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SU(3) generators - color matrices T,

SU(3) group — a set of 3 x 3 unitary (U) complex e color matrices T, = 3\, satisfy

matrices with unit determinant (S - special) 1
Tmﬂﬂy):§@w

e 3 x 3 matrices form also representation on 3-dim H

. : e In analogy with Pauli matrices
e generators are 3 x 3 Hermitian traceless matrices analogy

1 1
a c—id e—if det e = I7(4) Ty -1y = 65ab1‘|‘§(dabc+ifabc)Tc
c+d b g —1h
e+if g+ih —a—0b Exercise 3.3

e d,- € R fully symmetric

e 8 generators - Gell-Mann matrices _ _ _
e defined via anti-commutator

0 1 0 0 — 0 1 0 0
AM=|1 00| X=|¢ 0 0] A3=({0 -1 0 1

0 0 0 0 0 0 0 0 0 o, To} = 5 0ap 1 + dapc T

0 0 1 0 0 —i 0 0 0
M={0 00| M=({00 0] X=[001 Group SU(N)

100 ¢ 00 010 e N — 1 real numbers on diagonal

0 0 0 1 1 0 0 e N2 — N real numbers for off-diagonal elements
A7 = 8 (3 —OZ Ag = 7§ 8 (1) _02 = N2 — 1 generators
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SU(3) fundamental representation and roots

e SU(3) rank is r = 2:

1
5 0 0 (2¢3 o0 )
1
Hy =13 = 0 _% 0 Ho=1Ts = 0 2—\/3 0
0 0 0 \ 0 0 —%)
e 3 eigen states forming basis of H:
1 0 0
le)=1{ 0], Jep=1{1], Jlez)=1{0
0 0 1
1 1 1 1
T —_ T — (= =
sle) =5ler), Txley) 3 ler) = m (2, 2\/3>

e we find for |e2) and |e3)

Tg
1 1 _
p= (-1 L R
2" 2\/3 poe - T , @1
N/
=10 _L \ /
s ( ﬁ) \ }
_% —Qa9 —a] %
a9 a1
_% 13
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8-2=6 roots: +aq1, tag, taj
1 /3
a1 = f1 — K43 = (57 7)
1 3
a2 = (3 — H2 = (57 —7>

az = p1 — p2 = (1, 0)

note that |O£Z| = 1 ... consequence of norm. choice A = %

corresponding 6 shifting operators could be guessed
B, — T j;ZiT27 g - E;_?) _ T \—/;'Tg
in analogy
Ey — 1y \J; 2’&'T57 By = 1y \—/ 2?3T5
Eoy — T \—/ 272T77 E g - Tk \J; 2z'T7

Exercise 3.4

Lect 3 / Page 3



Roots and Weights

(p, q)

e <— e — o
=

o |p—qa)xE?,|p)
I E_,
x BN ) =0
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e Prop. 2: irred. rep. of compact groups are of finite dim.

= state |u) can be characterized by two integers
p: number of times, the state can be risen with E|,

¢: number of times, the state can be lowered with £_,

e in analogy with SU(2)

Falt) = Napltt+ @) Eals) = Noauls—a)
o H;
NoauNZy, = (Bl EaE-a|p) = (p] [Ea, E-o] 1) + (B E-aFa 1)
= p+ NNy,
however

E;r =F_,
N_qu= (w—alE_q|p) = Nia,u: (1| Eo |p — ) = Nap—a

2 = ’N—a,u‘Z_ |N—a,u+a‘2

Q- [ = ’N—a,u‘Q_ |Na,u
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Master formula

x EPtL ) =0 9 9
a  |m Q- [ = \N—a,u| _ ‘N—a,u+a|
—0 ]
o |n+pa)x EP  |p) a- (p+pa) = |N_aurpal’= [N opipinal e summing over states from |u) to |u + pa)
+ 1
5 5 ‘N—a,MQZPT@a'P'_"pa'a)
° |u+a)x Eqlp) a-(p+a)= ’N—a,u+oz| - ’N—a,u+2a’
v B, e summing over all p + q + 1 states
(p,q) ® |m) Q- [ = |N—a,u|2 - ’N—a,u+a‘2 20 1
—q—p
b Eea Q- Q Master formula
° |p—a)x E_q|p) a-(p—a)= ‘N—a,u—a‘Q - ‘N—a,u’2
e nontrivial relation between weights and roots
o |u— q B _ =0 o 9 : : :
p—qa) < E? ) a-(p—qa) =N, gl = IN_agu—(g-1)al Trick with adj. repr. - for any 2 roots a, 8
E_ 20 - B 2ce - B
' a1 a-a TP ﬂ'ﬂZQ/_p/:m/
x B9 ) =0
(- B)? 5 mm/ 11 3
= Vo g = =0,-, =, -1
aPlgE T T T ey

pt+qg+1
E : > 2a-p+(p—qa-a]=0
e only certain angles allowed between roots
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Root composition

A

SU(3) roots: +ay, tag, +as

0=(42) we (b 2) meno

note that a3 = a9 + oy

order roots/weights

Vector p is positive (u > 0) if and only if

its first non-zero element is positive

p1>p2 & (g1 —p2) >0

we can characterize irreducible representation D by the
state with the highest weight

concept of positive roots - SU(3) has 3 of them

Simple root - positive root that cannot

be written as sum of 2 positive roots

SU(3) has 2 positive roots: aj, as
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e Jacobi identity o E BB

[, [Ea, Egl] = —|Eg, |Hi, Eol] — [Ea, [Eg, Hi]] = (ai + Bi) | Ea, Eg]
o |Eq, Eg| satisfy the same relation as shifting operator
e three cases

1) a+B8=0: [Ey, E—a] = ajH;  did you prove it?

2) a+ B(#0) is not root = [Eq, gl =0

3) a+ B(#0) is root = [Eq, Eg| < Egtg

Prop 4: difference of two simple roots is not a root

Prop 5: simple roots are lineary independent

Prop 6: Number of simple roots of simple Lie algebra is

equal to the rank of algebra

Simple alg. - no generator that would commute with all alg. members
e try to prove them

o hint for Prop. 5, two simple roots a, 8 satistfy a- 8 < 0

inadj. rep.: E_o|8) = |[E—a, Eg]) =0 = ¢=0: =-—p<0
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Fundamental weights and representations

e finite size = irr. repr. D can be characterized by the
weight of a state with maximal weight pmax

=q¢—pi=¢ (>0)

= instead of r (rank) real numbers (umax) we can char-
acterize D by r non-negative whole numbers ¢;, which
specify how many times we can move from |pmax) in
direction —a; corresponding to simple root o

(Prop. 6 says that number of simple roots is equal to rank)

Fundamental representation Dg) corresponding to the

simple root a; is repr. D(q1,...,qr) with ¢; = d;;.

Fundamental weight ,ug) Is maximal weight of Dg’;).
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,qr) is from linearity

N C)
Hmax = qi b

e maximal weight of D(qy, ...

e from fundamental representations we can construct

any irreducible representation D(q1,...,q,) using di-

rect product

PVe. . ePlerPe. . epPe.. oDl e.. 0D

q1-times go-times gr-times

e maximal weight of the direct product is g; ,ug)
= the product must contain D(q1,- .., q)
1 1 r .
PWe.. . epVe. . oDV .. oDV
=D(q1,---,qr) ® Rest

e Rest can be again decomposed by looking at the state
with its maximal weight

e and soon ...
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SU(3) fundamental 3 and 3

Exercise 3.6

e 2 fundamental repr. defined

— 57;]', with 7,7 =1, 2

SU(3) triplet
(1)

e state with maximal g ix

weight given by

1 1
ZIUISne)lx rap=1 2Nr(’n:21x cag=0
(1) 1 1
= — (2 =
Hmax (27 2\/3) I
e same state with oo i
maximal weight e //
as in the case of N\ w3
matrices defining s aq
SU(3)
= IE
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SU(3) anti-triplet 3

9 9 9 1 1
b 1= 0 a1 = b= (G5 )
Ts ,U'Snza)x>:CI1:17 p1=0, gg=p2=0
0) . 5v38 % 10)

| 1A) = E_q, [Hmax)

0) x ~2 % o) < 10)

e 02 =0 (Fu,|B)=0as F_q,

u§n22x>

e much faster using Weyl symmetry

e only possible move: |A) = E_,,
e moves from |A), A = (0,,/3/3)
o dir. ay clear (p2 =1, ¢2 =0)

W2

o dir. a1: 2A-a1=q1 — p1
g —p1=2A-a1=2(0+1/2) =1

o Fqo, |A) = 0 - state with weight

2
ufnﬁx> = p1=0,q1=1

e moves from |B)=F_,, |A)

larger than

1 1
@—p2=2B-az =2 (_ZJFZ) =0

0) = g2 = 0 and we are done
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Weyl symmetry and Complex conjugate repr.

Weyl symmetry

e master formula
2 -1

o~

e implies that we can lower (if ¢ —p > 0) |u), or rise (if
q—p<0), at least 2a - p/|a|? times (if ¢ — p > 0)

= for every state |u) there must be a state

2 1

= [ — Q

e in case of SU(3) and root ag = (1,0)

p=(us, ug) — pr = (3, p8)—213(1,0) = (—us3, 1g)
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e it is not a chance that weights in 3 are minus the

weights of 3: {pm)} = {—n3)}
e anti-triplet 3 is an example of complex conjugate repr.

to trlplet 3 this is the reason why it is called anti-triplet
e let's have repr. D on Hilbert space ‘H
corresponding generators satisfy [Ty, Ty = i fupelc

Complex conjugate representation D

Representation on the same Hilbert space as repr. D with
generators defined as — (7))

e it is easy to verify that matrices — (7)) satisfy the same
commutator relations vy it

o relation between weights {pp)} = {—pp)} follows
directly from hermiticity of generators

Real representation

such repr. D for which D is equivalent with D.

e example: in SU(2)2=2, () — (_ﬁp)

n
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Casimir operators (exercise 3.14)

e quadratic, or higher order, forms constructed out of Lie algebra of generators X;, which commute
with all its elements

e the simplest form is quadratic Casimir operator, for orthogonal generators X
n
OQZC:ZXiXi, \Vli:1,...,n: [C,X@]:O.
1
(X, Xi Xi] =X X3 X; — Xi X5 X = [ Xo, XG] X, + XX — X[ X, Xo| — XXX = [ X, XX+ X[ X, X =

JaivXpXi + faivXiXp = fairlXp, Xi} = = fapil Xp, Xi} = = fanil Xi, Xo} = = faird X5, Xi} =0 (A=-A = A=0)

Schur’'s Lemma: Casimir operator is for irreducible representation a multiple of unit matrix 1

= Casimir operator is not a member of algebra

e in SU(2): C = J? + J3 + J% is square of total orbital momentum  C(D(j)) = j(j + 1)1

e SU(3) for D(gs, q3): Clas.a3) = (a3 + asas + @2 ) + (43 + a3)

° SU(N) Cr(N) = N;ﬁl, CA(N) = N (exercise 3.16)
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Irreducible representation (2,0) —

SU(3) sextet

Exercise 3.7
I3
(2 O) =~ Mmax = 2:U‘max — ( \/3/3) » 5v/3 > X
Iy T AR N
Bmax) 1 q1 =2, p1 =0, g =p2=0
e 2 moves: |A) = E_4, o), | B) = F—_qq |A)
e moves from |A) in direction as | rnax) ® ?3 C) ‘- |,umax>
1 1 , . X
q2 = 1 (Weyl symmetry for non-existing state E_q, | ftmax)) Ay e 3 \ /\A ‘L 13
or po =0 as
Ly |A> = Loy by ’,umaX> - [Eazv E—Oq] |/LmaX>+E—a1Ea2 ’,umaX> =0
=0 (042 — (X1 is not root) _%l‘ |B> ><
new state |C') = E_q, |A)
e moves from |B) in direction ay
Fo, |B) =0as E_q, |B) =0 (Weyl sym.) 1z | )
6

e moves from |C') in direction a;
FEo, |C) =0 as E_q, |ftmax) = 0 (Weyl sym.)
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e we are done with 75 > 0 half-plane
e rest is given by reflection (Weyl sym.)
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Decomposition of 3 ® 3

Exercise 3.10

e same approach as in the case of SU(2) 2 ® 2 decomposition

e first construct Hilbert space of 3 ® 3

e find state with maximal weight and identify corresponding irreducible representation

e take the states from this representation out and continue until no state is left

Ty -
d) o [y
: .T,3
¢ |s)

Ts -
d) o o |u)
7
?|s)
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Ts 4
|dd) |du) |ud) luw) lud) + |du) luw)
° e @® °
|sd) ee ISU}» 13 °
|ds lus)
$ [ss)
303 =065 3,

T lud) — |du)
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Irreducible representation (1,1) — SU(3) octet

e adjoint repr. is of dimension 8 (8 generators)

o 6 states correspond to roots

Exercise 3.8
o (1,1) = i = piind + p2) = (1,0) Ts
e we can proceed in same way as in the case of sextet V31T
see Exercise 3.8
e but we know already the answer ;
N o V3 o/ X

e notice that the highest SU(3) root a3z = (1,0) is the B s B)

SAME aS fhmay

= repr. (1,1) is adjoint repr. of SU(3) ) D it

H;|Ea) = [|Hi, Eo)) = a; |Eq) s -1 _1]C ;/ .2 T3
. 14)

o 2 states at 73 = Tg = 0 (they correspond to
eigen-values of generators from Cartan subalge-
bra, which have quantum numbers equal to zero)
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—/3 L

(C1D) (D] C)
(C1C) (D] D)

21

o states |C) = F_q, F_oq |[pmax) and | D) = E_o E_, | hmax)
linearly independent
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Decomposition of 3 ® 3 Exercise 3.11

|ds) lus)
T8 T8 ( ([ ([ ([
¢ |5) _
d)e  olw) v |d@y |4d) | ud)  |ud) [ud)
s Tl o) 55)
¢ |s)
|8fL_L> ° ° ‘3@ ° °
e phase of normalization factor N, , not fixed S®3I=8D1
+1
Nl = 2L 1 1
_ L O) = E—q,F—q, |ud) = —FE_q, |5d) = = (|dd) + €' |53
e once we made a choice for 3, phase of shifting opera- ©) jud) 2 sd) 2 (|dd) + ¢*|s5))
tors in 3 is fixed ’D> _ E—alE—ag ‘uc_i> _ %Eal ’u§> _ % (61'90 ‘S§> + €2ig0 ]uﬂ))
By ) = —=1d) E—ay |d) = —=c%3)
V2 V2 ® x] + g = (3 = [E_al, E_a2] X E_a3
Singlet wave function: |1) = a|ut) + b|dd) + c|s5) B0y, B—ap) [ud) = |D) — |C) = % (€% ju) — |dd))
F_o;|l) xal|du) —b|du)y =0 = a=5b x B, |ud) = i(|d5l> T i um))
E_o 1) xalsu) —c|dd) =0 = a=c(=b) V2
2ip _ __ip w o
1 B — B = € = —€ = 'Y = -1 expected from SU(2)
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Exercises

e in addition to exercises mentioned in the lecture
o Construct SU(3) irreducible repr. (1,1) - octet, using shifting operators Exercise 3.8
o Construct SU(3) irreducible repr. (3,0) - decuplet Exercise 3.9
o for fun - higher SU(3) multiplets Exercise 3.13
o Construct SU(4) fundamental representations Exercise 3.15
o Generalization to SU(N) Exercise 3.16
e plan for today’s exercises
o Construct SU(3) irreducible repr. (3,0) - decuplet Exercise 3.9
o Decomposition 3 ® 3 ® 3 Exercise 3.12
o Casimir operators of SU(2) and SU(3) Exercise 3.14
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