Band structures calculations

e reciprocal space of k-vectors, Brillouin zone
e secular equation, variational method

e band structure, periodic potential

 density of states, Fermi energy

e almost free electrons method

e tight binding method, MO-LCAO, Bloch function
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Reciprocal space — k-vectors space Band structures

space of k-vectors - reciprocal space
direct lattice: V, crystal lattice
r=xa, +ya, +za, R =na, +n,a, +na,
reciprocal space: V. reciprocal lattice
g=ub, +vb, +wb, G =hb, +kb, +1b,
a, Xa d, Xad a, Xa
b, =27r—2—3 b, =27r—2—2 b, =27r—1—2
VI‘ Vr r
Vr:al'(azxas) V 87
=
Vc :bl°(b2><b3) Vr




Brillouin zones Band structures

holds: - E(k) = E(- k)
- One value of E for each k within one band
- E(k) is a periodical function of k, it is sufficient to be displayed
within the interval (-n/a ; n/a) — the first Brillouin zone

the first Brillouin zone — Wigner-Seitz cell in the reciprocal lattice
Wigner-Seitz cell is always primitive and it always has the same symmetry as the lattice
(primitive crystalographic cell may have lower symmetry than the lattice)

Construction: the planes normal to by, b,, b; through the points +b,, +b,, +b,

b’ /b Y
b + M
1, -/a O n/a
o A R
-/b! -Y







Brillouin zones Band structures

simple
cubic

bcc

bce in direct space
corresponds to fcc in
reciprocal space

fcc

fcc in direct space
corresponds to bcc in
reciprocal space




Brillouin zones Band structures

Brillouin zones of higher order:

e the same volume as the 1. Brillouin zone.

e the same symmetry as the 1. Brillouin zone.

e translation by a reciprocal lattice vector shifts them to the 1. Brillouin zone.

1. Brillouin zone
2. Brillouin zone

3. Brillouin zone




Brillouin zones Band structures

Triclinic 1 1/2 Trigonal 3 1/6
Monoclinic 2/m 1/4 1/12
Orthorhombic mmm 1/8 Hexagonal 6/m 1/12
Tetragonal 4/m 1/8 6/mmm 1/24
4/mmm 1/16 Cubic m3 1/24

m3m 1/48

BODY CENTERED CUBIC

kz

TRICLINIC

SIMPI:E cusIC HEXAGONAL

SIMPLE TETRAGONAL



Brillouin zones Band structures

ky

SIMPLE ORTHORHOMBIC

=000 X=100 Y=010 Z=001
S$=110 T=011 U=101 R=111

ALL FACE CENTERED ORTHORHOMBIC (a} ALL FACE CENTERED ORTHORHOMBIC (b} ONE FACE CENTERED MONOCLINIC {a)  ONE FACE CENTERED MONOCLINIC (b)



Schrodinger equation Crystal field

_ 1 / —
Schrddinger equation 2m A, qj(r) + \L(,r_)J LP(r) ET(F) m: electron mass

kinetic ener otenfiél éﬁer e
A2 gy62 2 P W &, permitivity of vacuum
X + oy? + o ¥: wave functions
n , e: electron charge
Hydrogen atom: V=25

4 o E: energy
h: Planck’s constant
R: radial function

A in spherical coordinates: ‘Pn,hm = RnJ (r) °Y|,m (6, (0) Y: angular function

Hw _E W n: principal quantum number
A”"’m A ”A n.l.m |: orbital quantum number
H=T+V determine the orbital angular momentum

|=0..n-1
m,: magnetic quantum number

LY, =1(1 +Dr%Y, ,
I:zYl,m = thYI,m

projection of the angular momentum into z-axis
m,=-1..1
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Nearly free electrons | Tight binding model Band structures

y: exact wave function

HY = EV¥V ®: approximate wave function expressed in the basis ¢
N y=®forN - o
HO=E® Y~d-= Zcigoi @: e.g. atomic orbitals, plane waves, ...

Nearly free electrons :

Kinetic energy predominates over potential energy

Basis = plane waves d(x) = ch exp[ikx]
. k
metallic bond, electron gas

Tight binding:

Potential energy predominates over kinetic energy

Basis = atomic orbitals

Covalent and ionic bonds

11



Plane wave

Plane wave: D(X) = ch exp[ikx]
« constant frequency :

* spreads like infinite parallel planes
normal to vector of motion.
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Secular equation Band structures

Multiply equation (3) from left subsequently by functions ¢, ©@,,..., ¢,, and create system of equations:

(01|:|C1¢1 +(01|:|C2¢2 +---+(P1|:|Cn(0n = ¢@Eco +pECp, +...+¢pEC 0,

A A A ITh — — \n
p,HCp + o, HC, 0, +...+ 0, HC .0, = ¢,EC.p +,EC,0, +...+ @, EC 00, (1) HD = ECD' (2) ¢ = Zi=1ci(pi

) o ) : - By substitution of (2) into (1) — (3)
P HCp + 9 HC0, +. 9 HC 0, = 9, ECio + 9, EC,0, +...+ 9, EC 0, 5 _

Convert to matrix form, for the constant E it holds @E@; = EQ@;: (3) H(crp1 + 2002 + .+ cnopp) =
(01'_’](01 §01|:|¢’2 §01|:|§0n C, Ep.00 E@p, ... E@ip, | C, E(Cl(pl + €207 + ..+ Cn(pn)
p,Ho, 9,Hop, ... o,Ho, | C | _| E@:00 E@yp, ... Epy00, | G Unknowns: E, ¢;

qonI:|¢1 (onl-ﬂlgo2 gonl-]gon C, Eo.o, Eo.0, ... Ep,p, \C,

Convert all on one 1 side and join into 1 matrix:

(01|:|(p1 (01|:|¢)2 (p1|:|(/)n C Eop Epp, ... Epp, | C, 0 Matrix eigen vectors:
o,Ho, 9,Hop, ... p,Hp, | C Ep,p0 Epy0, ... Eppp, €| |0 )
: c T : 7 Symmetry - axis vector:
o.Ho, o, Hp, ... p,Ho \C,) \Ep,p Eg0, ... Ego, \c,) |0 Av=1v
. i X Eigen-functions:

oHo —Epip, pHp, —Epip, ... pHo, —Epp, (&) (0 b = Ed
2,Ho, —Ep,p 0,Hp, —Ep,0, ... 0,Ho, —Epyp, | C, | _| 0

2,Hp, ~Ep.0, 9,Hp, —Ep.0, ... p,Hp, —Eg,p, \C,) 0
System of equations has a non-trivial solution, only if the matrix determinant = 0:

Hop =H. 00 . =S. op =1
¢I ¢J ij ¢I¢J ij ¢|¢| Hll— E le _ ESlz Hln _ Esln

Hy,—E H,-ES, ... H, —ES, Y& I T

_|"Vea 21 22 ooo gy 2n|
Hy—ES, Hyp—-E ... Hy —ESy | G, _ 0 de‘:HHij_ESii H_ : =0
: I ) 13

H,-ES, H,—ES,..H, —E

H,-ES, H,-ES,..H —-E Jc, | (0



Retrieval of eigen-values and eigen-vectors Band structures

HZf = EFcy, k=1..n (1) H® = E®, (2) d = 3™, ¢;0;
B =P lHP: Ef =E} =Pt ¢&f=rpc; By substitution of (2) into (1) — (3)
Jacobi’s method, Givens’ matrices P — (3) H(c1p1 + 205 + ...+ Crpn) =
E(ci1 + 200 + ...+ cripn)
Ey2 0 .. 0 Unknowns: E, ¢;
po(0 B
00 - E
Complex matrix:
E, —E, 0 . 0 chi 0 R |
R,
0 E, — Ey e 0 ce, | [0 R1)~ -1 R
0 0 o E—Ex/ \cB 0
= (,0,..,0),c2=(0,1,...,0), ... 27BN /A
0 : 2
E, Ci Cp Cin chj =1
Hel = Efel E, [Cy Cp  Cpl| D.Coi=1
HcH —EFcH, =0 : : A -
(H—IEf)eH, = E, [Cu Cp - Cul| D.C5=1

nl n2
I:unitary matrix Z ¢ =1 Z ¢, =1



Variational method — secular equation Band structures

N
System of equations for i = 1, 2, ..., N ZCJ[HU‘ B ESij] =0 35=1 Calculation of the determinant —
i=1

secular equation of the N.order.
c[H,,-E] +c¢c,[H,-ES;,] ... +c[H,—-ES, ]=0 The solution is N eigen-values E;
H _E telH..—E  iclIH. —E _ (energy). For each E; we get N
Gi[Hy — ES)] Gl 22 ] CalHzy . San]=0 coefficients c; (eigen-vectors) by
solving the system of equations.

Cl[Hnl - ESnl] + CZ[HnZ o ESnZ] 000 + Cn[Hnn - E] =0 CEI)I jn;rgy(péf the function
[ j Sij @i

System of equations has solution, only if determinant H; — ES;; = 0:
If the potential depends on the

Ta=lE Fp==m e [y == wave functions @, i.e. on the
detlH. —ES. [ = H,, —ES, H,-E ... Hy —ES,, _0 searched coefficients c;, the secular
eH i~ in— ; : ; = | >
: : . equation must be solved iteratively,
by the so-called SCF method (self-
H,-ES, H,-ES, ... H, -E

consistent field).

H; = J‘(D;Figpidz' H;: exchange integral
‘ H, (i=j): "on-site” energy of individual base states.

Sij = I(D;(Didf S;+ overlap integral. S; (i=j) = 1, S;; (i#j) — 0.
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Variational method Band structures

i y: exact wave function

HY = EY @: approximate wave function expressed in the basis ¢
y= @ for N - o

¢: e.g. atomic orbitals, plane waves, ...

Ho = E® \chp=ici¢i
HO=Ed — ®'HO=DED — jcb*lflcbdr: chb*cbdr
.[CI) Hdd 7 jz Ciop I—]Z?cigoidr ZN c,cH
N x =% N
J‘(Dq)df IZ C¢JZJ' Ci(oidz- Z Cj i ~ij
Z, ‘cH, —EZ ch,SU—O

H;: exchange integral
H. (i=j): "on-site” energy of individual base states.
Sij = J-go’;goidr S+ overlap integral. S; (i=j) = 1, S;; (i#j) — 0.

Hij = T¢jH¢idT

16



Nearly free electrons Band structures

V(X) =YV, exp[iCX] =V, + V,, exp[+i Z x]+ V,,exp[+i £ X]+... G=2=]

G
V; =V_; ! Potential is real ] . Lattice vectors. For 1D j = 0, 1, £2, ...

Exact potential: a huge attraction force near
the core.
|

If we are interested in the potential in which
the electrons (especially the valence) move, W
|

we can neglect the vicinity of the nucleus. ® ® ®
Function: @(X) = (X + La) = ch exp[ikx] k =2z| For1D | =0, +1, +2, ..., +L/2
k

Potential is repeated after period a, function is repeated after period La.
The 1.Brillouin zone is 2x/a in the reciprocal space, the function is calculated in 2r/La.

X z
a

I I I | I | | I

I I I I I I I |

2x 21w 2z

La — La La a

N

17



Nearly free electrons Band structures

Wave function and D(X) = ch exp[iky] V(X)= ZVG exp[iGX]
potential put into k N\ G
Schrodinger equation 2 A

— 2 AD +VD = ED

242 ikx i(k+G)X __ ikx
BEce™ +> > e Ve =E> ce
k G Kk

—

K=k+G—> Y Vo™, k'=k
k G

k

In order the sum to be =0,

1 o, + 3¢ (Vs | =
Z{( 2m k J ¥k ; Ve |© 0 each term in [] must be =0.

k

72k 2 _ Master equation: system of L equations, formulation
( >m — Ex )Ck + ch—eve =0 . _

= of secular equation for the plane wave basis.
Various solutions ¢, within 1. Brillouin zone.
-G/2 <k <G/2 (- n/a < |(2n/LA)< n/a)

18



Nearly free electrons Band structures

(hzkz E ) V master equation — system of L equations, various
2m — B )t ;CK—G G solutions ¢, within 1. Brillouin zone (- ©/a < k < n/a).

Vo =V: Vo=A, +iBg, Vg=A,—-iBy V(X)=V,+ > Agcos(Gx)—Bgsin(Gx)
G

A G _(Ek _Vo) V1 Vz ) s
V—l ﬂ’k _(Ek _Vo) Vl /lk — hzrl;
V—2 V—l k+G (E V )

0.39 03

T Ve #0,V>0forG >0 025

0.24 0]

mvz p2 hzkz ¥0.151 015
E = = = y
2 2m  2m UZ;% ° 1%
/\

e (k)

r ka—’ -10-8 6 4 -2 0 2 4 6 8 10 -:10-8 6 4 -2 0 2 4 6 8 10
_z . _Z r z
I a a a

a



k -vectors, band width, band gap Band structures

k - quantum number P h
wave vector A A

e (k)

e(k)
e(k)

e
N/ NS

number of allowed values k = number of elementary cells in crystal
2 2m  2m
r ka— -2n/a -wla T nla 2n/a r K -a

V2 p2 h2k2
-n/a

a

band width: determined by the overlap of interacting orbitals (as for MO)
20



Band structures

Density of states

DOS(E), g(E) - number of allowed energy levels per energy interval

holds: g(E)*dE = number of levels in the interval (E ; E+dE)

generally:

1 dimension: 1
a ( ok

E)l=2 | —

g( ) 272(8kj

S

Ran

0.0
-nla r ) 7a DOS(E)

numerically: g ZAZZe (

e(k)

E— Enk]z

21



Density of states Band structures

2-D 3-D

e (k)

e (k)

22



Fermi level Band structures

Fermi level — the highest occupied level at T=0 K
T>0: Fermi-Dirac statistic holds: 1

occupied states DOS(E)*f(E)  f(E)= exp((E—E.)/k,T)+1
F B

17
0.8
] [77]
] S
1 x|
0.6 7
| G
] (]
] >
0.4 =
] =
] L
1 A
0.2
u_- LN LA L DL AL LR L LR BEL L AL AL BN L BEL L AL L BN L RELL AL LA L > : e
4 42 44 46 48 5 52 54 56 58 6 Energy

=]

Fermi plane — the set of k in k-space, for which holds E(k) = E¢
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MO-LCAO = Molecular orbitals — linear combination of atomic orbitals Band structures

Cell containing 2 N
identical orbitals b = Zciyl 4

¢ molecular orbital, ,: atomic orbital

XaXs

N
Z_ljcj[Hij —ES;1=0

VAN AY

Hup = [ 2A(RIHZA(Ry) =Hgs =@

HAB: ZA(RA)HZB(R) IZB(R )I:I ZA(RA) H;A:ﬂ
S s sz(RA)zBm) [ 76 (Re)xn(Ry) =S5 =S

Hw-E Hpg-ESyg) ( a-E  B-ES
H.,,—ES,, H,-E | (B -ES" a-E

24



MO-LCAO = Molecular orbitals — linear combination of atomic orbitals Band structures

o =,

(<0, S<<1)

E,=a-p, L((pl_(pz) O‘
E =a+p, %%"‘(ﬁz “

E,: ¢ [a—(a-p)+c,=0— ¢ f+c,B=0—c =—C,
E: ¢ a—(a+B)]+c,=0—> cB-C,f=0-¢ =c, ] A
Jel+ci =1 a= | Za(RA)H7A(RL)
a= ¢ : coulombic energy (energy of AO) p= . 7x(R A)I—AI ¥s(Rg)

B (<0) =t : exchange energy (degree of bonding energy) .
S (0-1) : overlap integral S = IZA(RA)ZB(RB) 75




Band structure — Bloch orbitals Band structures

7 CDBO(r,k)=ﬁizﬂ(r—na)exp(ikna)

n
g, ¢ Bloch orbital, y,: atomic orbital

XA XA XA

n=0 n=l  n=2 N exp(ikna) = cos(kna) +isin(kna)
Do = g, () + x,(r-a)eh + y (r-2a)e™? + ... + y (r-na)ekNa

k=0 (I
e0=1 a
+—>
0000000 E(y-12)
-3 -2 -1 0 1 2 3
k=tn/2a
cos(nn/2) =1,0,-1,0, ... sin(nw/2) = 0,1,0,-1, ...
k=trn/a (X)
gimn = ( 1)n =1,-1,.. ﬂ',/a

O_‘_O_‘_O_‘_Q antibonding combination




Symmetry of orbitals Band structures

e(k,

- -n/a r a qla

e(ky

n/a
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Symmetry of orbitals Band structures

a+2pcosk.a p<0

x-v
N

388888 - N

322838 < TN

'TC/a F a TC/a

v

a—2pcosk.a £<0

WX - | N\
%%%% . a Y o

e(ky)
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Band structures

>
a
=
O
=
e
| .
o
_
)
g,
-
[49)
Q
U
o
-
o
)
©
=
| .
S
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Formation of bands — orbitals p, Band structures

Relative contribution of individual orbitals

.58888. _n
to each energy levels is also displayed
88388
BR8: 188 888
d 888 o a8 el ¢
—— 8888 88”88 B8 88 88
— BR3 38 88— B8 ¢

88 — 88 88 Q:88:8 0.8038.8 2
L F Qo | [3888 ¢
O — 88 - BB -

Tha

) 88 - 88 88 38 8388
_ 888 8RBT 888888 7
. 88
T 8888 838 838
1388 —— 8 7
18R

o8B |
I 18888
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Band structures

Formation of bands — orbitals p,

Relative contribution of individual orbitals
to each energy levels is also displayed

COCO

O Co

oo Dco

O SO

==l @+

o0 AN

© COCOCO »

DO 00 w0 OO

cCOOoo - COOCOr

DO 00 w0 OO

o0 OADO

coOCC - OO COr

w COCOC0 ® ¢
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Band width Band structures

900000 Band width W
W, > W,
.QO‘.QO‘ p orbitals reach closer to each other, bigger

overlap

3238 o

c-bonding > n- bonding

valence > core

Delocalization of orbitals:
W(5d) > W(4d) > W(3d)

Small difference of orbitals energies
W(Co-0) > W(Ti-0O)

32



Tight binding method (CO-LCBO) Band structures

Bloch orbitals: ¢; (K, r)= ﬁZl, (r—-R,)eP(kR,) | pasis
(BO) "
Crystal orbitals:
P k=26 ()4, ()

Hy (K)=E (Ky; (k) cyk), Ei(k) =7

H,(K) -E(K)S;(K)|=0  |H,(K)—EK)S,K)]c;K)|=[0]

matix oy )= () 8,000 =(4,0)]40)

elements:

5

parameters: Ej=<Zj )(j> tj|=<Zj |:||)(|> O-jI:<;(j‘;(l>

(A14)=[gFdde  (4]d)=[gade 3



Band structures

Tight binding method (CO-LCBO)

Only the interaction with the nearest neighbours are taken into account:
only the exchange integral B with the nearest neighbour (E~a, t~3,5<<1)

H(K) = a+ " + o™ = g+2Bcosk .a
H(IZ) _ 0[+,Beikxa +ﬂe_ikxa +ﬂeikya +ﬂe_ikya +ﬂeikza _I_IBe—ikZa _

= a+2p(cosk,a +cosk a+cosk,a)

a+2pcosk . a

(—a,O)

l"y ® ® ®

X p
(0,—&) (0’0) (O,a)
@
g1 b
p

(@0)




Linear crystal, 2 atoms basis

Band structures

£=g=&,t=1=1 e=c+2tcoslkall)
v (1) ) a ‘ v,(I) ) a
) A | ) |
~-O- OO OO O O atn a0
1 0 1 1 0 1

v

<
[E=N
)
X
N—r
>
v

< a R Y,(X) < a >
loo@®oo |Ce®doe
1 0 1 0
" > " >
X r X

1;‘ . w/a 2ria 35



Linear crystal, 2 atoms basis

Band structures

£=g=&,t=1=1 e=c+2tcoslkall)
yy(T) va(I') . a
TR e TR
-1
y1(X) o : : v,(X) o ; <
LA I FRN AN
1 -1
< X r X o

MO ~ I'(k=0)
1_0:£+¢2) xx/
=%¢1 ?,) %%

-27/a



Linear crystal, 2 atoms basis — general formulas Band structures

v

a=pa+(l-p)a
le zﬂleikpa+ﬂze—ik(l—p)a =ﬂleikpa +ﬂ2e—ikaeikpa zeikpa(ﬂl+ﬂze_ika)
H21 = e—ikpa(ﬂ1 + ﬂzeika) — H1*2
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Linear crystal, 2 atoms basis — general formulas Band structures

Co w=C,p,+Cy0, ?E, ¢, G,

Hy (k) - efk) Hi(k) _
Hgl(k) Hzg(k) - ei(k) -

HPP ~ B :<Z#‘Hw

Zﬂ> » 4 =12 Hy =Hy =t +t; -exp(-ik,a)

E(k)= (&, + ¢, )/2 + ﬂJ(.*.r:l — g, /4 + (rf" + 12+ 2t cns(ﬁrﬂr:z)) 38




Band structures

Linear crystal, 2 atoms basis
—©O —@

e=g=¢&, 1,<t,<0 g<é&, t=t=t,<0

‘E.‘ =&t ﬂ/.t{j‘ +1E+ 248, cns(hcﬂ‘ ‘E? = (g +&,)/2 i»\[(El —.92)2/2+41‘2 cus(kﬂcsz)‘

& . =
T £- tf - tz %
-— & tj‘ + tZ 82 .
€
g —
0.0
-/a -r/a T je nfa
w=2t & =201t w =24 =6 &
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Band structures

CuO,* plane

bonding
G(bygy)

E [eV]

n=0.15

3
S| ]
0

| o .
1k -
3t -
4F -
-5 n
_6 »
_7 »
_8 -
-9

r X r

X
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Band structures

41



Band structures




Formation of band gap Band structures

g .NaCI.
. . . I Cl-3p
* lonic insulators 1 Jo-ss
H%'4_
Na-3s (EnJ’: Na - 3s |
T s
-10 -5 0 5 10
. E [eV]
e covalent insulators | - diamond
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Some basic relations

O(f, + f,) =Of, +Of,; Ocf +cOf

| ¥ HY,d7 = [ ¥,H Wdr
K=a; +ib;; K =a;—ib,
K=K"=K"; a+ib, =a, —ib;
K-K"=K".K=1 tj.K" =K™
K-K'=K"'-K=1 tj.K' =K™

Sy = [ ¥"Wdr

px = _Ih%

|

. E=Fl=pv
linear operator B
F=am
p=mv=Ft

commuting operators

H is Hermitian operator

K*: Complex conjugate
Hermitian matrix
unitary matrix

ortogonal matrix

S;; = 1: normalised function
S;j = 0: orthogonal function
S;j; = §;j : orthonormal function
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