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Elastic scattering and proton structure

e−

u

d

u

• if you want to know how object looks like, you just
need to look at it - for that you need light

• Heisenberg uncertainty relation

∆x∆p ≥ h̄/2

∆x ∼ 1 fm ⇒ E ∼ 200 MeV

• in relativistic QFT, photon virtuality q2 plays the role
of momentum transfer

• source of light - electron beams

Robert Hofstadter 1956

• conceptually the same experiment as Rutherford’s one

in addition, measurement of electron momentum

• energy of electron beams (up to 550 MeV)

• enough to get the first measurement of proton size

• not enough to see proton structure

from R. Hofstadter Nobel prize lecture, 1961
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Scattering of leptons on hadrons - kinematics

`

`′

hadron

X

k

P

k′

P ′ = P + q

q = k − k′

`(k) + had.(P )→ `′(k′) +X, `, `′ = e, µ, νe, νµ

• neutral current: ` = `′, exchange of γ or Z
• charged current: ` 6= `′, exchange of W±

• initial state: S ≡ (k + P )2 = 2k · P +M2
P

• first experiments measured only scattered lepton k′

• final state Lorentz invariants (m`→ 0)

Q2 ≡ −q2 = −(k − k′)2 = 2k · k′

y ≡ q·P
k·P = Elab−E′

lab
Elab

= ν
Elab

= S−M2p
S · 1−cosϑ?

2

x ≡ Q2

2P ·q = Q2

Q2+W 2−M2p

W 2 ≡ P ′2 = M2
X = (q + P )2 = −Q2 + 2P · q +M2

p

• lepton final state characterized for unpolarized beams by 2 scalars (no ϕ dependence)

Q2 = xy(2k · P ) = xy(S −M2
p )

• elastic scattering - one more constrain, W 2 = M2
p = −Q2+2P ·q+M2

p ⇒ 2P ·q = Q2 ⇒ xel = 1

A. Kupčo, Quarks, Partons, and Quantum Chromodynamics Lect 6 / Page 3



Elastic scattering on point-like charge (ex. 2.7)
e−

p

µ

ν

k k′

p p′ = p+ q

q = k − k′

• QFT: two body process 1 + 2→ 3 + 4

dσ
dt

=
1

64πs
1
|~p?1|2
|M|2

Mandelstam var. t = (k − k′)2 = q2, ~p?1 - incident particle momentum at CMS

iM = iJµe
igµν
q2 iJνp

Jµe = ū(k′, s′e)eγ
µu(k, se), spin 1

2 proton: Jµp = ū(p′, s′p)eγ
µu(p, sp)

scalar proton: Jµp = eqe(p+ p′)µ

µ

ieγµ

p′p p p′

µ

ie(p+ p′)µ

|M|2 = (spin factor)
1
q4 L

µν
e L

p
µν with Lµν = J†µJν

Leµν = e2Tr
[
(/k′ +m)γµ(/k +m)γν

]
= 4e2

[
k′µkν + k′νkµ − gµν

(
k′ · k −m2

)]
scalar proton: Lpµν = e2

qe
2(p+ p′)µ(p+ p′)ν

continuity equation: ∂µJµ = 0 ⇒ Jµqµ = 0 ⇒ Lµνqµ = 0

trick: p+ p′ = 2p+ q and Lpµν becomes effectively Lpµν → e2
qe

24pµpν.

|M|2spin-0 =
8e2
qe

4

q4 (k · p)2

[
2(1− y)−

M2
py

k · p

]
→ 0 for

√
s�Mp

e mass m→ 0, proton mass Mp kept
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Elastic scattering on point-like charge (ex. 2.7)
• spin 1

2 proton: Lpµν = 4e2
qe

2
[
p′µpν + p′νpµ − gµν

(
p′ · p−M2

p

)]
• after averaging for proton spin (factor 1

2) becomes effectively (p′ = p+ q)

Lpµν → e2
qe

2 [4pµpν − 2gµν(p · q)]

• with this we find

|M1/2|
2

=
8e2
qe

4

q4 (k · p)2

2(1− y) + y2 −
M2
py

k · p


• and for cross section we get

dσ0

dQ2 =
4πα2e2

q

Q4

1− y −
M2
py

2 k · p

 dσ1/2

dQ2 =
4πα2e2

q

Q4

1− y +
1
2
y2 −

M2
py

2 k · p



• using relation Q2 = 2y k · p (xel = 1) dσ1/2

dy
= 2(k · p)

4πα2e2
q

Q4

1− y +
1
2
y2 −

M2
py

2 k · p


• in lab: dσ

dΩlab
=

α2 cos2(ϑlab/2)

4E2 sin4(ϑlab/2)

E′

E

[
1 +

Q2

2M2
p

tan2 ϑlab

2

]
,

dσ
dΩMott

=
α2 cos2(ϑlab/2)

4E2 sin4(ϑlab/2)

E′

E

relativistic correction

Rutherford formula kinematic factor spin 1/2
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Elastic scattering on real proton (ex. 2.8)

p

µ

p p′

q

• charged current of spin-1/2 Dirac point-like particle: Jµ = eū(p′)γµu(p)

• for proton with structure we need to generalize Jµ
• for unpolarized proton we have only pµ, p′µ, and γµ

not εµνστ as this would violate parity conservation

Jµ = eū(p′)
[
A(q2)γµ +B1(q2)pµ +B2(q2)p′µ

]
u(p)

• other possible cases can be always converted to this using Dirac equation

• A(q2), B1(q2), B2(q2) are form factors, depend on only one kinematic variable (elastic + unpolarized proton)

• charge conservation Jµqµ = 0 leads to B1(q2) = B2(q2) = B(q2)

• most general form of current: Jµ = eū(p′)
[
A(q2)γµ +B(q2)(pµ + p′µ)

]
u(p)

using Gordon decomposition ū(p′)γµu(p) = ū(p′)
[

(p+p′)µ

2m + i
2mσ

µν(p′ − p)ν
]
u(p) , σµν = i

2 [γµ, γν]

Jµ = eū(p′)
[
F1(q2)γµ + F2(q2)

i

2m
κσµνqν

]
u(p),

• elastic form factors: F1(q2→ 0) = 1 (e - total charge), F2(q2→ 0) = 1 ⇒ (κ - anomalous magnetic moment)

other choices: electric GE = F1 − Q2

4M2p
κF2 and magnetic GM = F1 + κF2 form factors

Target with a structure behaves at q2 → 0 like a point-like particle with total charge (e)
and with anomalous magnetic moment
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Elastic ep - proton size (Hofstadter 1956)

from R. Hofstadter Nobel prize lecture, 1961

• Mott curve: relativistic scalar point-like proton
• Dirac curve: point-like proton with κ = 0

Data still above!

• Corect curve to define form factors
Point charge with proton anomalous magnetic moment

dσ
dΩlab

=
dσ

dΩMott

(
F 2

1 +
Q2

4M2
p

[
κ2F 2

2 + 2(F1 + κF2)2 tan2 ϑlab

2

])
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Elastic ep - proton size

Chambers and Hofstadter, Phys. Rev. 103 (1956), 1454-1464

Chambers and Hofstadter, Phys. Rev. 103 (1956), 1454-1464

√
< r2 > =

√
12 a ≈ 3.46 a

Hofstadter (1956)

• series of exepriments at Standford University
• first analyses of data F1(Q2) ≈ F2(Q2)

later on with more data GE ≈ GM/µp

• proton charge density model %(~x) ∼ exp(−µ|~x|)
⇒ dipole form factor

F (q2) =
1

(1 + q2/µ2)2

• 1953 - electon beam up to 125 MeV (gold atom size)
• 1955 - beam energy 200 MeV, first estimates of proton

size (0.7 fm)
• 1956 - beams up to 550 MeV ⇒ rp ≈ 0.8 fm
• Nober Prize 1961
• to see proton structure we need higher energies
• SLAC - plans for linear accelerator with Ee = 20 GeV
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Proton size puzzle
Situation before 2010
• agreement between electron scattering and spectroscopy

(electron energy levels depend slightly on nucleus size)

Pohl et al. experiment in 2010
• spectroscopy on muonic hydrogen : r(µ)

spec = 0.84087± 0.00039 fm

muon orbits closer to the proton, spending in proton more time (rH ∼ 1
αme

)

• 5σ discrepancy with respect to electron spectroscopy

Situation in 2019
• new measurements tends to agree mostly with

new muonic results

◦ PRad (e-p scat.) rp = 0.831 ± 0.014 fm
Xiong, W. et al (2019) Nature 575, 147

◦ H-spectroscopy:

0.833± 0.010 fm (Bezingov 2019)

0.8335± 0.0095 fm (Beyer 17)

CODATA 2018: rp = 0.8414± 0.0019 fm

PDG 2024: rp = 0.8409± 0.0004 fm
Science 365 (2019) 6457, 1007-1012
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SLAC and the first DIS experiments (1968)

from H. Kendall Nobel prize lecture, 1990
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Deep inelastic scattering

p

µ

P P ′

q

• proton is destroyed ⇒ no current Jµ associated with vertex

⇒ need to construct general hadron tensor Lµνp ≡Wµν

• we have gµν, Pµ, qµ, and parity violating εµνστ (for CC)

Wµν =−W1gµν +W2
PµPν

M2
p

+ iW3εµνστP
σqτ

+W4qµqν +W5(pµqν + pνqµ) + iW6(pµqν − pνqµ)

• charge conservation Wµνqν = 0 and hermiticity of Wµν fix W4,5,6

• 3 form factors (structure function) describing proton in inelastic scat.: W1(x,Q2), W2(x,Q2),W3(x,Q2)

• functions of two scalars

• for parity conservating QED only two (W3 = 0)

• we don’t need to know W4,W5,W6 as Lµνe qν = 0 ⇒ W eff
µν = −W1gµν +W2

PµPν

M2
p

spin-0

spin-1/2for S �M2
p , i.e. neglecting term

M2py

2k·P

dσpoint
el

dQ2 =
4πα2e2

q

Q4

[
1− y +

1
2
y2
]
⇒ dσinel

dx dQ2 =
4πα2

Q4

[
(1− y)

F2(x,Q2)
x

+ 2F1(x,Q2)
1
2
y2
]

try it by evaluating Lµνe Wµν and using F1 ≡W1, F2 = W2
ν
Mp

(textbook 5.2) ↓ ↓
conventional choice
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First results from SLAC on DIS (1968)

from W. Kendall Nobel prize lecture (1990) PRL 23 (1969) 935

• main experimental program: elastic, and quasi-elastic form factors (like for ep→ e∆+)

• inelastic measurements just part of supplementary program

• steeply falling elastic form factor followed the power law dipole formula even at very high Q2

• in strinking contrast, inelastic cross section at high Q2 behaved like a scattering on point-like target

⇒ only mild dependence of F1(x,Q2) and F2(x,Q2) on Q2 - Björken scaling (F2(x,Q2 →∞) = const > 0)

Taylor, Kendall, Friedman - NP in 1990
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DIS and proton structure

PRL 23 (1969) 935

• J. Björken in 1967
But the indication is that there does not yet seem to be any large

cross sections which this model of point-like constituents suggests.

Additional data is necessary and very welcome in order to completely

destroy the picture of elementary constituents.

• early 1968 - with new data from SLAC, first evidence that
data might give evidence on the behaviour of point-like charged struc-

tures in nucleon

electron proton

Q2 � m2
p• proton made of point-like sources with charge αi

• Reminder from Lect 1:
dσ
dΩ

=
dσpoint

dΩ

∣∣∣∑
i

αiexp(i~q ·~ri)
∣∣∣2 =

dσpoint

dΩ

[∑
i

α2
i + 2Re

∑
i<j

αiαjexp(i~q · ~∆ij)
]

|q|�∆ij−→ dσpoint

dΩ

∑
i

α2
i =

∑
i

dσpoint(αi)
dΩ this is Björken scalling
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Feynman parton model of proton
• summer 1968 - SLAC results presented on conference in Viena

• autumn 1968 - Feynman formulated basic ideas of parton model (for hadron-hadron collisions)

• 1969 - first formulation for DIS (Björken, Paschos: Phys. Rev. 185 (1969) 1975; full credit given to Feynman)

Parton model
• proton behaves in deep inelastic scattering (Q2 �M2

p ) as a bag of free point-like constituents, partons

• final cross section is incoherent sum of cross sections on individual proton constituents

• formulated for very fast protons, in so called infinite momentum frame, in this frame

- we can neglect transversal motion of partons (kT ∼ 200 MeV, due to their binding in 1 fm radius)

- we can neglext proton and parton masses, p = ξP , i.e. ξ fractional momentum carried by parton

x = Q2

2P ·q , scattering on parton is elastic xel = Q2

2p·q = Q2

2ξP ·q = 1, but x = Q2

2P ·q ⇒ x = ξ

In parton model, kinematic variable x = Q2

2P ·q describes fractional longitudinal momentum of the parton
that was kicked by the incident electron

• proton is described by parton distribution functions (PDF) dA(x)

dA(x)dx is number of partons of type A carrying fractional momentum (x, x+ dx)

◦ partons are free, i.e. on mass shell, therefore PDFs are functions of x only
partons are not free, at the end we get dA(x,Q2) as described by QCD

• charged partons were identified with quarks, neutral with gluons ⇒ quark parton model (QPM)
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Structure functions F2 and F1 in QPM
• QPM prescription: final x-sec is sum of x-secs on individual proton constituents

dσQPM

dQ2 =
partons∑

i

di(x)dx︸ ︷︷ ︸
Npartons

· dσ
point

dQ2 (ei) ⇒ dσQPM

dxdΩ
=

4πα2

Q4

part.∑
i

e2
idi(x)

[
1− y +

y2

2

]

• comparing with general formula

dσinel
dx dQ2 =

4πα2

Q4

[
(1− y)

F2(x,Q2)
x

+ 2F1(x,Q2)
1
2
y2
]

⇒ F2(x,Q2) =
part.∑
i

e2
ixdi(x)

• prediction for F1(x,Q2)

scalar parton: F1(x,Q2) = 0, ⇒

spin
1
2

parton: 2xF1(x,Q2) = F2(x,Q2) (Callan-Gross relation)

• to measure F1 and F2, DIS has to be performed at two different
√
S

as (Q2 = xy(S −M2
p ))

• measurements confirmed spin 1/2 for charged partons

P. Schmuser, Feynman-Graphen und Euchtherein fur Experimentalphysiker (1988)
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Proton structure after HERA

HERA

• e−/e+ + p collider

• Ecms = 318 GeV

- 27.5 GeV electrons

- 920 GeV protons
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For reading and for exercises
• Chapters 5.1-5.7 from J. Chyla’s scripts (5.3 optional)
• Exercises

- ex. 2.7 (Elastic scattering of electron on point-like particle in QFT)

- ex. 2.8 (Proton anomalous magnetic moment)

- recapitulate ex. 2.6 (Dipole form factor and proton size)

• Extra exercises for further study
- Appendix B (Electron magnetic moment at NLO)

p

p′

k

p+ k

p′ + k

ν

µ Jµ = eū(p′)
[
F1(q2)γµ + F2(q2)

i

2m
κσµνqν

]
u(p)

A. Kupčo, Quarks, Partons, and Quantum Chromodynamics Lect 6 / Page 17


