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Abstract Transient magnetic currents between two ferro-
magnetic electrodes linked by tunneling junctions to a molec-
ular size island are calculated. The island is represented by
an Anderson type local center . The tunneling spectral func-
tions simulate nickel. Transient magnetic currents under a
constant galvanic bias between the electrodes are invoked by
sudden switching of the junctions.The process is treated nu-
merically using the non-equilibrium Greens functions (NEGF)
[1], [2] from the early stages of the transient depending on
the finite time initial conditions to the late asymptotics of
free relaxation to the steady state. This serves as a reference
for testing the simpler and physically transparent description
by a Generalized Master Equation, resulting from the NEGF
scheme approximated by the Generalized Kadanoff-Baym
Ansatz (GKBA) [3]. It turns out that decisive for the appli-
cability of GKBA is the spectral structure of tunneling func-
tions and their positioning with respect to the island level
dependent on the bias and the exchange splitting. Favorable
for the validity of GKBA are weak tunneling and spectrally
flat tunneling functions. Stretching of these conditions to-
wards the realistic situation for transition metal electrodes
with their complexsd surface-modified spectral properties
is limited.
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1 Introduction

Various versions of the molecular bridge model, a proto-
type of nanoscopic systems, have been studied extensively,
as reviewed in [4]. Many recent studies concerned a sys-
tematic account of many-electron interactions [5]. Our work
addresses the less investigated question of fast transientpro-
cesses [6]. We investigate electron dynamics of a single level
molecular bridge, between two leads, connected by indepen-
dent tunneling junctions. The two fundamental references
are [7] for stationary currents and [8] for time-dependent
phenomena. We study processes induced by rapid changes
of the coupling strength of these junctions by means of the
non-equilibrium Green’s functions (NEGF) [3]. The frame-
work for our approach to these transient processes is de-
scribed in paper [9]: formal tools for incorporating the finite
time initial conditions for transients, and the gradual tran-
sition from the correlated early stage of the transient to its
kinetic regime.

This paper is a sequel to our studies of rapid time depen-
dent processes in structures with leads consisting of sim-
ple [1] or ferromagnetic metals [2]. A numerical analysis of
both questions outlined above is given in [1] dealing with
a whole chain of switching events. Ref. [2] is devoted to
the spin polarized processes caused by just a pair of fast
switch-on events; the influence of the galvanic bias and of
the strengthU of the local Hubbard interaction at the island
on its transient local magnetic moment is studied in detail.
The present extension of these studies is devoted to the role
of the shape of tunneling spectral functions in electron dy-
namics revealed by solving numerically the full set of NEGF
equations. A special attention is paid to the question under
which conditions the two-time structure of the NEGF equa-
tions can be simplified to the physically more transparent
structure of a Generalized Master Equation for the single
time single particle density matrix.
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2 Model

The model Hamiltonian is a moderate and straightforward
extension of the prototype Hamiltonian representing nano-
scopic tunneling [8] to a magnetically ordered case, as used
previously in [9], [1], [2]:

Ĥ(t) = Ĥ0+ Ĥ ′(t) ,

Ĥ0(t) = Ĥ0L + Ĥ0B + Ĥ0R ,

Ĥ0B(t) = εb(n̂b↑+ n̂b↓)+Un̂b↑n̂b↓ ,

Ĥ ′(t) = αL(t)VL +αR(t)VR .

(1)

The island has a single level with Coulomb interaction
responsible for the mutual coupling of electrons with oppo-
site spin. The HubbardU is weak enough to permit the the
mean-field approximation. The spin coupling is then time-
local. We assume a strictly collinear geometry, so that the
one-electron part of the Hamiltonian is spin-diagonal. The
metallic leads are assumed to be ferromagnetic with paral-
lel magnetization, and to have identical electron structures
with exchange-split up-spin and down-spin bands. The leads
are visualized as a massive bulk with surface, playing the
role of an equilibrated ideal electron bath. The leads are
given a constant symmetrical bias with respect to the empty
level of the island bound state by a corresponding position-
ing of their quasi-Fermi levels. The ideal point-like island-
lead junctions have spin independent coupling amplitudes
VL, VR. All time dependence of the Hamiltonian is contained
in the scalar functionsαL,R defining the coupling strength
and its time variation of the respective junction. Simple on-
and-off switching would be described by anα-function vary-
ing stepwise between 0 and 1, weak tunneling byα ≪ 1. The
ideal junction,α = 1, resembles the Grimley-Newns adsorp-
tion model [10]. The dynamics of the island is controlled by
the tunneling functions of both junctions, identical with the
Grimley-Newns adsorption functions, see Eq. (4) below. Our
previous experience has shown that the transient dynamics
of the model is critically sensitive to the details of these tun-
neling functions. We thus preferred to use ”realistic” tunnel-
ing functions given by the nickel (100) surface density of
states1. They have a richsd spectral structure entirely dif-
fering from the commonly used flat spectral dependence of
the Wide Band Limit (WBL) [8]. Clearly, these tunneling
functions are pinned to their respective quasi-Fermi levels
and float together with the lead band structure. The question
is, how the tunneling function changes, as a junction gets
loose. The simplest assumption is to multiply it byα < 1. It
may be more physical to let thed component of the tunnel-
ing function be reduced more that thesp component, at the
cost of another control parameter of the model.

1 ab-initio DFT data were kindly provided by Josef Kudrnovský
from the Institute of Physics ASCR, Prague

3 Formalism: Nonequilibrium Green’s Functions
(NEGF)

For the study of the dynamics of the model by the NEGF
method, we follow the Keldysh real time scheme [9] start-
ing by an adiabatic process from̂H0 at t →−∞. , It is easy
to obtain the Keldysh NEGF for the central island orbital,
similarly as in [7]. We work with the triplet of propaga-
tors GR,GA and the ”less” particle correlation functionG<

(Langreth-Wilkins convention [9]). We want to describe tran-
sients starting at a finite initial timet0 from a prescribed ini-
tial condition.

The propagators are insensitive to the initial conditions
and obey the Dyson equation in differential form, in the units
with h̄ = 1, and denotingσ = ↑, ↓,

i∂tGR
σ (t, t

′) = (εb − iUG<

σ (t, t))G
R
σ (t, t

′)+
t
∫

t0
Σ R

σ GR
σ , (2)

with the boundary conditionGR
σ (t

′, t ′) = (−i)−1 and simi-
larly for the conjugateGA. The singular (time local) Hartree-
Fock part of the selfenergy is singled out, whileΣ R

σ refers to
the retarded action of the reservoirs.

In contrast to the propagators, the Dyson equation for
the less function must take account of the initial condition
and of the memory of the evolution history precedingt0.
In general, this can be treated, for example, by the so-called
partitioning in time [11]. The simplest process, considered
in this paper, starts from an initial state, in which the island
is completely disconnected from the leads up to the initial
time t0. This corresponds to an uncorrelated initial condi-
tion, for which the time partitioned formalism simplifies to
the well-known Keldysh initial condition. We indicate here
the corresponding Dyson equation forG< in the form of an
integro-differential equation:

i∂tG<
σ (t, t

′) = (εb − iUG<

σ (t, t))G
<
σ (t, t

′)+
t
∫

t0
Σ R

σ G<
σ +

t ′
∫

t0
Σ<

σ GA
σ .

(3)

The uncorrelated initial conditionG<
σ (t0, t

′)= nσ (t0) ·GA
σ (t0, t

′)

is given simply by the starting occupationnσ (t0) of the is-
land level.

It is apparent that equations forG< and the propagators
are coupled, and the whole system is solved self-consistently
as an incremental time process.
All components of the self-energy have the form

Σ X
σ (t, t

′) = Σ X
Lσ (t, t

′)+Σ X
Rσ (t, t

′) ,

Σ X
Y σ (t, t

′) = αY (t)Σ̃ X
Y σ (τ)αY (t

′) ,

Σ̃ R,A
Y σ (τ) =±i

∫ dE
2π ∆Y σ (E)e−iEτ ϑ(±τ) ,

Σ<
Y σ (τ) = i

∫ dE
2π ∆Y σ (E) fY (E)e−iEτ ,

τ = t − t ′ ; X = R, A, < ; Y = L, R ; σ = ↑, ↓ .

(4)
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Each fully connected junctionY is thus associated with two
spectral (tunneling) functions∆Y σ , which, together with the
quasi-equilibrium Fermi functionfY , specify the Y self-ener-
gy triplet. The equation system (2) – (4) is now complete.

4 Formalism: Generalized Master Equations (GME)

One of the important tasks of the formal NEGF quantum
transport theory is to find ways of reducing the double time
formalism of NEGF to description of a single time charac-
teristic of the system, like a distribution function or one-
particle density matrix.

One approach, already proven as successful in practice
for a number of problems, is the reduction NEGF→ GME
by means of the so-called Generalized Kadanoff-Baym Ansatz
(GKBA) [3]. Less has been achieved for finding the range of
validity and quantitative justification of this approach.

The aim of this paper is to study the applicability of the
Ansatz method to the present model distinguished by the
dominant role of tunneling, controlled mostly by the tun-
neling functions. These in turn depend on the properties of
the leads (reservoirs) rather than of the nanoscopic central
island. In other words, the self-consistent functional depen-
denceΣ = Σ [G] is but one ingredient in the complete NEGF
procedure. In this sense, our study aims at extending the un-
derstanding of the GKBA to a novel ground. Our advantage
is the ability of solving the full NEGF equations for a wide
range of parameters of the system. These solutions will be
used for assessing their Ansatz counterparts.

The unknowns in a transport equation for the island are
the occupation numbersn↑(t),n↓(t). The ”precursor trans-
port equation” equivalent with NEGF reads

∂tnσ = −
t
∫

t0
dt Σ R

σ (t, t)G
<
σ (t, t)+

t
∫

t0
dt G<

σ (t, t)Σ A
σ (t, t)

−
t
∫

t0
dt Σ<

σ (t, t)GA
σ (t, t)−

t
∫

t0
dt GR

σ (t, t)Σ<
σ (t, t) .

(5)

The GKBA decoupling [9]

G<
σ =−GR

σ nσ +nσ GA
σ (6)

is applied in (5) and self-consistently for propagators to yield
the true GME:

∂tnσ = −2
t
∫

t0
dt Re(Σ R

σ (t, t)G
A
σ (t, t)) ·nσ (t)

−2
t
∫

t0
dt Re(Σ<

σ (t, t)GA
σ (t, t)) .

(7)

We will also need separate contributionsJY σ to the total cur-
rentJσ through the island of both junctions. They are given

by the relations

Jσ ≡ ∂tnσ ≡−i∂tG<
σ (t, t) =−(∂tnLσ +∂tnRσ ) ,

JY σ ≡ ∂tnY σ =−2Re{
t
∫

t0

Σ R
Y σ G<

σ +
t
∫

t0

Σ<
Y σ GA

σ} ,
(8)

known from [8] and can be applied in a straightforward way
in the case of the exact NEGF. To obtain the Ansatz expres-
sions, the Eq. (6) must be introduced into (8) and the propa-
gators must be obtained from the complete Ansatz solution
of Eqs. (7) and (2).

5 Numerical results: Magnetic currents

Only the results for magnetic currents

JM
Y = JY↑− JY↓, JM = JM

L + JM
R , (9)

will be shown and discussed. The starting point will be the
full NEGF solution for a typical case specified by the choice
of parameters: biasV = 1.2 eV,U = 0.6 eV, ideal junction
strengthλ = 0.25 eV2, initial occupationnσ (t0) = 0. For the
bare electronic structure see the insert in Fig. 1. The main
field of this figure presents the transient magnetic current
through the island following the abrupt switch-on of both
junctions. The exact solution (in red) exhibits an oscillatory
behavior, in which three stages can be separated: the early
decay of the initial condition, a gradual mixing between the
continuing decay and the backscattering and, finally, a grad-
ual relaxation to the stationary state, which is slowed down
by theee repulsion. The GKBA approximation is plotted in
black.Remarkably, the exact and GKBA currents nearly co-
incide for the initial coherent transient; the reason is that the
backscattering only gradually increases from zero, so that
the Ansatz terms do not intervene. The agreement ceases for
the intermediate part of the transient, where the Ansatz dom-
inates. For longer times still, both currents tend to zero asthe
system approaches the stationary state, but in a qualitatively
different way.

The overall similarity between the exact and the GKBA
total current through the junction results from the mutual
cancellation of the currents through the individual junctions,
Fig. 2. The asymptotic values of the individual junction cur-
rents are very different. The reasons for this GKBA failure
may be partly inferred from the explicit formulas [8]:

JM
Y,∞ = JY,↑,∞ − JY,↓,∞ , (10)

JY,σ ,∞ = ie
h̄

∫ dε
2π ∆σ (ε −VY )×

(

G<
σ (ε)+ fFD,Y (ε −VY )[GR

σ (ε)−GA
σ (ε)]

)

.
(11)

The formula differs but subtly from its GKBA adaptation,

JGKBA
Y,σ ,∞ = ie

h̄

∫ dε
2π ∆σ (ε −VY )×

(−nGKBA
σ ,∞ + fFD,Y (ε −VY ))[G

R,GKBA
σ (ε)−GA,GKBA

σ (ε)] ,
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(12)

but the differences have a marked effect. Firstly, the exact
G< is replaced by the (6) Ansatz factorized form, which
pulls out the rigid factornGKBA

σ ,∞ , whose value differs, on top,
from the exact one:

nσ ,∞ =
∫ dE

2π Aσ (E)
∆<

σ (E)
∆σ (E)

, nGKBA
σ ,∞ ≡

∫ dE
2π AGKBA

σ (E)∆<
σ (E)

∫ dE
2π AGKBA

σ (E)∆σ (E)
,

where theA ≡ i(GR −GA)’s denote the propagator spectral
densities. The other difference is hidden in the self-consistent
nature of the propagators. Because the island level is located
at the slopes of the strongly oscillating tunneling function,
even minor differences between the GKBA and the exact
self-consistent procedure give rise to quite differing energy
shifts and broadening of the island level, which in turn af-
fects the tunneling currents.

This explanation is further corroborated by comparing
the presently treated structure with the case, in which all pa-
rameters of the system are kept the same, while only the tun-
neling functions are modified. This modification is guided
by the idea that a weak junction will not only have a smaller
tunneling function overall, but that on top its peaked struc-
ture associated with thed resonances of the electrode band
structures will be reduced more strongly. In Fig. 3, the re-
sults for the total magnetic current are shown for the tunnel-
ing functions of both junctions modified according to the in-
sert in the figure. The background red curve repeats the cur-
rent of Fig. 1 for comparison. The black plot corresponds to
the weak junctions and represents the total magnetic current
computed both exactly and in the GKBA approximation.
Two conclusions emerge. First, the usual rule that GKBA
works better in the long time asymptotics [3] does not hold
for the present model. Second, weak tunneling and the tun-
neling functions approaching the flat form characteristic for
WBL are favorable for using GKBA. For the situations rel-
evant for intimate magnetic contacts, the approximate ap-
proach of the GKBA is not recommended.
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Fig. 1 Island magnetic current (9) as a function of time for Hubbard
U=0.6 eV, bias V = 1.2 eV and junction strengthλ = 0.25 eV2. Red
curve: numerical selfconsistent solution of NEGF eqs. (2), (3); black
curve: numerical solution of GME (7) where GKBA (6) forG< is used.
Insert picture: Surface density of state for Ni; red line is possition of
island levelεb.
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Fig. 2 Lead magnetic current (10) as a function of time. Calculation
according to (8) for the same parameters as in Fig.1. Left red panel:
exact result; dashed lines: steady state values according to (11). Righ
black panel: sc calculation of (8), where GKBA was used. Dashed
lines: steady state values acoording to (12)
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Fig. 3 Black curve: numerical results of NEGF eqs. (2), (3) and of
GME (7), for a modified tunneling function of Ni withd peaks su-
pressed was used (black profiles in the insert). The exact and approx-
imate GKBA currents practically coincide. Red curve: the same as in
fig. 1 for comparison.


