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Additive quark model of hadrons

e success with hadron magnetic moments

p n - = =
2793 -1913 -0.613+0.004 2.458+0.010 -1.160+0.025 -1.25+0.014 -0.651%0.003 -2.02+0.05
input  input input 2.674 -1.092 -1.435 -0.494 -1.839

=- constituent quark masses: m, = 338 MeV, my = 338 MeV, ms; =510 MeV

e \What about hadron masses?

e simple additive model too cruel in particular for mesons

octet of pseudoscalar mesons

K® (ds) | Y K* (us) 1 < K° 498 octet of vector mesons
¢ e K* 494 KO (d3) v K (u3) 1
@ 1T © K* 890
n (du) n°](qq) ~*(ud) 0 n'~ 140
——— @ ——o— < ° 135 p"(dT) p°L(qd) p’ (ud) 0 o 770
n 3 n 548 - @ . < o 783
K™ (Us)| K°(as) —1 K° 498 pmy | e
| K*"(Us) K™ (ds) -1
() -1 @ < K~ 494 o ‘1@ K* 890

e quark spins must play some role

A. Kuplo, Quarks, Partons, and Quantum Chromodynamics Lect 5 / Page 2



Hadron masses

e let's try model with spin-spin interaction (Halsen & Martin)

. . 2
analogy with hyperfine structure of hydrogen lines: AVINES 7;04(; nje 11 (0 )|
pTle
o) (7
_ q q
e meson masses: m(q1q2) = Mg, + Mg, + a (Ymeson| : 2 |¥meson)
Mg, Mgy
1,2,35: =
/ q; q;
e baryon masses: mp(q1q2q3) = Mg, + Mg, + Mgy +a' (Y| > — ~ |YB)
i<y 4T

e we can evaluate the scalar products of Pauli matrices directly
(see the last part of exercise 4.3 - Baryon masses)
e or do it in a clever way using quadratic Casimir operators
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Casimir operators (exercise 3.14)

e quadratic, or higher order, forms constructed out of Lie algebra of generators X;, which commute
with all its elements

e the simplest form is quadratic Casimir operator, for orthogonal generators X
n
CZZX@X@, Vi:1,...,n: [C,X@]:O.
1

Schur's Lemma: Casimir operator is for irreducible representation a multiple of unit matrix 1
e in SU(2): C = J? + J3 + J% is square of total orbital momentum  C(D(j)) = j(j + 1)1
2 (7 7 2 72 72 7 7
Trot = (Jy +J2))” =y + Jig) + 200y - S

® as.J;=0i/2: F1) - ) = 41y J2) = 2(Crot — Cay — Cz))
1,2,3 1,2,3
Y 3w T =4 iy i) = 2(Crot — Cay — Crz) — Cg))
1<J 1<J

e SU(3) for D(qs3,q3): Clq3,q3) = % (%% T ¢3q3 + qg) + (g3 + q3)

® SU(N) Cr(N) = Nsﬁl, CA(N) = N (exercise 3.16)
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Meson masses

octet of pseudoscalar mesons

octet of vector mesons

K® (ds) | Y K* (uS) 1 K° 498 K®(ds) | y K**(us) 1
e e <« 404 o e K
n (du) n°f(qq) ~*(ud) 0 n" 140 p~ (du) p°l(q@) p* (ud) 0
e ® . - - P
@ < v LT LAY <!
K™ (Us)| K°(as) -1 K°® 498 K-(us) | K°(3s) —1
i < Kk 494 o 'l i'e X
a 1 3 1 3
® 7T mass: mw—zmu+m—%2<0'1_§‘§_§'§)_2mu_3A muzgmé’;m”zi’)OGMeV
My = My A Jr= Ju=1/2 N
! ! ’ A =" < 150 Mev
a 1 3 1 3 N 3
PY Q mass: mQ — 2mu _|_ _22 1 . 2 - . .= — 2mu _|_ A a ~ 0.015 GeV
m2 22722
J,=1
m m m
e Kaon masses: my = my+ms—3A—, mg+ = mytms+A— =  mg—mg = —(my—my)
ms mS ms
e difference supressed by m, /ms:  ms~ 496 MeV = mg = 508 MeV, mz+ = 900 MeV

A.

works for baryons as well (exercise 4.3):

Kupfo, Quarks, Partons, and Quantum Chromodynamics

my, = 362 MeV, ms = 539 MeV, A’ = 49 MeV = o/ = 0.0064 GeV?

890

775
783

890
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Color

e Why are hadrons colorless and why we don't observe free quarks (confinment)?

Nambu 1965 - quarks are confined in hadrons due to new fundamental force

"mediated by an octet of gauge fields AL coupled to infinttesimal SU(3) generators
(currents) \; of the triplets with strength g" QCD!

we don't observe free quarks because they are very (infinitely) heavy, due to new force dynamics
(concept of running mass and coupling in QFT) - M, — oo

Lint = v\, A = (in analogy with spin-spin interaction) potential V;; = v(7;) T(i) : T(j)
binding energy of hadron made out of n quarks

Vi(n) ~ (n| 3" Vi ln) ~ (n| Y- Ty - Tigy In) ~ (0| Tige = T3y — - - - Ty In) ~ Crot = nCp
pairs 1<J
hadron mass: M (n) =nM,+ k(C —nCp) = kC +n(M, — kCF)
the only chance to produce small hadron mass is to compansate large M, with large k (k ~ M,/CF)

- M(n) ~ %M, = small hardon masses only for C' = 0, which is the case of color singlet only
g

1 4

Clas,a5) = 5 (63 + @z + 3 ) +astas)  C(0,0)=0  Cp=C(1,0)=0(0,1) =3

A. Kupo, Quarks, Partons, and Quantum Chromodynamics Lect 5 / Page 6



Color

e we find singlets in: 3®3 =8® 1 (¢qg - mesons), 3®3®3 =10®8PBH 8D 1 (gqq - baryons)

e orin: 3®3®3® 3 (qqqq - tetraquarks), 3 ® 3 ® 3 ® 3 @ 3 (gqqqq - pentaquarks)
o Z(4430)" cedu state (Belle 2007, LHCb 2014), P.(4380)" ccuud state (LHCb 2015)

e orin: 8@ 8 (gg - Pomeron), 8 ® 8 ® 8 (ggg - Oderon), 8 @ 8 ® ... 8 (glueballs) (exercise 6.5)
o BESIII announced in 2025 a discovery of glueball candidate X(2370)

e but not in: 3®3 =06® 3 (no qq states), 3®3®3, 303 R 3® 3, (exercise 3.10)

e binding energy between color and anti-color in meson

4 8
‘/q’lz_]leSOnNo_Zogz_g
e two colors in baryon can be either in 6 or 3
e cannot be in 6, as 6 ® 3 = 10 @ 8 has no singlet
4 4 4
VbaryonN__2._:__
14 3 3 3

e Nambu models explains why o ~ 20/
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Hadron spin and masses and string theory

12

M? [GeV?]

M? ~ J (Regge trajectory)
o | $,;$:' Answer to "Why?" led to string theory

g Inelastic (non-relat.) solid body
a1 P Ey=3lw, L=Iw = E~L?

M~{2} ( GeV )" {2]

‘] \ N Elastic (non-relat.) solid body

| % . . _
. L - maximal orbital speed w,., at which the

2+ o/ P
P body streches to infinity (I — o)
' 14 K*o,;i:' for w — Whax:
%

o " , L—00, E~Lwn = E~L
0 1 2 3 4 5 6 J

Rotating relat. elastic string - maximal orbital speed at which the edge moves with ¢: wmax = 2/1

- string rest density o(2x /1), near wmax = 2/1: 0(§ = Wmax®)
/2 0(Wmax) 2 o(§) /l/2 Q(Wmaxx)f’j wmax /
M=FE= —~ d ~1, L=/ da —~ ~ 12
/l/2 \/1 wmaxx wmax/ é-\/ 1— 52 1/2 \/]_ — wmaxgj max 5 1 _ 52

- linear increase of energy with string length and M? ~ L L. Susskind - Lecture 1 on String Theory and M-Theory

www . youtube. com/watch?v=25haxRuZQUk

- relativistic rotating disc: M3/2 ~ L, sphere M*/3 ~ L (exercise 4.7)
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Color string

Meson in Lattice QCD

i e+ q
quarks
and
v gluon field
e q

e in electrostatics - field spreads over entire space

e in QCD - gluon field concentrates into narrow tube

e energy between two colors increases linearly with distance

e at some point, it is favorable to generate color anti-color

pair from vacuum and break the string ﬁ ﬁ
PSSR R
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Hadron masses in lattice QCD

2.0 : :
: - mass |GeV] e -
1.5 | g L5 Q
| 1 T x :
- T A :
1.0 - : N
o _.; (|) i—+— : 1
] —_ i N i ]
0.5F , . .
_ vector meson octet baryon | decuplet baryon _
0.0 ' '

PACS-CS Coll., Phys. Rev. D79 (2009) 034503

Input: masses of m, K a () (they determine current quark masses)
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Charm

e speculations about 4™ quark, shortly after Zweig and Gell-Mann quark model  (Bjsrken, Glashow 1964)

symmetry between quarks and leptons - discovery of v, in 1962  (Lederman, Schwartz, Steinberger - NP 1982)

® GIM mechanism (Glashow-lliopulos-Maiami 1970) - Ath quark provided elengant solution of FCNC
KT — nlte™ (Br=0.048), KT s 71tete” (Br=27-10"")
e another example of FCNC - rare decay K¢ — ptp~ (Bra7-107)

s J *
cos 6 MU o . a4
— e 3-quarks weak current J, = uv,(1+ 75)(dcosf + ssind) leads to Br ~ 10

e 4-quarks weak current J, = U~,(1+75)CD

I(L UpcC Y Vu U(u) D d O cosf sinf
¢ S —sinf cosf

W i
E’LSO'L/\/\)_)_M - same but opposite contribution for ¢ quark (if masses are neglected)
-sin 6
m2—m?_ ., m? Historically, first estimates of m
Bra ¢ _TUu10t =107 = me~ 0.0l myy ~ 0.8 GeV ’ |
miy miy even before the discovery of ¢

e cancelation of EW axial anomalies requires symmetry between leptons and quarks
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Prolog to discovery of ¢ quark

_..32 R

—33}

_36 L
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2 3 4 5 6 7
M. [Gevrct]
PRL25 (1970) 1523

Lederman in Brookhaven (1970)

e 30 GeV proton beam on heavy target

- practicaly only muons could leave the target
- bad energy and invariant mass resolution

e experiment was looking for “heavy fotons”

- cC is such state (!)
- wide resonances expected

- this is exactly what was observed

e however

p+U =ty +X

from 22 to 29.5 GeV.

Muon pairs in the mass range 1<m;, <6.7 GeV/c? have been observed in collisions of
high-energy protons with uranium nuclei. At an incident energy of 29 GeV, the cross
section varies smoothly as cb/dmpp %10'32/771““5 cm? (GeV/c)™? and exhibits no resonant
structure. The total cross section increases by a factor of 5 as the proton energy rises

PRL25 (1970) 1523

e Lederman missed the oportunity for the second Nobel Prize
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https://doi.org/10.1103/PhysRevLett.25.1523
https://doi.org/10.1103/PhysRevLett.25.1523

ete” —hadrons, summer 1974

g W
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_|_ _
e"e~ — hadrons
R =

ete” — putp~
in parton model (also LO QCD)

For 3 quarks (u,d,s): R=2
For 4 quarks (u,d,s,c): R=10/3

No obvious resonance
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Ting - discovery of J (Brookhaven)

e magnetic 2-arm spectrometer with excellent resolution (5 MeV)

p+ Be — ete” + X e clectron identification with Cerenkov detector
e search for resonances in lepton pair invariant mass
80~ ' "
e August 1974: Glashow visits Ting in Brookhaven to convice him to look for ¢ quark I M Eren—t e
in pairs of strange kaons and pions, NOT IN ete™
or SPEC TROMETER
e September 2: Rhoades notices a cumulation of events at 3.1 GeV mass (didn't tell - B u roma momenn
Ting) [ o] o = 0% momentum
e early October - restart of experiment after accelerator shutdown ol
- resonance starts to be obvious but no announcement b
N . ”- =l ¥
- Ting wants an independent check 7
. . . _ Z
e early November: Ting knows that the resonance is new particle, probably cc state ot %
Z
- still no publication, Ting wants to discover the whole family of ¢ hadrons - g
) Z
- Ting under pressure from collaborators as the particle could be discovered mean- = f
| . ol 7
while at SLAC in ete™ collisions %
i |
/
Z 17
1—‘ 27 30 izs 3s
- meeg-[ev)
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Richter - discovery of ¥ (SLAC)

November 4,1974 - Richter back at SLAC

S| L | L

- his team refers about small cross section increase at /s ~ 3.1 GeV F 670 ~mnadroms A=y ]
- proposal to reconfigure SPEAR from 5 GeV back to this energy ry 000 E g
Nov 8 - Goldhaber convinces Richter to tune SPEAR back to 3.1 GeV 5 100 ; j
(he showed an increased production of K mesons in the same run) : :
Nov 9 - hadron event rate: 1 per min. (3x above normal) 10 Z]}e- . ;ms:mlo.el -
100 E 3

Nov 10 - 7x increase in rates at 3.11 GeV; Goldhaber starts to write = 3 E
discovery paper; an hour later the team is reporting increase of 70x at RS E _é
3.094 GeV; the peak was found at 3.095 GeV (rate 100x) ® i ;
. . . _ . | :J_,; 1 1 PR R T B | i

Nov 10 - Ting flights to meeting at SLAC; at deep night from Sunday 500 | o*e- —e*e-  1cosBl<0.6 -
to Monday he got a message in the hotel from colleagues at Brookaven = 100 | _
about the discovery at SLAC (TWA did not passed down the message = E + ¢ 37
- they considered a message at 1:00 AM as a joke) © 20 LLa1 N ST BT

3.050 3.090 3.100

310 3420 3.130

Ecm. (GeV)

- Ting writes during the night a discovery paper

Nov 11 - Ting meets with Richter in the morning - they report to each other about their discoveries

1976 - Nobel Prize for Ting and Richter "for their pioneering work in the discovery of a
heavy elementary particle of a new kind."
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SPEAR, Richter

:I .T_ l' L] 'r L l L] 1 L] I' Im ET T I L ]' L =3
E e*e™ ——hadrons Asy - e*e” —hadrons B:y’ g
. 1000 E : :
€ a B
- = . 100 = -
- - - 3
® 100 | ¢ - -
o N S .
10 | »l 1 L | L | 1 | 1 | 10 | - | l - | | |
- ete” ——utu"  1cosB150.6 ) - ete" =utW”  lcosBl506 .
100 | 3 6 |- .
-~ s . - ) 1
2 . 1 4} boo—
- L -
10
b Et + _E 2 -1 B
: : 0 1 | | | 1
e S B S B 60 |- e*e —e*e  1c0s61<0.6 =
200 | e*e” ——e*e”  lcosBlI 0.6 . s ]
3 100 E 40 — e e
- + t {20 —
b - — _4
20 1 ] 1 1 1 L 1 l 0 | [ L | 1
3.050 3.090 3100 310 34020 3.130 3.670 3680 3.690
Ec_m_ (GeV) E c.m. [GEV]
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J /U

GeV
A e mass m gy = 3.16 GeV
I
e very narrow, I' = 88 keV
. Zweig allowed Zweig forbiden
o0y kinematically forbiden kinematically allowed
o c — >
f d ) d !
36
C C
J J ' )
/Y - 1 /Y - A
--=="'p, d - J_
D
34} E L— i
i mp+ =186 GeV = 2mp > mj/y
321~ e c quark quite heavy m. ~ 1.6 GeV
- = charmonium spectrum (c¢ bound states) can be calculated in non-
a0l relativistic QM
e - effective potential that leads to observed spectrum
1 0° 1= 21,00 yrC 4o
Fig. 213 The observed charmonium spectrum. The Vef(r) = 3 kT
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Classification of charm mesons - SU(4)

e SU(4) - 15 generators, rank 3 = 3 simple roots and 3 fundamental representations (ex. 3.15)

4 a 6
‘B>./R\ j// Ty

D) .r\
o
| )

e mesons 44 =151
ex. 3.16: for SUIN), No N =A® 1

pseudoscalar multiplet —

PDG, Phys. Rev. D98 (2018) 030001
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Baryon SU(4) multiplets

SU(3) : 3
63
4®4®4=20D 20,5 D20,,D4,
e spin 1/2 baryons wave function 8
20m,s ) 2m,s + 20m,a & 2m,a
1
e spin 3/2 baryons wave functions
205 ® 4, .
- contains only symmetric SU(3) multiplets ;
=1 discovered by LHCb in 2026
with mass of about 3620 MeV 10

PDG, Phys. Rev. D98 (2018) 030001
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b quark

e History repeates
- 7 lepton discovered in 1975 in SLAC (Perl - BN in 1995)

- implied and existence of two more (3rd generation) quarks (bottom and top)
(v was discovered in 2000 by DONUT in Fermilab as the last fundamental fermion)

e Disovery of b quark
- Leon Lederman - 1977 in Fermilab (400 GeV proton beams)

p+B—=ete +X or p+B =t +X

- magnetic spectrometer with resolution o ~ 2%  (still much worse than Ting)
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T discovery - Fermilab (Lederman)

| L i L L)

[ 1976

Ooops Leon

L]

b /GeV/nucl.]

.

rr f:y’.n l
.

. |
&

do /¢
+

ﬂ PRL 36 (1976) 1236 » PRL 37 (1976) 1374

S 6 T e t a 4 9 6 7 8 9 10
meelS)

Figure 4.8: Twists and turns of the discovery of the bottom quark. Evidence of “a new resonance at 6
GeV™ [81] observed in the distribution of invariant mass of e*e™ pairs (left), but shortly afterwards ruled
out by the data [82] on u* u~ pairs (middle), and replaced by the observation of the dimuon resonances at
9.44 and 10.06 GeV in [84] (right).

We report results on the production of muon pairs in the mass range 2.5 to 20 GeV in

We report preliminary results on the production of electron-positron pairs in the mass 400-GeV proton-nucleus collisions. A total of 159 events are observed in the mass range
range 2.5 to 20 GeV in 400-GeV p-Be interactions. 27 high-mass events are observed in 5.5 to 11 GeV with a cross section which is in agreement with the previous observation
the mass range 5.5—10.0 GeV corresponding to o=(1.2£0.5) x10" %% cm? per nucleon. Clus- of a high-mass dielectron continuum signal in this interval. Details on the production
tering of 12 of these events between 5.8 and 6.2 GeV suggests that the data contain a new dynamics and comparisons with parton-model predictions are presented, Within limita-
resonance at 6 GeV. tions of resolution and continuum uncertainty, the dimuon mass spectrum provides no

PRL 36 (1976) 1236 evidence for fine structure above 5 GeV.
PRL 37 (1976) 1374
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bb spectroscopy - bottomonium states

Y0200
~T(10860)
- e three states below BB threshold
"""""""""""""""" BB threshod T(15) : m ~ 9.46 GeV, T ~ 54 keV
- T(25) :m =~ 10.02 GeV, T' ~ 32 keV
'"ﬁ;ﬁ’&‘l'” T(3S) Y =T %y (2P) Xy o(2P)

T(35) : m ~ 10.36 GeV, I' =~ 20 keV
e one state just above BB threshold
T(4S) : m ~ 10.58 GeV, I' ~ 21 MeV

e b quark mass: my ~ 5 GeV

o non-relativistic approximation (description with ef-
fective potential) works even better than in case of
charmonia

JPC - n-+ Rt 1+~ 0++ 14+ g+

J. Chyla, Quark, partons and Quantum Chromodynamics

A. Kupfo, Quarks, Partons, and Quantum Chromodynamics Lect 5 / Page 22



Top quark discovery

250 - ‘ 7 ' ' |
200 :— O |+ |5 { N
- o I e
L 150 | I
> L Ay
= i
O, i
E“" 100 :— |+ i
e _
g Ch. Quigg, hep-ph/0001145 E
0 | | | | . | ! | !

1988 1990 1992 1994 1996 1998

e inderect estimates from LEP

e for example Z decay width is, thanks to ra-
diation corrections, sensitive to top quark
mass

A. Kup&o, Quarks, Partons, and Quantum Chromodynamics

T 6 t

| 35

| 3o 1\

1 EE SN ¥
"~ 2 ;_ R Ess \“/
ca Fe
> S
g - 150 160 170 180 190
5 - ' Top Mass (GeV/c’)
=) ’- — et :_l ]

,L ' f__:

’ b ™ |

0 | TN TR S SNSRI NN T S _a|
100 150 200 250 300
Top Mass (GeVic’)

e Tevatron 1994 (CDF and D@ experiments)
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Top quark mass

Correction to myy

2
~ My "N Inm H
- -
-,
t ’ l"| H
‘ -
W Y / i' =T LY
C w w
b
DQ January 2012
March 2012
80.5 1 T ] ] I T T T 1 I ] ] T T | L T T ] | T T ] T I T L] T T | ] T ] T 1 T T L T
1 —1 L 1} — —
Runl dileptons o1 " ¢ ! 1684 f:ig é:f GeV L (O LEPEWWG (2011) 68% CL (excluding M,,m._&direct Higgs exclusion) o
s 68% CL M_ (2012), u
Run| lepton+jets 0.1 H—e—— 180.1 13639 GeV i @ (yareal iy GOAM o -']j@é’% kil
- + 5.3 GeV 80-45 i L’\ -
Run Il dileptons 5.4 ' H-@+H 1740 118 24 GeV - =]
(matrix elements) + 3.1 GeV — -
Run Il dileptons 5.3 o 1740 +24 £1.4 GeV e [ ]
(neutrino weighting, not yet in the combinations) +2.8GeV > 80 4 __ ;
Run Il lepton+jets 36" HeH 1749 108 £1.2 GeV v G o
+1.5GeV Q - p
= & =
D@ combination (may 2011) HeH 175.08 to0.77 t1.25 GeV E i ol
+1.47 GeV 80.35 — -
Tevatron combination (July 2011) HeH 173.18 £0.56 20.75 GeV B )
+0.94 GeV £ .
Run Il o(l+jets) 5.3 i —e— 167.5 +54-49 GeV 80.3 — -
(indirect, not in the combinations) gl
\ I R | , I N _I | i I | L I 1 i i i | i | i [l | T i i I 1 i L1 | i i i ] | i i i | .
160 170 180 132 160 165 150 145 180 185 190 195
To uark Mass [GeV
pQ [GeV] m,,, (GeV)
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We do not know which possibility Is

realised!
Higgs mass M;,=125.3+0.6 GeV

Higgs mass M;,=125.3+£0.6 GeV 0121}
0.06 — . . . . - < 0.120 |
- W Vacuum stability T [
0.04 - BANR § o0 (0.119 |
R N =
~0.02 -stable \\ \ % 0118 ?
: RS o VY- :
0.00 | 2 :
i 1 & 0.117 ¢
~0.02 - 7 ;
I 0.116 a
5 8 11 14 17 20
100-10° 10° 10" 10" 10" 10 170 171 172 173 174 175 176
Scale u, GeV Pole top mass M,, GeV

errors in y;: theory + experiment
Tevatron: M, = 173.2 4+ 0.51 & 0.71 GeV V (®) = —12(®1®) + \(0TD)?
ATLAS and CMS: M; = 173.4 4+ 0.4 £+ 0.9 GeV

as = 0.1184 7

A. Kup&o, Quarks, Partons, and Quantum Chromodynamics

- 0.0007

Stockholm, July 23, 2013 —p. 9

Shaposhnikov, EPS 2009
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For reading and for exercises

e Chapter 4 from J. Chyla’s scripts
e Exercises

- ex. 3.14 (Casimir operators)

- ex. 3.17 (invariance of Lagrangian)

- ex. 4.1 and 4.2 (baryon magnetic moments)

- ex. 4.3 (baryon masses)

- ex. 4.4 (application of isospin)

- ex. 4.5 (Decay modes of ¢ - application of Zweig rule)

- ex. 4.6 (application of quark model on radiative decays)
e Extra exercises for further study

- ex. 3.13 (general SU(3) multiplets)

- ex. 3.15 and 3.16 (SU(4) and SU(N))

- ex. 4.7 (rotating string)

- ex. 6.5 (glueballs)
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