quark and gluon scattering

107, 104
1{}* ]
i
|
1
1034,
L]
\ I
%
b |
1 %
10%6 99 — g9 :
§ * i
W
% * .
" , \.‘ % ot ¥
B N
E e ‘1':-—-- =" _._.-'r #
=TT l“"'—— -
Sy -
1k T mae=tT
1|
10
-1 -0.5 0 0.5 1 .
L] L
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Figure 7.4: a): {| M |*)/g* plotted for different 2 body processes as given in the Table below. The curves
correspond, in decreasing order of their values for cos? = 0.5, to gg — 99, 99 — ¢9.947 — qT, qq — qq,
g7 — 99,99 — q7 ;b): Individual contributions of M, (dash-dotted line),M, (dashed line) and M; (dotted

line) to the full gg — gg cross-section (solid line)
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Test QCD - jet production

1996 (CDF experiment)

e Rutherford experiment in pp collisions

4,99
dUQPM

dpr

bcd

— /d331d:132 da(21)dp(22)Tah—sed {5(1% — ) +0(pr — pT)}

% Difference

e CDF experiment on Tevatron reported much more high pr quarks

o
n
(=]

—
(o]
n

100

—
=
"

0’

—
=

75

1/An | *6/(dEdn) dn  (nbiGeV)

scattered at large angles 7 ~ 0 (v ~ 90°)

10
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Test QCD - jet production - 1996 (CDF experiment)

e Rutherford experiment in pp collisions

Q7Q7g

d
Pr a,b,c,d

e CDF experiment on Tevatron reported much more high pr quarks

scattered at large angles 7 ~ 0 (v ~ 90°)

e CDF interpreted the data as a possible sign of new interaction

between quarks

e other, less intriguing possibility, was that there are in proton more

gluons at high z

A. Kup&o, Quarks, Partons, and Quantum Chromodynamics

do PM .
oM Z /dil:‘ld:lfz da<ﬂf1)db(372>0ab—>cd [5(]% o pT) + 5(pT N pg)}

Ratio

s

25

L5

Cross section for various compositeness scales A .

Only statistical errors are plott

CDF Preliminary

Data 92/A_
-
Ao/ A
Aysod/ A
Aygod/ A

Aol A

Transverse Energy
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Test QCD - jet production - 2008 (D@ experiment)

e “Rutherford experiment” in pp at /s = 1.96 TeV

qqg
dogem

dpr

a,b,c,d

e the highest momentum transfer with p;

— /dxleEQ d (ml)db(ﬂfz)gab—md {5(]% o p$) + 5(pT N pg)}

~ 600 GeV

probing QCD at disctance scales of Ax ~ 1073 fm

- DJ Run I Reone = 0.7 NLO pQCD mo=u_=p; t ® Daa _ ]
1.5F L =0.70 fo —:— +non- perturbatlve correctlons 1 Systematic uncertamty’ .
1 0F Bm e il - =—— + ]
>~ f : i
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0.0_' L1 .\I‘ ] ] ] ] __I\ 111 |\' W ] ] __W(@ ] L1 1
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200 300 P, (GeV)

> 10"E DG Run Il * |y|<0.4 (x32)
S 108 o 0.4<|y|<0.8 (x16)
9  ¢F m  0.8<|y|<1.2 (x8)
£ 10°E
> 4§ o 1.2<|y|<1.6 (x4)
_Z_.JO 3 s 1.6<|y|<2.0 (x2)
% 10°E s 2.0<|y|<2.4
"o 102
10g
15 s =1.96 Tev
10'E L=0.70 fo
102E Rgone = 0.7
10°E — NLO pQCD
10-4;5 +non-perturbative corrections :
10‘555 CTEQ6.5M| ho=K_=Pp,
-6 l l I l l l l l
1075060 100 200 300 400 600
P, (GeV)

PRL 101 (2008) 062001

e improved knowledge of proton structure
(more data from HERA)

e very good agreement with QCD
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Jet production from LHC

l;l 1012 = T T T T T T T T —

D 9 - anti-k, R=0.4 ATLAS -

(O 107 (s=13Tev, 81nb*-3.21b* ® ly|<05(x10 —

25 6;. O 05<ly|<10(x10%)

o 10°= B 10sly|<15(x10%

— 3 0 o ° O 15<y|<20(x10% —

% 10° ° Ceo A 20<|y|<25(x10"?)

— ..“ V=l : —

— ioeeo b Y A 25<ly]<3.0(x10™)

o 1:_ GOOOOO ‘.N _:

© ]

~ - =

5 107 =

Re —

107° S

107 ; =

107125 .

10_15 :: Systematic A‘““““‘.‘ ::

—— uncertainties *‘ -

~18 2 i

10 - NLOJET++ (CT14 PDF) x B —

__ Non-pert. corr. x EW corr. L] 1

-21F _]

10 L | | | RN | | L]
10° 10°

JHEP 05 (2018) 195
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iATLAS
L=81nb*-3.2fb*

\s =13 TeV
anti-k, R=0.4
Data

NLO QCD
D I(EW D kNP

M, =H_=pT™

3¢ CT14
1 § MMHT 2014
1 } NNPDF 3.0

c§ o msos TH f ;%51.45— 15<h]<20] o ﬁ I __
= ik ed | S o b bttt £ 3
3 ogf ] Sos
— o.6§—| o B 1 F 0-6; E
10 05SY|<10 o — E 1.6F 20<|y|<25 [|| _

3 3 1.4 3

01 EW ”'Hmmmfﬂ“mﬁ M H 1'21 ﬂ;HiMmmﬂmmw W
o8 T N
1.2—I 10SV|<15 | _ 25_ 25<yi<30 || |' E
' MWIIIIHHHHWHM 1 ..
0.9F 3 1E ot ﬁﬁﬁﬂ‘fﬂﬁﬂﬁ | 3
08:_| L , ,_ 0.5§—| . . L 3
102 2><1o2 10° 2><1o3 102 2x10? 10°  2x10°

P, [GeV] P, [GeV]

e QCD works at least up to 2 TeV scales
e quarks are point-like at least up to 10~% fm
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For reading and for exercises

e Chapter 6 (Basics of QCD)

e Exercises
- ex. 6.1 (Color matrices formulae)
- ex. 6.2 (Color factors for basic QCD processes)
- ex. 6.3 (uu — wu scattering)
- ex. 6.4 (q9 — qg scattering)
- reminder of exercise 3.17 (invariance of interaction lagrangian)
- derive photon propagator in Lorenz gauge 0, A" = 0 and try the same for axial gauge c, A" = 0 (J. Chyla scripts)
- prove covariance of Dj, in SU(3), i.e. that D}, = SD,,S™!, with § = ¢'“*/v =1 +ia,T,
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