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We employ a combination of the density-functional theory
and the dynamical mean-field theory to study the electronic
structure of selected rare-earth sesquioxides and dioxides. We
concentrate on the core-level photoemission spectra, in par-
ticular, we illustrate how these spectra reflect the integer or
fractional filling of the 4f orbitals. We compare the results to
our earlier calculations of actinide dioxides and analyze why
the core-level spectra of actinide compounds display a substan-
tially reduced sensitivity to the filling of the 5f orbitals.

1. Introduction

Recently, we have used a combination of the density-
functional theory and the dynamical mean-field theory, the
so-called LDA+DMFT method, to investigate the electronic
structure of three actinide dioxides, UO2, NpO2, and PuO2

[1]. The theory indicates a large covalent mixing of the ac-
tinide 5f states with the 2p states of oxygen, which results
in a substantially increased filling of the 5f orbitals away
from the nominal integer occupation. The core-level spec-
troscopy is able to detect an analogous non-integer number
of 4f electrons n4f in many rare-earth compounds, including
dioxides CeO2 and PrO2, and to distinguish this fractional
filling from an integer filling that is characteristic, for in-
stance, to rare-earth sesquioxides [2, 3]. The core-level
spectra of the actinide dioxides, on the other hand, appear
to be compatible with an integer number of 5f electrons [4].
For example, the 4f x-ray photoemission spectra (XPS) show
only small shake-up satellites, whereas the 3d XPS in CeO2,
in which there is approximately one half of an electron in
the 4f shell, has a very different three-peak shape. We argue
that this difference does not point to an integer number of
5f electrons in the actinide dioxides but to a reduced sensi-
tivity of the core-level spectra to the filling of the 5f orbitals.
Our large deviations from the nominal integer filling are in
fact compatible with the small shake-up satellites in 4f XPS
when a detailed calculation is performed [1]. To put our
theoretical findings on an even firmer ground, we apply the
LDA+DMFT method to the electronic structure of selected
rare-earth oxides with known fractional and near-integer
n4f, and analyze possible reasons for the reduced sensitivity
of the core spectra to the 5f electron count in the actinide
oxides.

2. Computational method

We employ the implementation of the LDA+DMFT method
described in [1]. First, the non-magnetic LDA band struc-
ture, obtained with the aid of the WIEN2k code [5], is
represented by a tight-binding hamiltonian in the basis of
Wannier functions with lanthanide 6s, 4f, 5d, and oxygen
2p character [6, 7] Then, a spherically symmetric Coulomb
vertex, parametrized by four Slater integrals (F0, F2, F4,
and F6), is added to each of the 4f shells, and the resulting
Hubbard model is solved using the dynamical-mean-field
theory. In this theory, the many-body effects are taken into
account only locally, separately for each of the 4f shells,
by means of a momentum-independent self-energy. Eval-
uation of this self-energy amounts to a construction of an
auxiliary impurity model that, in our implementation, is
subsequently solved by the Lanczos method in a reduced
Fock basis [1].

All calculations are performed for the experimental crys-
tal structures. The sequioxides (Ce2O3, Pr2O3, and Nd2O3)
crystallize in the hexagonal P3̄m1 structure with oxygen
atoms in 1a and 2d positions, (0,0, 0), (1/3, 2/3, z), and
(2/3, 1/3,−z), and with lanthanide atoms in 2d positions,
(1/3, 2/3, z′) and (2/3,1/3,−z′). The cerium dioxide crys-
tallizes in the cubic Fm3̄m structure with oxygen atoms
in 8c positions, (1/4,1/4,±1/4), and with cerium atom in
4a position, (0,0, 0). The numerical values of the lattice
parameters are listed in Table 1.

The LDA electronic structure foundwith theWIEN2k code
incorporates scalar-relativistic effects as well as the spin-
orbital coupling. The calculations are performed with the
following parameters: the radii of the muffin-tin spheres are
RMT(Ce) = RMT(Pr) = RMT(Nd) = 2.42 aB for lanthanide
atoms and RMT(O) = 1.9 aB for oxygen atoms, and the ba-
sis set cutoff Kmax is defined with RMT(O) × Kmax = 7.5.
The Brillouin zone is sampled with 3610 k points in the
sequioxides and with 3375 k points in the dioxide. The
Slater parameters that define the Coulomb interaction in
the Hubbard model are F2 = 11.9 eV, F4 = 8.0 eV, and
F6 = 5.9 eV. These parameters correspond to the Hund’s
exchange being J = 1.0 eV. The Coulomb U = F0 is es-
timated as U = 8.0 eV in the sesquioxides, at the upper
limit of the interval determined by constrained LSDA cal-
culations [15]. The experimental spectra indicate that U
in CeO2 is slightly larger than in Ce2O3 [2] and we use
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Table 1: Experimental lattice parameters of Ce2O3 [8], Pr2O3 [9], Nd2O3 [10], and CeO2 [11], the DMFT filling of the
4f shell, and the DMFT gap compared to the gap measured in the optical absorption experiments (from [12, 13] for
sesquioxides, and from [14] for CeO2).

a (Å) b (Å) z z′ n4f DMFT gap (eV) exp. gap (eV)
Ce2O3 3.888 6.063 0.648 0.251 1.09 2.5 2.4
Pr2O3 3.857 6.016 0.630 0.235 2.08 3.3 3.9
Nd2O3 3.827 5.991 0.646 0.247 3.07 3.9 4.7
CeO2 5.410 — — — 0.40 3.0 3.2

U = 10.0 eV there. For the double-counting correction,
which approximately subtracts the f–f Coulomb interaction
included in the LDA band structure, we adopt the isotropic
formula UDC = U

�

n4f − 1/2
�

− J
�

n4f − 1
�

/2 from the so-
called fully localized limit, where n4f is the self-consistently
determined number of 4f electrons.

The auxiliary impurity model that enters the DMFT calcu-
lations is approximated by its finite variant. Vaguely speak-
ing, it corresponds to a cluster that includes the 4f shell and
its nearest-neighbor ligand orbitals. Despite being relatively
small, this finite model accurately represents the 4f shell
and its environment in the insulating oxides [1]. Quan-
titatively, the coupling of the 4f shell to the surrounding
electronic states (often referred to as the bath) is described
by the so-called hybridization function ∆ [16]. In our case,
it is a 14 × 14 matrix spanning orbital and spin degrees
of freedom of the f shell. Its trace in CeO2 and Ce2O3 is
shown in Figure 1. In the dioxide, the hybridization is dom-
inated by the oxygen 2p states located below the Fermi
level. Apparently, the Ce 5d and Ce 6s states could have
been neglected as they were in the case of actinide diox-
ides in [1]. In the sesquioxide, the hybridization with the
Ce 5d states is noticeably stronger and it is not a priori
obvious if it does or does not play an important role. There-
fore, we include bath orbitals describing the coupling to the
oxygen 2p states (14 orbitals below the Fermi level) as well
as bath orbitals modeling the coupling to the (next-nearest-

neighbor) Ce 5d states (14 orbitals above the Fermi level)
in our finite impurity model. The parameters of these bath
orbitals, that is, their energy and coupling to the 4f shell,
are determined by a procedure similar to [1].

3. Results and discussion

We focus mainly on the core-level spectra and hence we com-
ment on the valence-band electronic structure only briefly.
The filling of the 4f shell is listed in Table 1; as expected,
it ends up near the nominal integer value in the sesquiox-
ides, and close to one half in CeO2. In this respect, CeO2

and the actinide dioxides studied earlier are very similar
[1]. Table 1 also shows the computed band gaps in com-
parison to their experimental values. The theory is very
accurate in both cerium oxides, but it underestimates the
gaps in Pr2O3 and Nd2O3. The problem is in the oxygen 2p
and lanthanide 5d bands being too close to each other in
the LDA electronic structure. Consequently, the calculated
gap has the p–d character in Pr2O3 and Nd2O3, and the
4f states are below the valence-band maximum and above
the conduction-band minimum. The LDA+DMFT method
corrects for the correlation effects only in the 4f shell and
leaves the other bands mostly untouched. This issue can be
addressed by replacing LDA with a hybrid functional [17]
or with the GW approximation [18].
In the rest of the paper we discuss the x-ray photoemis-

sion from core levels. The spectra are calculated in the
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Figure 1: Trace of the hybridization function in CeO2 (left) and Ce2O3 (right). The 4f density of states is shown as well.
The curves correspond to the final LDA+DMFT solution. The hybridization below the Fermi level is due to the 2p states at
the nearest-neighbor oxygen atoms, the hybridization above the Fermi level is mainly due to the cerium 5d bands.
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Figure 2: X-ray photoemission from the 3d core level in CeO2 (this work) and from the 4f core level in UO2 and PuO2

(adopted from [1]). Lines come from the LDA+DMFT method, dots are experiments (CeO2 from [22], UO2 from [23],
and PuO2 from [24]). The life-time broadening of the theoretical spectra was adjusted in each compound separately so
that the width of the line centered at zero energy matches the experiment. A background due to the secondarily scattered
electrons was added to the theoretical curves as described in [21].

LDA+DMFT method following the observation that the
auxiliary impurity model can be identified [19] with the
impurity model of the charge-transfer ligand-field theory
[20]. The details of our implementation are given in [1]; the
spectra depend on a semi-empirical parameter Ucv that char-
acterizes the strength of the Coulomb interaction between
the core hole and the valence f electrons in the final state
of the photoemission process. The core-valence Coulomb
parameter is usually larger than the valence-band U [2, 20].
We set it as Ucv = 1.2U , that is, Ucv = 12.0 eV in CeO2 and
Ucv = 9.5 eV in the rare-earth sesquioxides.
Figure 2 shows the calculated and experimental XPS for

three dioxides (CeO2, UO2, and PuO2), all with approxi-
mately half-integer filling of the valence f shell. Figure 3
shows analogous spectra for three sesquioxides with nearly
integer filling of the valence f shell. The theory does a good
job in all cases, only the satellite located 5 eV from the main
peak in Nd2O3 is too intense. We suspect that this discrep-
ancy is related to the underestimated band gap (Table 1)
that may lead to an overestimation of the hybridization
effects. The fact that XPS can be very accurately modeled
by the charge-transfer ligand-field theory is nothing new
[2, 20, 21], the benefits of the LDA+DMFT are (a) in re-

duction of the number of empirical parameters since the
hybridization is determined from first principles, and (b) in
the core-level spectra being calculated on the same footing
as the valence-band electronic structure.

Comparing the spectra plotted in Figure 2 and Figure 3,
we see that there is an obvious difference between CeO2

and the lanthanide sesquioxides. We could conclude that
a core line split into two peaks is characteristic for an inte-
ger number of valence f electrons, and a core line split into
three peaks is a sign of a fractional number of the f electrons.
But where did the three peaks go in the actinide dioxides
that also have a nearly half-integer number of 5f electrons,
at least according to the theory [1, 25]? We believe that
the answer is in Figure 4 where we investigate the depen-
dence of the spectra on the magnitude of the core-valence
Coulomb interaction Ucv. In the lanthanide oxides, this in-
teraction is stronger and it thus causes a larger perturbation
of the valence electronic structure in the final state of the
photoemission process. The larger perturbation is necessary
for unmasking the different fillings of the valence f shell.
When the CeO2 and Ce2O3 spectra are computed with a
smaller Ucv = 6.0 eV, the value that was used in the actinide
dioxides [1], the core lines display only a small shake-up
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Figure 3: X-ray photoemission from the 3d5/2 core level in Ce2O3, Pr2O3, and Nd2O3 (lines). Details of the life-time
broadening and background are the same as in Figure 2. The experimental data (dots) are adopted from [26].
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Table 2: The valence histogram (weights wn of the configurations with a given number of f electrons n) of three of the
investigated oxides as determined by the LDA+DMFT method.

CeO2 Ce2O3 UO2

n 0 1 2 0 1 2 2 3 4
wn 0.59 0.38 0.03 0.003 0.900 0.090 0.57 0.38 0.05
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Figure 4: Variation of XPS due to changes of the core-valence Coulomb interaction Ucv. The realistic cases presented in
Figure 2 and in Figure 3 are plotted with dashed lines. The broadening of the Ce2O3 spectrum is smaller than in Figure 3.

satellite and the sensitivity to the number of valence f elec-
trons is lost.
Sometimes, it is possible to extract the whole valence

histogram from the core spectra, that is, to determine the
weights wn of the individual charge configurations mixed
in the ground state of the valence f shell [27]. Such his-
tograms are listed in Table 2 for the oxides analyzed in
Figure 4. Apparently, there is no direct correspondence be-
tween the weights wn and the intensities of the XPS peaks
in the lanthanide oxides, and even less so in the actinide
oxides. A detailed calculation, taking into account the com-
petition of the Coulomb interaction and the hybridization,
has to be performed to find the connection between the XPS
shape and the valence histogram. The peaks in the spec-
trum and their weights would directly reflect the valence
histogram only if the hybridization in the final state of the
photoemission process were negligible in comparison to
the core-valence interaction Ucv. Such negligible hybridiza-
tion was implicitly assumed in the recent determination of
the valence histogram in plutonium metal and in several
plutonium compounds [28]. Although the hybridization is
indeed smaller in elemental plutonium than in, say, PuO2,
the condition ∆� Ucv is not fulfilled.

4. Conclusions

We have demonstrated that an implementation of the
LDA+DMFT method where the self-energy is obtained by
the exact diagonalization of a finite impurity model pro-
vides an accurate description of the electronic structure
of selected lanthanide oxides in the paramagnetic phase.

Combining these results with our earlier study of actinide
dioxides, we conclude that the core-valence Coulomb in-
teraction in the actinide oxides is not strong enough to
allow for an unambiguous determination of the filling of
the 5f shell from the core-level spectra.
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