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1. Outline of the talk

. noninteracting electrons on an impure lattice at T = 0 K (no phonons)

Ĥ = t
∑

〈i,j〉

ĉ
†
i ĉj +

∑

i

Viĉ
†
i ĉi

(Vi random, site independent)

. charge transport — electrical conductivity

. character of electron eigenstates — density response

. Ward identities and the diffusion pole

. relaxation of density variations, electron diffusion

. contributions of elementary 2P diagrams
• quasi-classical conductivity (ladder diagrams)
• weak localization (maximally crossed diagrams)



2. Electrical conductivity
Linear response to external electric field (Kubo formula)

jα =
∑

β

σαβEβ

σxx = −
e2h̄

4πV
Tr

{[

ĜR(EF )− ĜA(EF )
]

v̂x

[

ĜR(EF )− ĜA(EF )
]

v̂x

}

noninteracting electrons,
too many parameters (Vi),
no apparent symmetry

conf. averaging
−−−−−−−−−−−−−−−→

translational symmetry,
e – e correlations,
〈GG〉 6= 〈G〉〈G〉

Nontrivial two-particle Green function

〈GG〉 −→ G(2) = GG + GGΓGG

Conductivity contributions

GG ∼ σ0 =
ne2

m∗
τ and Γ ∼ “vertex corrections” δσ < 0



3. Many-body diagrammatics

Perturbation expansion before configurational averaging (noninteracting)

Gij(z) = G
(0)
ij (z) +

∑

i′

G
(0)
ii′

(z) Vi′G
(0)
i′j

(z) +
∑

i′j′

G
(0)
ii′

(z) Vi′G
(0)
i′j′

(z) Vj′G
(0)
j′j

(z) + . . .

Averaging term by term (−→ many-body) — Dyson equation . . .

k
=

k
+

k k
Σ +

k k k
Σ Σ + . . .

. . . and Bethe-Salpeter equation

G
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4. Density response

Linear response to a spatially and time dependent electric field ϕ(t, r)

δn(t, r) =

∫ ∞

−∞
dt′

∫

d3r′χ(t− t′; r, r′) eϕ(t, r′)

Response function

χ(ω + i0, q) =

∫ ∞

−∞

dE

2πi

{

[f(E + ω)− f(E)]ΦAR(E, E + ω; q)

+f(E)ΦRR(E, E + ω; q)− f(E + ω)ΦAA(E, E + ω; q)
}

Correlation function

ΦAR(E, E + ω; q) =
1

N2

∑

kk′

G
(2)
kk′

(E − i0, E + ω + i0; q)



5. Ward identity (Velický)

G and G(2) not
independent

←−−−−−−→
gauge invariance,
particle number conservation

Gauge transformation V = eϕg = z1 − z2 (shift of the zero level of energy)

Ĝ(z2) =
1

z2 − Ĥ
=

1

z1 − (Ĥ + z1 − z2)
= Ĝ(z1) + Ĝ(z1) (z1 − z2)︸ ︷︷ ︸

V

Ĝ(z2)

⇓

∑

i′

G
(2)
ii′,i′j

(z1, z2) =
1

z2 − z1

[
Gij(z1)−Gij(z2)

]

⇓

1

N

∑

k′

G
(2)
kk′

(z1, z2; 0) =
1

z2 − z1
[Gk(z1)−Gk(z2)]

Note that q = 0.



6. Velický identity for irreducible functions

G
(2)
kk′

(z1, z2; 0) = Gk(z1)Gk(z2)



Nδk,k′ +
1

N

∑

k′′

Λkk′′(z1, z2; 0)G
(2)
k′′k′

(z1, z2; 0)





1

N

∑

k′

and Gk(z1)Gk(z2) =
Gk(z1)−Gk(z2)

1

Gk(z2)
−

1

Gk(z1)

and Velický identity

Gk(z1)−Gk(z2)

z2 − z1
=

Gk(z1)−Gk(z2)

z2 − z1 + Σk(z1)− Σk(z2)

×



1 +
1

N

∑

k′′

Λkk′′(z1, z2; 0)
Gk′′(z1)−Gk′′(z2)

z2 − z1





Σk(z1)− Σk(z2) =
1

N

∑

k′′

Λkk′′(z1, z2; 0) [Gk′′(z1)−Gk′′(z2)]



7. Ward identity (Vollhardt & Wölfle)

Closely related to continuity equation; proof — diagrammatic, order by order.

GR
ijG

R
jkG

R
kl −GA

ijG
A
jkG

A
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∆Gij
︷ ︸︸ ︷(
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R
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R
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R
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A
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A
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= . . . = ∆Gij GR
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R
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ij ∆Gjk GR
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A
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i j k l

–

l k j i

= ∆Gij

j k l

+ ∆Gjk

j i

k l

+ ∆Gkl

k j i

Σk+q(z1)− Σk(z2) =
1

N

∑

k′

Λkk′(z1, z2; q)
[

Gk′+q(z1)−Gk′(z2)
]



8. Relation between conductivity and density response

Continuity equation for Heisenberg operators . . .

−e
∂n̂(t, r)

∂t
+ div ̂(t, r) = 0

. . . and for expectation values

iωeδn(ω, q) + i q · j(ω, q) = 0

Linear response formulae for density and current

δn(ω, q) = eχ(ω, q)ϕ(ω, q)

j(ω, q) = σ(ω, q) · E(ω, q) = −iσ(ω, q) · q ϕ(ω, q)

All together

σ(ω, q) =
−ie2ω

q2
χ(ω, q)



9. Slow variations in space and time

lim
q→0

lim
ω→0

χ(ω + i0, q) =

(
∂n

∂µ

)

(Velický id.)

lim
ω→0

lim
q→0

χ(ω + i0, q) = lim
ω→0

lim
q→0

q2

−ie2ω
σ = 0 (Vollhardt & Wölfle id.)

Non-analyticity at ω = 0 and q = 0, helps with selection of relevant diagrams

χ(ω + i0, q) ∼

σ

e2
q2

−iω +
σ

e2
q2

(
∂n

∂µ

)−1
=

(
∂n

∂µ

)

Dq2

−iω + Dq2

Einstein relation, D is the diffusion constant

σ = e2D

(
∂n

∂µ

)



10. Diffusive relaxation

Non-equilibrium n(t, r) — not a Hamil-
tonian perturbation

Trick: external field — adiabatic switch
on, sudden switch off

ϕ(t, q) = θ(−t) exp(εt)ϕ(q) t

δn(t)ϕ(t)

Relaxation of induced density variation (t > 0)

δn(t, q) = eϕ(q)

︸ ︷︷ ︸

−δµ(t=0)

θ(t)

∫ 0

−∞
dt′eεt′χ(t− t′, q)

︸ ︷︷ ︸

φ(t,q)

= eϕ(q)φ(t, q)

Relaxation function

φ(ω + i0, q) =
1

i

χ(ω + i0, q)− χ(i0, q)

ω − i0
=

(∂n/∂µ)

−iω + Dq2

δn(t, q) =
(∂n/∂µ)eϕ(q)

−iω + Dq2
=

δn(0, q)

iω −Dq2
←−−−−−−→

(
∂

∂t
−D∆

)

δn(t, r) = 0



11. Quantum interference

Does the diffusing particle return back?

Pi→i(t→∞)
?
> 0

i

j

k

l

Probability amplitude . . .
Ai→i = Aijkli + Ailkji

. . . and probability itself

Pi→i = |Ai→i|
2 = |Aijkli|

2 + |Ailkji|
2

︸ ︷︷ ︸

classical part

+ A∗ijkliAilkji + AijkliA
∗
ilkji

︸ ︷︷ ︸

quantum contribution

No magnetic field

Aijkli = Ailkji =⇒ Pi→i = 2P class.
i→i

Quantum coherence enhances backscattering.



12. Quasi-classical contribution and weak localization

j k l

lkj

i i −→−→−→

j k l

lkj

i i

|Aijkli|
2 ∼ σ0 =

ne2

m∗
τ = e2D0

(
∂n

∂µ

)

, respectively τ −→ τtr

j k l

jkl

i i −→−→−→

j k l

jkl

i i

A∗ijkliAilkji ∼ δσsing.(ω) = −e2Kd D
1−d/2
0 ×

{

ωd/2−1 if d is odd

ωd/2−1 ln
1

ωτ
if d is even



13. Conclusions

.

transport properties
and/or

character of electron eigenstates






two-particle Green functions essential

. selfenergy renormalizations insufficient

. diffusion technically more convenient than conductivity

. importance of diffusion pole (and Ward identities)

. simple perturbation theory not appropriate

δσ2D(ω) ≈ −
e2

4π2
ln

1

ωτ
−−−−−→

ω→0
−∞

−→ better method for diagram summation inevitable — 2P selfconsistency



14. Next seminar

.

CPA
electron-hole symmetry
parquet scheme






Anderson localization

. mean-field approximation via the asymptotic limit d→∞ (but not strict d =∞)

. conservation laws in conflict with causality

Asymmetric binary alloy

E . . . position in the band

∆ . . . disorder strength

w . . . half band-width -2  0  2  4  6
E/w

 0

 2

 4

 6

 8

∆/
w


