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Abstract This paper extends our recent theoretical study
[1] of transient currents through molecular bridges to mag-
netic tunneling. We calculate the excess magnetization on a
molecular bridge shunting the magnetic junction. The sys-
tem is represented by two ferromagnetic electrodes bridged
by a molecular size island with a few discrete electronic lev-
els and a local Hubbard type correlation. The island is linked
to the electrodes by tunneling junctions. One of the junc-
tions is permanent, the coupling strength of the other one
is assumed to undergo rapid changes modulating the con-
nectivity of the system. The sudden switching events give
rise to transient magnetic currents resulting in changes of
magnetization at the island. They vary with the constant gal-
vanic bias between the electrodes. Depending on the time
scale of the switching series, the transients are dominatedby
the initial quantum correlations, or reach the kinetic stage
controlled by a simple relaxation mechanism. We employ
the non-equilibrium Green’s functions. The finite-time cor-
related initial conditions are taken into account using the
partitioning-in-time method we developed previously [1].
The numerical solution is obtained solving the real-time Dy-
son equation in the integro-differential form self-consistently.
For long time asymptotic, a Generalized Master Equation is
matched to the initial stage solution.

Keywords non-equilibrium· initial conditions· transient
currents· molecular islands

The authors acknowledge financial support from the Czech Science
Foundation (P204/12/0897).

A. Kalvová · V. Špǐcka
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1 Introduction

The simplest molecular bridge structure consists of a single
level molecular island linked to two massive leads by inde-
pendent tunneling junctions. This structure has served as a
prototype of nanoscopic systems and has been extensively
studied from various angles as reviewed in [2]. Our present
work is devoted to the less investigated question of the fast
transient processes [3]. Such processes may be induced ex-
ternally (light pulses) or internally, in particular by rapid
changes of the coupling strength of the junctions. Here, we
consider the latter case. Our previous study of such transient
electronic processes induced by rapid switching in structures
with leads consisting of simple metals [1] is extended to fer-
romagnetic leads.

Our basic tool are the non-equilibrium Green’s functions
(NGF). The two fundamental papers are [4] for stationary
currents and in particular Ref. [5] for time-dependent phe-
nomena. In paper [6], a detailed formal framework for our
approach to the transient processes in such nanoscopic struc-
tures is given. Two questions we have addressed are the for-
mal tools for incorporating the correlated initial conditions
for transients starting at a finite initial time, and the gradual
transition from the correlated early stage of the transientto
a kinetic regime. The numerical analysis of both questions
is given in [1] for a chain of switching events. The present
paper extends the study to spin polarized processes and con-
centrates on the transient local magnetic moment and its de-
pendence on the strength of the local Coulomb interaction at
the island.
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2 Model

The model Hamiltonian is a straightforward extension of the
Hamiltonian used previously in [1], [6], [7] and belongs to
the family of Hamiltonians introduced in [5] :

Ĥ(t) = Ĥ0+ Ĥ ′(t)

Ĥ0(t) = Ĥ0L + Ĥ0B + Ĥ0R

Ĥ0B(t) = εb(n̂b↑+ n̂b↓)+Un̂b↑n̂b↓

Ĥ ′(t) = αLVL +αRVR

(1)

We assume a strictly collinear geometry, so that the one-
electron part of the Hamiltonian is spin-diagonal. In partic-
ular, the leads are assumed to have identical electron struc-
tures with the up-spin and down-spin bands mutually shifted
by a constant exchange splitting. The island-lead coupling
amplitudes are taken as spin independent and corresponding
to the ideal junctions. All time dependence of the Hamil-
tonian is contained in the scalar functionsαL,R(t) describ-
ing the coupling strength of the respective junction. Simple
on-and-off switching is described by anα function varying
stepwise between 0 and 1. The island has a single level with
Coulomb interaction. The interaction term is the only one re-
sponsible for the mutual coupling of electrons with opposite
spin in the whole Hamiltonian. The Hubbard U is assumed
as weak enough to permit the use of the mean-field approx-
imation. The spin coupling is then time-local and its role in
the evolution of the transients is thus easier to be followed.

3 Formalism: Nonequilibrium Green’s Functions (NGF)

We describe the dynamics of the model in terms of the real
time Non-equilibrium Green’s Functions. The transients start-
ing at a finite initial time may be conveniently treated as em-
bedded processes within the full history of the system. The
suitable general framework is then the Keldysh scheme [8].

We employ the Langreth-Wilkins convention [6] and work
with the triplet of propagatorsGR,GA and the ”less” parti-
cle correlation functionG<. Similarly as in [7], it is easy to
obtain the Keldysh NGF for the central island orbital. The
Dyson equations for the propagators read

GR,A
σ = GR,A

0σ +GR,A
0σ Σ R,A

σ GR,A
σ , σ =↑,↓ (2)

while the less component satisfies the Dyson equation

G<
σ = GR

σ Σ<
σ GA

σ , σ =↑,↓ (3)

with an uncorrelated initial condition att0 →−∞.

All components of the self-energy have the form

Σ X
σ (t, t

′) = Σ X
Lσ (t, t

′)+ iUG<

σ (t, t)δ (t − t ′)+Σ X
Rσ (t, t

′)

Σ X
Y σ (t, t

′) = αY (t)Σ̃ X
Y σ (τ)αY (t

′)

Σ̃ R,A
Y σ (τ) =±i

∫ dE
2π ∆Y σ (E)e−iEτ ϑ(±τ)

Σ<
Y σ (τ) = i

∫ dE
2π ∆Y σ (E) fY (E)e−iEτ

τ = t − t ′, X = R, A, < Y = L, R

(4)

Each fully connected junction is thus associated with a pair
of spectral functions∆Y σ which, together with the quasi-
equilibrium Fermi functionfY , specify theY self-energy
triplet.
In principle, any time-dependent process at the bridge is now
tractable as embedded into the complete Keldysh ”host” pro-
cess. The embedding is particularly well suited for transients
suddenly starting at a finite time we are interested in.

The embedding does not affect the propagators, but the
Dyson equation for the embedded less function becomes
more involved, as it incorporates the initial condition anda
memory of the previous evolution history. A general formal-
ism accounting for this is available, the so-called partition-
ing in time [9]. The simplest process considered in this paper
starts from the initial state, in which the island is completely
disconnected from the leads up to the initial timet0. This
corresponds to an uncorrelated initial condition, for which
the time partitioned formalism simplifies to the often quoted
so-called Keldysh initial condition. The Dyson equation for
G< in the integro-differential form then reduces to:

i∂tG<
σ (t, t

′) = (εb − iUG<

σ (t, t))G
<
σ +

t∫
t0

Σ R
σ G<

σ +
t ′∫

t0
Σ<

σ GA
σ

G<
σ (t = t0, t ′) = n0σ ·GA

σ (t0, t
′)

(5)

The initial condition is specified in the second line. It is ap-
parent thatG< is coupled with the propagators which sat-
isfy similar equations, and the whole system is solved self-
consistently as an incremental time process.

4 Transient magnetisation. Role of the Hubbard U

The calculations are made for a model of Fig. 1, which is
simple and transparent, yet it captures the salient features
of a realistic situation. In equilibrium, the bridge is sym-
metrical, that is both leads have an identical electron struc-
ture and also the tunneling functions are the same. The leads
are ferromagnetic; this is modeled by a constant exchange
splitting between the up spin and down spin bands. Thesp-
d density of states reflects itself in the tunneling function,
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Fig. 1 Sketch of the molecular bridge. The leads are given a symmet-
rical bias with respect to the empty level of the island bound state as
given by the difference of the quasi-Fermi levels, . The tunneling spec-
tral densities float with the respective Fermi levels. Shown is the case
of a parallel magnetization of both leads.

which should resemble the physically very similar adsorp-
tion function of Grimley or Newns [10] and may have a pro-
nounced spectral structure, which is chosen as the “steeple
model”[11]. In equilibrium, the leads have equilibrated Fermi
levels and the island bound state is empty and floating just
above. The tunneling spectral functions are pinned to their
Fermi levels. As shown in the figure, the two leads are then
given a symmetrical bias with respect to the island level.

As is apparent, our model is primarily intended to study
the effect of electrodes with a complex spectral structure,
which translates into the temporal structure of the transient
response of the bridge missing in the customarily assumed
case of flat bands (the so-called wide band limit).

An example of the evolution of the transient local mag-
netization of the bridge island is shown in Fig. 2. The pro-
cess was started by suddenly attaching the empty level to the
left lead at zero time. The left panel presents the up spin and
the down spin occupancy of the island level,

G<
σ (t, t) = inσ (t), n0σ = nσ (0) = 0 σ =↑, ↓, (6)

during the first 75 fs. In the right panel, the magnetization
given by the difference of both occupations,M = n↑−n↓ is
plotted. The transients are shown for a range of moderate
HubbardU values.

The following features emerge: the magnetizationM of
the island starts from zero by rapid coherent oscillations
which are gradually damped during the transition to a ki-
netic stage, in the course of which the magnetization relaxes
to a saturation value. TheU-dependence of the saturation
magnetization is marked. At smallU, it is small positive,
that is in the direction of the polarization of the electrodes.
It decreases and for the intermediateU, it becomes negative,
i.e., anti-parallel. At a critical value (U× about 0.6 eV),M
becomes reversed and for the highestU in the range, it re-
mains pronouncedly positive. While the end values ofM are
intuitively expected, the intermediate behavior is remark-
able. It results from the radically different behavior of the
up-spin electrons and the down-spin electrons: up until the

critical U×, the down spin occupationn↓ saturates at a value
which is nearlyU-independent, , whilen↑ for the opposite
spin direction undergoes a steady decrease to almost zero.
At the critical U×, both occupations swap, and this gives
rise to the two modes of the saturation magnetization. This
stronglyU-dependent ”long time” saturation evolves during
the transient from an initial stage, during which the occu-
panciesn↑, n↓ appear as remarkably little sensitive to theU
value.
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Fig. 2 Island level occupancies and island magnetization (their dif-
ference) as a function of time and the HubbardU . The bias voltage
V = 0.5eV . Only the left lead is turned on.

Fig. 2 can be understood in terms of the interplay of the
spin diagonal tunneling functions and the time dependent
coupling of the opposite spins through the renormalized is-
land level. The whole process is self-consistent. Consider-
ing first the very short time behavior, the occupancies of the
level, zero at the onset, are only beginning to rise and the
same holds for the renormalized levels, whose position with
respect to the singularities of the tunneling function remains
qualitatively unchanged. The coherent transient is stabilized
by the self-consistency . The role of theU dependence of the
transient is thus limited, in agreement with the plots. Later,
however, the level shifts become significant. In particular,
the increasingn↓ brings about shifting of the up-spin states
and, by this, their depletion, more pronounced for largerU ,
up until the criticalU×, when the levels are swapped and
this induces self-consistent changes in their occupancies. To
get a closer insight into the mechanism, we plot the spectral
densities of the island level at the time of the asymptotic sat-
uration relevant for the final outcome of the transient. They
are shown in Fig. 3, again in their parametric dependence
on U. In red, the plane corresponding to the Fermi level of
the left lead is drawn. To the left of the plane, the spectral
density corresponds to occupied states, to the right, to the
empty ones. Both spectral densities are non-Lorentzian hav-
ing a two peak character. The down-spin spectral density re-
mains occupied throughout, while the up-spin level emerges
from the Fermi sea and its occupancy decreases. ForU >U×
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this configuration becomes unstable and the weights of the
peaks of the spectral density are reverted.
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Fig. 3 The asymptotic spectral density of the island level for both spin
orientations as a function of energy and the Hubbard U.

A sequence of switching events gives rise to a complex
transient evolution reflecting the whole history of the pro-
cess; at each sudden switch on/off, the memory of the past
is condensed into a complex (correlated) initial condition.
This is neatly demonstrated in Fig. 4 for the simple case of
U = 0 and the right junction temporally connected. The en-
suing relaxation to the saturated occupancies depends on the
duration of the switch-on period, although the apparent ini-
tial conditions are adjusted to be identical.
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Fig. 4 Island level occupancies as a function of time for Hubbard U=0
eV and bias V = 0.5 eV. Red curve: only the left lead is turned on; green
curve: right lead attached for 4.7< t < 11.0 fs; blue curve, 7.0< t <
11.0 fs. the switch-on times visualized by bars in corresponding colors

5 Long time asymptotic: towards quantum transport
equations

The smooth regular relaxation of the system suggests a re-
duction of the full NGF Eq. (5), to a single time generalized
master equation (GME) forn↑, n↓. This reduction proceeds
in two standard steps, first to the (double time) precursor eq.

∂nσ
∂ t

= −

t∫

t0

dtΣ R
σ (t, t)G

<
σ (t, t)+

t∫

t0

dtG<
σ (t, t)Σ A

σ (t, t) (7)

−

t∫

t0

dtΣ<
σ (t, t)GA

σ (t, t)−

t∫

t0

dtGR
σ (t, t)Σ<

σ (t, t)

second, to a Non-Markovian GME by a decoupling in Eq. (7),
the Generalized Kadanoff-Baym Ansatz – GKBA [6],

G<
σ (t, t

′) =−GR
σ (t, t

′)nσ (t
′)+nσ (t)G

A
σ (t, t

′). (8)

Fig. 5 shows numerical results forU = 0. The precursor eq.
(7) yields results identical with Eq. (5), but the GME based
on GKBA (8) leads to large quantitative errors. This cor-
roborates the analysis of GKBA in [6,12]. There are two
corrections to GKBA. The one involving the irreducible ver-
tex is weak for our choice of zero initial occupancies. The
second, “polaron”, correction would be negligible forΣ R,A

nearly local in time,i.e. mean field approx. and wide band
limit in our system. The second condition is violated for the
“steeple” model of Fig.1. As demonstrated in Fig. 5, this can
be remedied by using the quasi-particle propagators instead
of GR,A in (8), leading to a new Ansatz, theQKBA. Similar
results have been reported in [13].
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Fig. 5 Transient magnetization as a function of time for HubbardU=0
eV and biasV = 0.5 eV. Red curve: solution of the full Eq. (5); green
dots: solution of the precursor Eq. (7); heavy black line: solution of the
GME based on the GKBA (8). Thin black line: solution of the GME
based on QKBA, the quasi-particle modification of the GKBA – see
text.
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9. B. Velický, A. Kalvová, V. Špǐcka, Phys. Rev. B81, 235116 (2010)
10. D.M. Newns, Phys. Rev.178, 1123 (1969); T.B.Grimley, J. Vac.

Sci. Technol.8, 31 (1971)
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