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Band structures calculations

• reciprocal space of k-vectors, Brillouin zone

• secular equation, variational method

• band structure, periodic potential

• density of states, Fermi energy

• almost free electrons method

• tight binding method, MO-LCAO, Bloch function
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Reciprocal space – k-vectors space Band structures

space of k-vectors - reciprocal space
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Brillouin zones Band structures

holds: - E(k) = E(- k)

- One value of E for each k within one band

- E(k) is a periodical function of k, it is sufficient to be displayed

within the interval (-/a ; /a) – the first Brillouin zone

the first Brillouin zone – Wigner-Seitz cell in the reciprocal lattice
Wigner-Seitz cell is always primitive and it always has the same symmetry as the lattice

(primitive crystalographic cell may have lower symmetry than the lattice)

Construction: the planes normal to b1, b2, b3 through the points ±b1, ±b2, ±b3
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Brillouin zones Band structures
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Brillouin zones Band structures

bcc
bcc in direct space 

corresponds to fcc in

reciprocal space
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Brillouin zones Band structures

Brillouin zones of higher order:
• the same volume as the 1. Brillouin zone.
• the same symmetry as the 1. Brillouin zone.
• translation by a reciprocal lattice vector shifts them to the 1. Brillouin zone.

1. Brillouin zone

2. Brillouin zone

3. Brillouin zone



Brillouin zones Band structures
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Brillouin zones Band structures
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Schrödinger equation Crystal field

Schrödinger equation

Hydrogen atom:

 in spherical coordinates:

r
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m: electron mass

o: permitivity of vacuum

: wave functions

e: electron charge

E: energy

ħ: Planck’s constant

R: radial function
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n: principal quantum number

l: orbital quantum number

determine the orbital angular momentum

l = 0 ... n-1

ml: magnetic quantum number

projection of the angular momentum into z-axis

m l = -l … l

kinetic energy                    potential energy
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Nearly free electrons | Tight binding model Band structures

Nearly free electrons :

Kinetic energy predominates over potential energy

Basis = plane waves

metallic bond, electron gas

 ]exp[)( 
k

k xkicx


Tight binding:

Potential energy predominates over kinetic energy

Basis = atomic orbitals

Covalent and ionic bonds

: exact wave function

: approximate wave function expressed in the basis 

=  for N  

: e.g. atomic orbitals, plane waves, ...

 EĤ


N

i

iic EĤ



12

Plane wave

Plane wave: 

• constant frequency

• spreads like infinite parallel planes

normal to vector of motion.

 ]exp[)( 
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Secular equation Band structures
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Multiply equation (3) from left subsequently by functions 1, 2,..., n, and create system of equations:

Convert to matrix form, for the constant E it holds iEj = Eij:

Convert all on one 1 side and join into 1 matrix:

Matrix eigen vectors:

Symmetry – axis vector: 

𝐴 Ԧ𝑣 = 1 Ԧ𝑣

Eigen-functions:

෡𝐻Φ = 𝐸Φ

(1) ෡𝐻Φ = 𝐸Φ,  (2) Φ = σ𝑖=1
𝑛 𝑐𝑖𝜑𝑖

By substitution of (2) into (1)  (3)

(3) ෡𝐻 𝑐1𝜑1 + 𝑐2𝜑2 + … + 𝑐𝑛𝜑𝑛 =

𝐸 𝑐1𝜑1 + 𝑐2𝜑2 + … + 𝑐𝑛𝜑𝑛

Unknowns: 𝐸, 𝑐𝑖
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Retrieval of eigen-values and eigen-vectors Band structures
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Complex matrix:

(1) ෡𝐻Φ = 𝐸Φ,  (2) Φ = σ𝑖=1
𝑛 𝑐𝑖𝜑𝑖

By substitution of (2) into (1)  (3)

(3) ෡𝐻 𝑐1𝜑1 + 𝑐2𝜑2 + … + 𝑐𝑛𝜑𝑛 =

𝐸 𝑐1𝜑1 + 𝑐2𝜑2 + … + 𝑐𝑛𝜑𝑛

Unknowns: 𝐸, 𝑐𝑖

𝐻 Ԧ𝑐𝑘
𝐻 = 𝐸𝑘

𝐻 Ԧ𝑐𝑘
𝐻, 𝑘 = 1 … 𝑛

𝐵 = 𝑃−1𝐻𝑃: 𝐸𝑘
𝐵 = 𝐸𝑘

𝐻 Ԧ𝑐𝑘
𝐵 = 𝑃−1 Ԧ𝑐𝑘

𝐻 Ԧ𝑐𝑘
𝐻 = 𝑃 Ԧ𝑐𝑘

𝐵

Jacobi’s method, Givens’ matrices P 

𝐵 =

𝐸1 0
0 𝐸2

⋯ 0
⋯ 0

⋮ ⋮
0 0

⋱ ⋮
⋯ 𝐸

𝐸1 − 𝐸𝑘 0
0 𝐸2 − 𝐸𝑘

⋯ 0
⋯ 0

⋮ ⋮
0 0

⋱ ⋮
⋯ 𝐸 − 𝐸𝑘

𝑐𝑘1
𝐵

𝑐𝑘2
𝐵

⋮
𝑐𝑘𝑛

𝐵

=

0
0
⋮
0

Ԧ𝑐1
𝐵= 1,0, … , 0 , Ԧ𝑐1

𝐵 = 0,1, … , 0 , …

𝐻 Ԧ𝑐𝑘
𝐻 = 𝐸𝑘

𝐻 Ԧ𝑐𝑘
𝐻

𝐻 Ԧ𝑐𝑘
𝐻 − 𝐸𝑘

𝐻 Ԧ𝑐𝑘
𝐻, = 0

𝐻 − 𝐼𝐸𝑘
𝐻 Ԧ𝑐𝑘

𝐻, = 0

𝐼:unitary matrix
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Variational method – secular equation Band structures

System of equations for i = 1, 2, ..., N
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Calculation of the determinant 

secular equation of the N.order. 

The solution is N eigen-values Ei

(energy). For each Ei we get N 

coefficients cij (eigen-vectors) by 

solving the system of equations.

Ei: energy of the function 

i = j cij i

0det
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System of equations has solution, only if determinant Hij – ESij = 0:

If the potential depends on the 

wave functions i, i.e. on the 

searched coefficients cij, the secular 

equation must be solved iteratively, 

by the so-called SCF method (self-

consistent field).




 dHH ijij
ˆ*




 dS ijij

*

Hij: exchange integral 

Hii (i=j): ”on-site” energy of individual base states.

Sij: overlap integral. Sii (i=j) = 1, Sij (ij)  0. 
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Variational method Band structures

: exact wave function

: approximate wave function expressed in the basis 

=  for N  

: e.g. atomic orbitals, plane waves, ...
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Hij: exchange integral 

Hii (i=j): ”on-site” energy of individual base states.

Sij: overlap integral. Sii (i=j) = 1, Sij (ij)  0. 

 EĤ
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Nearly free electrons Band structures
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Exact potential: a huge attraction force near 

the core.

If we are interested in the potential in which 

the electrons (especially the valence) move, 

we can neglect the vicinity of the nucleus. 

Function:  ]exp[)()( 
k

k xkicLaxx
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Potential is repeated after period a, function is repeated after period La.

The 1.Brillouin zone is 2/a in the reciprocal space, the function is calculated in 2/La.
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Lattice vectors. For 1D j = 0, 1, 2, ...
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Nearly free electrons Band structures

Master equation: system of L equations, formulation 

of secular equation for the plane wave basis.

Various solutions ck within 1. Brillouin zone.

-G/2  k  G/2  (- /a  l(2/La) /a)
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Nearly free electrons Band structures

master equation – system of L equations, various 

solutions ck within 1. Brillouin zone (- /a  k  /a).
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k -vectors, band width, band gap Band structures

k - quantum number

wave vector

number of allowed values k = number of elementary cells in crystal

free electrons:

band width: determined by the overlap of interacting orbitals (as for MO)
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Density of states Band structures

DOS(E), g(E) - number of allowed energy levels per energy interval

holds: g(E)*dE = number of levels in the interval (E ; E+dE)

1 dimension: generally:

numerically: 
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Density of states Band structures
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Fermi level Band structures

Fermi level – the highest occupied level at T=0 K

T>0: Fermi-Dirac statistic holds:

occupied states DOS(E)*f(E)  
  1/)(exp

1




TkEE
Ef

BF

Fermi plane – the set of k in k-space, for which holds E(k) = EF

ChemPot.exe

../../DOCUME~1/knizek/LOCALS~1/Temp/_tc/David_prednasky/ChemPot/ChemPot.exe
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MO-LCAO = Molecular orbitals – linear combination of atomic orbitals Band structures

i: molecular orbital, : atomic orbital
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MO-LCAO = Molecular orbitals – linear combination of atomic orbitals Band structures

 
    0det  
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Band structure – Bloch orbitals Band structures

BO : Bloch orbital, : atomic orbital

)exp()(),( 1 iknanarkr
N

n
NBO   

n=0 n=1 n=2 N

BO = (r) + (r-a)eika + (r-2a)eik2a + ... + (r-na)eikNa

k=0 ()

e0 = 1
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a

k=/a (X)
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
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k=/2a

cos(n/2) = 1,0,-1,0, ... sin(n/2) = 0,1,0,-1, ...

A A A A

)sin()cos()exp( knaiknaikna 
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Symmetry of orbitals Band structures
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Symmetry of orbitals Band structures
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Formation of bands – orbitals py
Band structures
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Formation of bands – orbitals py
Band structures

Relative contribution of individual orbitals

to each energy levels is also displayed
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Formation of bands – orbitals px
Band structures

Relative contribution of individual orbitals

to each energy levels is also displayed
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Band width Band structures

z

Band width W

Wp > Ws

p orbitals reach closer to each other, bigger

overlap

Wz > Wx,Wy

-bonding > - bonding

valence > core

Delocalization of orbitals:

W(5d) > W(4d) > W(3d)

Small difference of orbitals energies

W(Co-O) > W(Ti-O)  
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Tight binding method (CO-LCBO) Band structures

Bloch orbitals: - basis

(BO)

 
n

nnjNj i )exp()(),( 1 kRRrrk 

Crystal orbitals:

(CO)

cij(k) , Ei (k) = ?

),()(),( rkkrk j

j

iji c  

)()()(ˆ kkk iii EH  

0)()()(  kkk jlijl SEH     0)()()()(  kkkk jijlijl cSEH

)()()()(ˆ)()( kkkkkk ljjlljjl SHH  

ljjlljjljjj HtHE   ˆˆ
parameters:

matrix 

elements:




 dH lj
ˆ*




 dlj

*
lj H  ˆ

lj 
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Tight binding method (CO-LCBO) Band structures
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Only the interaction with the nearest neighbours are taken into account: 

only the exchange integral  with the nearest neighbour (E~, t~,S<<1) 
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Linear crystal, 2 atoms basis Band structures

 = 1 = 2 , t = t1 = t2
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Linear crystal, 2 atoms basis Band structures

 = 1 = 2 , t = t1 = t2
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Linear crystal, 2 atoms basis – general formulas Band structures
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Linear crystal, 2 atoms basis – general formulas Band structures
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Linear crystal, 2 atoms basis Band structures

 = 1 = 2 ,    t1 < t2 < 0

w = 2t2 eg = 2(t2–t1)

1 < 2 ,    t = t1 = t2 < 0

w = 2t eg = 2– 1
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CuO2
2- plane Band structures
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CuO2
2- plane Band structures
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CuO2
2- plane Band structures
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Formation of band gap Band structures

• ionic insulators
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Some basic relations

linear operator

commuting operators

fOccfOfOfOffO ˆˆ   ;ˆˆ)(ˆ 2121 

  0ˆˆˆˆˆ,ˆ  ABBABA

  0ˆ,2̂ xLL   ipx x ˆ,ˆ  zyx LiLL ˆˆ,ˆ 

 


 dHdH *

1

*

22

*

1
ˆˆ

 


dSij

*

H is Hermitian operator

K*: Complex conjugate

Hermitian matrix

unitary matrix

ortogonal matrix

Sii = 1: normalised function

Sij = 0: orthogonal function

Sij = ij : orthonormal function
xx ip


 ˆ

jijiijij

HT ibaibaKKK     ;*

1   tj.,1  KKKKKK HHH

1   tj.,1  KKKKKK TTT

ijijijij ibaKibaK  *   ;

tFvmp

maF

vplFE














